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Introduction. Time sampling theorem resume.

We want to perform spectral analysis using computers. Therefore, we must
= Window the incoming continuous-time signal.
= Sample the windowed signal.

= Compute a discrete-time version of the Fourier transform on the
sampled, finite-duration signal. This transform is known as DFT.

The goal of today’s lecture: to understand the distortion introduced at each
stage and how DFT is related to the original Fourier transform.

We showed that a signal bandlimited to BHz can be reconstructed from
signal samples at a rate of f; > 2B samples per second.

Not that the signal spectrum exists over the frequency range (in Hz) from
— B to B.

The interval 2B is called spectral width.
Note the difference between spectral width (2B) and bandwidth (B).
Time sampling theorem: f, > 2B or f; >(spectral width).
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Time sampling theorem has a dual: Spectral sampling theorem

Consider a time-limited signal x(t) with a spectrum X (w).

In general, a time-limited signal is 0 for t < T; and t > T,. The duration of
the signalist =T, — T,. Below we assume that T; = 0.

Recall that X (w) = [ x(D)e @tdt = [ x(t)e T@tdt.
The Fourier transform X (w) is assumed real for simplicity.

Spectral sampling theorem

The spectrum X(w) of a signal x(t), time-limited to a duration of
T seconds, can be reconstructed from the samples of X(w) taken at a rate

R samples per Hz, where R > 7 (the signal width or duration in seconds).

X(w)
x(7)

o——r = t

@ —*
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Spectral sampling theorem

We now construct the periodic signal x7 (t). This is a periodic extension
of x(t) with period T, > 7.
This periodic signal can be expressed using Fourier series.

XT, (£) = 2n="w Dnejnwot’ Wo = 'Zz"_n
0

D, = — [°x(t) e Im@otdt = = [T x(t) e /Mot dt = = X (nw,)
nor,J0 Ty Y0 Ty 0

The result indicates that the coefficients of the Fourier series for xg (t)
are the values of X(w) taken at integer multiples of w, and scaled by Ti
0

The above implies that the spectrum of the periodic signal xr (t) is the
sampled version of spectrum X (w).

(Note that the spectrum of a periodic signal consists of the weights of the
exponential terms in its Fourier series representation).
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Spectral sampling theorem cont.

« The spectrum of the periodic signal xr (t) is the sampled version of
spectrum X (w) (see figure below).

\'I“(t) % “ L 'r()

0= T L=

- If successive cycles of x7 (t) do not overlap, x(t) can be recovered from
xr,(t). This implies that X(w) can be reconstructed from its samples.

« These samples are separated by the so called fundamental frequency
fo = Tion or wy = 2mfyrads/s of the periodic signal xr, ().

« Therefore, the condition for recoveryis Ty > 1= f; < %Hz.
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Spectral interpolation formula

The reconstruct the spectrum X(w) from the samples of X(w), the samples
should be taken at frequency intervals f, < %Hz. If the sampling rate is R

samples/Hz we have:
R = fi > Tt samples/Hz
0
In the previous lecture we proved that the continuous version of a signal
can be recovered from its sampled version through the so called signal
Interpolation formula:

x(t) = Y, x(nT)h(t — nT,) = Y, x(nT,)sinc (Z—t — nn)

S

We use the dual of the approach employed to derive the signal
interpolation formula above, to obtain the spectral interpolation formula as
follows. We assume that x(t) is time-limited to T and centred at T,.

X(w) = Yn——o X(nwg)sinc (wTTO — mt) e J(@=nwo)Te )y = ZT—n To>T1
0



Imperial College

Spectral interpolation formuia: Proof.

2T

We know that xr, (t) = Y%, Dpe/™ot, w, = —
0

Therefore, F{xr, ()} = 21 ¥1=%, D, 6(w — nw,) (see Eq. 7.26, Lathi).

We can write x(t) = xr, (t) - rect( ;OTC) (1)

We know that F {rect (Tio)} = Tysinc (wTTO)

Therefore, F {rect (t;:‘:)} Tysinc ( 2T ) e J@Tc,

From (1) we see that X(w) = i Flxr, ()} * F {rect(

t;TC)}

X(a))——Zn[ n=%e D, 8(w—nwy)] * Tosmc( ZT) —JoTc

X((,()) = Zn:—OODnTOSinC [(w_nsz)TO] _j(w_nwO)Tci Wo = ,211_:-1 TO >T

wTy

X(a)) — Z X(na)o)SinC (T — nT[) e —Jj(w—nwo)Tc

n=-—oo
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Discrete Fourier Transform DFT

The numerical computation of the Fourier transform requires samples of
x(t) since computers can work only with discrete values.

Furthermore, the Fourier transform can only be computed at some discrete
values of w.

The goal of what follows is to relate the samples of X(w) with the samples
of x(t).

Consider a time-limited signal x(t). Its spectrum X(w) will not be
bandlimited.

The spectrum X(w) of the sampled signal x(t) consist of X(w) repeating

every fHz with f; = % (note that T is the same as T, of priyijous lecture).

X(w)

il W W W W

Ll e e
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Discrete Fourier Transform DFT cont.

Suppose now that the sampled signal x(t) is repeated periodically every
T, seconds.

According to the spectral sampling theorem, this operation results in
sampling the spectrum at a rate of T, samples/Hz. This means that the

1
samples are spaced at f, = T—Hz.
0

Therefore, when a signal is sampled and periodically repeated, its
spectrum is also sampled and periodically repeated.

The goal of what follows is to relate the samples of X(w) with the samples

of (t) (1)
il AN A

--------- i fl“ f—l—-
2

__....--—
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0 r-'-—f —=




Imperial College

Discrete Fourier Transform DFT cont.

The number of samples of the discrete signal in one period T, Is Ny =%
(figure below left).

The number of samples of the discrete spectrum in one period is Ny = %
0
= T,
We see that Nj = o1 -To_ N,.
fo T T

This Is an interesting observation: the number of samples in a period of
time is identical to the number of samples in a period of frequency.

Ll i NN

R e e

'THH““THH“ ””Hm tn. ; H” “Htm IT.;HHHIIHI mnnﬂll “hmmﬂl” “hhmﬂﬂ

TU l - --n——f __... {_‘
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« Since X(w) is not bandlimited, we will get some aliasing effect:

i’{m)
\ — ""':‘.;:—_—_';!"'H
i T e e ..u"T"'-....._
0 /s
2

* Furthermore, if x(t) is not time limited, we need to truncate x(t) with a
window function. This leads to leakage effect as discussed in previous
lecture (sampling).
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Formal definition of DFT

If x(nT) and X(rw,) are the n't and r'™ samples of x(t) and X(w)
respectively, we define:

X, = Tx(nT) = ;—(;x(nT)

2
Xy = X(rwg), wo = 2nfy = T_:

It can be shown that x,, and X, are related by the following equations:
X, = TNy eI (1)

= —ZNO FXpeimo, 0y = woT = 12\,_: (2)

The equations (1) and (2) above are the direct and inverse Discrete
Fourier Transforms respectively, known as DFT and IDFT.

In the above equations, the summation is performed from 0 to N, — 1. It
can be shown that the summation can be performed over any successive
N, values of n or r.
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« Use DFT to compute the Fourier transform of 8rect(t) (Lathi page 808.)

8

. x(r)
4
n : \—"m—
0.5 0.5 . w —-
: 27 4:.'1' 8_11'
4 S 0 > 4 f(Hz)—=

« The essential bandwidth B (calculated by finding where the amplitude
response drops to 1% of its peak value) is well above 16Hz. However, we

select B = 4Hz:

= To observe the effects of aliasing.
= In order not to end up with a huge number of samples in time.
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B=%Hzﬁ=8HaT=%=

S

OO_IP—\

1

For the frequency resolution we choose f, = S Hz. This choice gives us 4
samples in each lobe of X(w) and T, = fi = 4s.
0

X

8;! l\ F ’
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Ny = % = % = 32. Therefore, we must repeat x(t) every 4s and take

samples every %s. This yields 32 samples in a period.

x, = Tx(nT) = %x(g) with x(t) = 8rect(t).

The DFT of the signal x,, is obtained by taking any full period of x,, (i.e.,
N, samples) and not necessarily N, over the interval (0,T,) as we
assumed in the theoretical analysis of DFT.

I

~36—32-28 ~16 4 16 28 32 36

.1',1".

4 -2 ~05 0 0.5 2 4 s
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1 0<n<s3
0 5<n<?27
0.5 n=14.28

_27'[ T

Xn

and 29 <n<31

- r
;
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X

3

'-i ( Exact

FFT values

Xi

4 16 28 3

rd o+

0 uji

No—1 - - -
Y20 xpe T = Y31y eI/ See figure below.
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« Observe that X, is periodic.
« The dotted curve depicts the Fourier transform of x(t) = 8rect(t).

« The aliasing error is quite visible when we use a single graph to compare
the superimposed plots. The error increases rapidly with r.

'''''
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Appendix: Proot of DFT relationships

For the sampled signal we have:
x(t) = 30 x(nT)8(t — nT).
Since §(t — nT) & e~ /neT

No—1
X(w) = z x(nT)e JneT
n=0
For |w| < =5 X(a)) the Fourier transform of x(t) is Q le.,

X(w) = TX(w) = T Y00 x(nT)e IneT, Ia)l <=
No—1

X, =X(rwy) =T z x(nT)e I woT
n=0

If we let w,T = Q, then Qy = woT = 2nf,T = IZV—” and also Tx(nT) = x,.
0

No—1 —j
Therefore, X, = X%, x,e /"o
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Appendix: Proot of DFT relationships

To prove the inverse relationship write:

ZyoalX e]erO — NO_l[ZNO_l ne—jnrﬂo]ejrmﬂo =
Zivoglx eJTMQ — N0=_1 n[ZNO_l —jr(n—m)ﬂo]

. 21T
No—1 _jr(n-m)Q, _ vwNo—1 —jr(n-m)z= Ny n—m =kNyk €Z
_n € = - 0 =
2r=o 2r=0 © 0 otherwise

Since 0 < m,n < Ny — 1 the only multiple of N, that the term (n —m) can

be is 0. Therefore:
No—1
OZ: e—jr(n—m)lzv—z :{NO n—-—m=0=>n=m

0 otherwise
r=0

Therefore,

_ _ZNO_l eJTMQ , Q, _ 2
No



