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Problem1

Derive the Fourier transform of the signals f(t) shown in Figures below.

T _ —i T _ ; 1 _ ; T
@) F@) = [ e-temiotdr = [ e(eriongr =~ o~Geion|] _
(a;jl'w) (e—(a+jw)T _ e—(a+jw)0) _ (a+1jw) (1- e—(a+ja))T)

(b) F(w) = [ ette iotdt = [T el@iorge = —L_glajor|" =

(a—jw) 0
1 . . 1 .
(a—jw)T _ pla—jw)0Y) — (a—jo)T _q
@ S = @ @ )
f@) f@)
1 1
0 T t—> 0 T t—>

(a) (b)



Imperial College
London

Problem 2 (a), (h)

Sketch the following functions:

(a) rect(%)
(b) rect(—>)

0:5

(a) (b)
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Problem 2 (c), (d)

(¢) sinc (%)

J 1\

(d) sinc(“"s“’”)
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Duality property
¢ Ifx(t) © X(w) then X(t) © 2nx(—w)

Proof
From the definition of the inverse Fourier transform we get:

1 r® .
x(t) = —f X(w)e’?dw
2T ) _
Therefore,
2mx(—t) =f X(w)e 7°tdw

Swapping t with w and using the definition of forward Fourier transform we
have:
X)) © 2nx(—w)
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Apply the duality property to the appropriate function and show that:

1
“18() + 2] & u(w)
We proved previously that the following time-frequency relationship holds:
1
u(t) © nd(w) +—
Jw
By applying the duality property we obtain: wé(t) + ]—1t o 2nu(—w) (1)
By applying the scaling property x(at) ﬁX (%)
with @ = —1 in (1) we obtain: ©8(—t) — ]it & 2mu(w) (2)
j:ﬁ;t = n8(—t)+1 & 2mu(w)
Knowing that §(—t) = 6(t) and by dividing both sides of the last
relationship with 2 we obtain:

Relation (2) can also be written as nd(—t) —

1 5 Ji
E[ (t)‘l'E] & u(w)
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Apply the duality property to the appropriate function and show that:

1
m & —jmsign( w)

We proved previously that the following time-frequency relationship holds:

2
Flsign(t)] = —
Jw
« By applying the duality property we obtain: % & 2nsign(—w) (1)

Since sign(—w) = —sign(w), relation (1) can also be written as:
2
jt

By multiplying both sides of the last relationship with j /2 we obtain:

& —2msign(w)

m & —jmsign(w)
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Apply the duality property to the appropriate function and show that:

S(t+T)—6(t—T) e 2jsin(Tw)

The following time-frequency relationship holds:

sin wyt © jr[d(w + wy) — §(w — wy)]
By applying the duality property we obtain:

Jr[d(t + wy) — 6(t — wy)] © 2w sin( —wyw).

We set wy, = T and we obtain:

jr[6(t+T) — 6(t — T)] © 2msin( —Tw).
By multiplying both sides of the last relationship with —j /7 and using the
fact that the sin function is odd we obtain:

S(t+T)—8(t—T) e 2jsin(Tw)
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Problem4

The Fourier transform of the triangular pulse f(t) shown in Figure (a)
below is given to be:

1 : .
F(w) = E(ef‘" — jwel® — 1)

Use this information and the time-shifting and time-scaling properties to find
the Fourier transforms of the signals f;(t) to f5(t) shown in Figures (b)-(f).

...... ! ! ! D5

Figure (a)
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Probiem 4 cont.

The signal f;(t) is shown in Figure (b) below.
From Figure (b) we obtain f;(t) = f(—t).

By applying the scaling property x(at) < |711|X (%) with a = —1 we obtain:
x(—t) © X(—w).
Therefore, F; (w) = F(—w) = é (e7/® + jwe™ ¥ — 1)

! 1 .........
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Figure (b)
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Probiem 4 cont.

From Figure (c) we obta'in fo(t) = f(t—1) + f,(t — 1) and therefore,
Fz(w) =e J’F(w) + e‘f“)Fl(a))_ = e JPF(w) + e JYF(—w)

e /@ . e /@
= (e/® — jwel® — 1) + 3 (e™7? + jwe™* - 1)
e J®
= (e/® — jwel® — 1 +e™ /¢ +jwe™/® — 1)
e_jw . R
= [2cosw + (—jwel?) + (—jwel®) —2]
e /@ , —1
= (2cosw + 2Re{—jwe’*} — 2
A
= (2cosw + 2wsinw — 2)
Ze—Ja) —0:5
=2 (cosw + wsinw — 1)
0 0!5 1 15 2
Figure (c)
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Probiem 4 cont.

From Figure (d) we obt'ain fz(t) = f(t—1)+ f1(t + 1) and therefore,
Fz(w) = e 79F(w) + e/“F,(w) = e 7?F(w) + e/*F(—w)
e—jw jw

S AP

= (¢ e~ 4 Gr @ ol -
_?(1—10)—6’ ’w):E(l tjw = el?)

=— (2 — 2cosw) = —sm2 (—) = 51nc2(—)

. e 0 05 i

Figure (d)
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Probiem 4 cont.

From Figure (e) we obtain f,(t) = f(t — 1/2) + f1(¢ + 1/2) and therefore,
F,(w) = e 792F (w) + e/°/?2F,(w) = e T®2F (w) + e/*/?F(—w)

e—jw/z _ ' eja)/z
= (e/® — jwel® — 1) +

(e™/?® + jwe™ ¥ — 1)

w? w?
=%(ejw/z — jwelo/? — eI0I2) 4 — 1 _(e7J/2 4 juwe=iw/2 — gJ0/2)
= — [(—jwel*/2) + (~joe®/?)’ N
wlz (ZRe {—]a)ejg)})

= % wsin(w/2) = ; sin (%) = sinc(w/2)

Figure (e)
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Probiem 4 cont.

From Figure (f) we observe that we can obtain f;(t) after the following
operations on f(t).
= Expand f(t) by a factor of 2.

By applying the scaling property with a = 2 we obtain f(t/2) © 2F(2w),

f(t/2) © 2FQw) or f(t/2) e — (efz“) — j2wel?® — 1)
= Shift to the right f(t/2) by 2 unlts of time.

f((t—2)/2) © 2 1?2?FQw) = = (1—j2w — e 7?%)
= Multiply the result by 1.5.

fs(t) = 15f((t = 2)/2) & — = (1 - j2w — e /%)
* Figure is shown in the next sllde

202
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Probiem 4 cont.

15

AN

Figure (f)
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The signals in Figures (a)-(c) are modulated signals with carrier cos(10t).
Find the Fourier transforms of these signals using appropriate properties of
the Fourier transform and the FT table given in Lectures. Sketch the
amplitude and phase spectra for (a) and (b).

« Aunit triangle function A(x) is defined as:

( 1

0 |x| ZE

AG) = { 2
L1—2|x| | x| <E
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It can be shown that
A (E) & —sinc? (2)
T 2 4
In this problem we have the function A( ) depicted in the previous slide.

The relation A (Zn) & msinc ( ) holds.

Since the signal A (2;) Is even,

the Fourier transform is real
(prove it) and therefore,
the phase is zero.

The amplitude is shown on
the right.
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Problem 3 (a) cont.

The modulated signal A (ﬁ) cos(10t) is depicted below.

A

A A

Figure (a)
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The relationship A( ) cos(10t) & - [Sinc2 (n(wz—w)) + sinc? (ﬂ'((u;—lO))]
holds.

The Fourier transform of the modulated signal is depicted in the Figure
below with green.

As previously, it is the same as the amplltude since the phase of the
Fourier transform is zero.
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« Figure (b) is a shift of Figure (a) by 2mx.

AT
G vv ; va

I |
Figure (b)
« A (tzzn) cos(10(t — 2m)) © = [sm (”(wz_lo)) + sinc? (@)]e—jmw

« The amplitude of the Fourler transform remains the same but a linear
phase —2rw is introduced.

=
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Prohlem 3 (c]

Figure (c) depicts a rectangular pulse rect( ) cos(10(t — 2m))
It can be shown that

t
rect (—) & 2msinc(ntw)

2T
rect( )COS(lOt) = Zn(smc[n(a) —10)] + sinc[r(w — 10)])

rect( )cos(lOt) S n(smc[n(a) —10)] + sinc[r(w — 10)])
The given signal is the same as the above signal but delayed by 2x. This
delay introduces the phase e /2™,

rect( 22 )cos(lO(t — 2m)) © n(sinc[n(w — 10)] + sinc[r(w — 10)]) e /2™«

AN
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Figure (c)
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