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Prohlem1(a)

For a LTI system described by the transfer function

find the system’s response (output in time domain) to the input cos( 2t + 60°).

Solution
We proved in lectures that:
cos(wot + 6y) = |H(wg)|cos[ wet + 8¢ + 2H(jwy)]

. _ jw+3 . _ Vw249 ) . WY w
H(jw) = i) |H(jw)| = 72 and 2H(jw) = arctan(g) 2arctan(2).
HO2)| = V22+9 V13

2244 8

2
£H(j2) = arctan <§> — 2 arctan(1) = 33.69006766 — 2 - 45 = —56.3099

cos(2¢ + 60°) = *L cos[ 2t + 60° — 56.3099°] = *° cos[2t + 3.69°]
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Probhlem1(h)

For the previous system find the response to the input sin(3t — 45°).

Solution
sin(@) = cos(6 — g) and therefore, sin(3t — 45°) = cos (3t — 45° — g) =

cos(3t — 135°).
cos(wot + 0y) = |H(wg)|cos[wgt + 8y + 2H(jwy)]

. Vw?2+9 . ) w

|Hw)| = —a and £H(jw) = arctan (?) — Zarctan(;).
H(3)| = V32 +9 _ V18

0 324+4 13

3 3

£H(j3) = arctan <§) — 2 arctan <§) =45 —2-56.30993247°

= —67.6198648°

o . o V18 o o

cos(3t — 135°) = sin(3t — 45°) = Ecos[Bt — 135° — 67.6198648°] =
Vi8 V18

“—cos[3t — 45° — 67.6198648° — 90°] = —"sin[3t — 112.6198"]
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Problem1(c)

For the previous system find the system’s response to the input e/3t.

Solution
e/3t = cos(3t) + jsin(3t) with sin(3t) = cos (3t — g) = cos(3t —90°).
cos(wot + 0y) = |[H(wy)|cos[ wot + 6y + 2H(jwy)]

H(3)| = V32 +9 B V18
3244 13

£H(j3) = —67.6198648°

V18
cos(3t) = ——cos[ 3t — 67.6198648°]

13
cos(3t — 90°) = “L cos[ 3t — 67.6198648° — 90°] = osin[ 3¢ — 67.6198648"]
e/3t = cos(3t) + jsin(3t) ﬁgcos[?ﬂt — 67.6198648°] +j%sin[3t —

67.6198648°] = V18 o (3t-67.6198648")t — o3t |[1(3)| J4HU3) = 3t H(j3)
13
(this result could be used directly, since it has also been proven in lectures)
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Problem 2

Draw a rough sketch of the amplitude and phase response of the LTI
systems whose pole-zero plots are shown in Figures (a) and (b) below.
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Probiem 2 (a)
We have a zero at —1 and a pole at —2. Therefore, H(s) = z:
_ __Vw w?+ 2 +1
H(] ) = The amplitude is |[H(jw)| = \/7 with |[H(jw)|* = w2+4.
d 5 Zw(w +4)—2w(w?+1) 2
— IH(]a))I = oTra)? > (0. Therefore, |H(jw)|* is an increasing
function.

|[H(jO)| = 1/2 and |H ()| = 1.
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Prohlem 2 (al cont.
H(jw) = and the phase is £H(jw) = arctan(w) — arctan(—).
We see that AH(]O) =0and 2zH(jw) = 0.
2 2
d R | 11 2+7—(1+w?) _ 1--
%LH(](U) =— —= = —2 = 2

2 2 2 2
Itws 2 1+“)T 2(1+w2)(1+“’T> 2(1+w2)(1+w7)
2

For% <1= w? < 2= w<V2 = 1414 the phase is increasing.

2
For w? > 1= w >+/2 = 1.414 the phase is decreasing.

(1.414, 0.3398)
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Problem 2 (h)
We have a zero at —2 and a pole at —1. Therefore, H(s) = i:i
. _Vw w2+ . . 2 w?+4
H(] ) = The amplitude is |[H(jw)| = \/7W|th |Hw)|* = —
d 5 Zw(w +1)—2w(w?+4) . 5 .
— |H(]a))| = PERE < 0. Therefore, |H(jw)|* is an decreasing

function.
|H(GO)| =2 and |[H()| = 1.
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Problem 2 (h) cont.
H(jw) = and the phase is £H(jw) = arctan(w/2) — arctan(w).
We see that LH(]O) =0and 2zH(jw) = 0.
1 1 1 —2—%2+(1+a)2) _ %2—1

d

—LH(jw) = — S 7 = N 2
dw l+w? = 2 1+2- 2(1+w2)(1+w7) 2(1_'_@2)(1_'_%)
2

For — < 1= w? <2 = w < V2 = 1414 the phase is decreasing.

2
For w? > 1= w >+/2 = 1.414 the phase is increasing.

20 a0 40
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Problem 3: Design of Butterworth filters with Sallen-Key

The transfer function of the Sallen-Key filter on the right is:

1
H =
(S) 1+ CZ(Rl + Rz)S + C1C2R1R2$2

Assuming that w. = 1 and n even we choose:

. C1C2R1R2 =1 o I
— Vo 18]
o Cz (Rl + RZ) = —2C05(2k+n_17T) 5;__"'-'"':':‘;!;;\[ ,I'«_._...._ﬁ}rﬁ'lﬁ >-

2n

This guarantees that H(s) has two poles at L

2k+n—-1 . 2k+n—-1
cos( -~ m) £ jsin ).

Cascade n/2 such filters.

When n is odd the remaining real pole can be implemented with an RC
circuit.
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Problem 3: Design of Butterworth filters with Sallen-Key cont.

n=1 n=12 n=3 n=4
_ * X
4 /N Ry e
X e — /4
-1 -1 -1} -1%
.".x1 0 - ..
' x .,

One RC circuit One Sallen- One Sallen- A cascade of
Key with k=1 key with k=1, two Sallen-
and n =2 n =3 followed key withn=4

by one RC and k=1,2.

circuit
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Problem 3: Design of Butterworth filters with Sallen-Key cont.

So far we have considered only normalized Butterworth filters with 3dB
bandwidth and w, = 1.
We can design filters for any other cut-off frequency by substituting s by
s/w,.
For example, the transfer function for a second-order Butterworth filter
for w. = 100 is given by:
1 1
H(s) =

2242 (155) + 1 52 4+ 100v2s + 104




