
Signals and Systems

Tutorial Sheet 6 – Fourier Transform 

DR TANIA STATHAKI
READER (ASSOCIATE PROFFESOR) IN SIGNAL PROCESSING
IMPERIAL COLLEGE LONDON



Problem 1

Derive the Fourier transform of the signals 𝑓(𝑡) shown in Figures below.

(a) 𝐹 𝜔 = 0׬
𝑇
𝑒−𝑎𝑡𝑒−𝑗𝜔𝑡𝑑𝑡 = 0׬

𝑇
𝑒−(𝑎+𝑗𝜔)𝑡𝑑𝑡 =

1

−(𝑎+𝑗𝜔)
ห𝑒−(𝑎+𝑗𝜔)𝑡
0

𝑇
=

−1

𝑎+𝑗𝜔
𝑒− 𝑎+𝑗𝜔 𝑇 − 𝑒− 𝑎+𝑗𝜔 0 =

1

𝑎+𝑗𝜔
(1 − 𝑒− 𝑎+𝑗𝜔 𝑇)

(b) 𝐹 𝜔 = 0׬
𝑇
𝑒𝑎𝑡𝑒−𝑗𝜔𝑡𝑑𝑡 = 0׬

𝑇
𝑒(𝑎−𝑗𝜔)𝑡𝑑𝑡 =

1

(𝑎−𝑗𝜔)
ห𝑒(𝑎−𝑗𝜔)𝑡
0

𝑇
=

1

𝑎 − 𝑗𝜔
𝑒 𝑎−𝑗𝜔 𝑇 − 𝑒 𝑎−𝑗𝜔 0 =

1

𝑎 − 𝑗𝜔
(𝑒 𝑎−𝑗𝜔 𝑇 − 1)

(a)                                              (b)



Sketch the following functions:

(a) rect(
𝑡

2
)

(b) rect(
𝑡−10

8
)

(a)                                                            (b)

Problem 2 (a), (b)



(c) sinc
𝜋𝜔

5

(d) sinc(
𝜔−10𝜋

5
)

Problem 2 (c), (d)



Duality property

• If 𝑥(𝑡) ⇔ 𝑋 𝜔 then 𝑋(𝑡) ⇔ 2𝜋𝑥 −𝜔

Proof

From the definition of the inverse Fourier transform we get:

𝑥 𝑡 =
1

2𝜋
න
−∞

∞

𝑋 𝜔 𝑒𝑗𝜔𝑡𝑑𝜔

Therefore,

2𝜋𝑥 −𝑡 = න
−∞

∞

𝑋 𝜔 𝑒−𝑗𝜔𝑡𝑑𝜔

Swapping 𝑡 with 𝜔 and using the definition of forward Fourier transform we 

have:

𝑋(𝑡) ⇔ 2𝜋𝑥 −𝜔



Problem 3 (a)

Apply the duality property to the appropriate function and show that:
1

2
[𝛿(𝑡) +

𝑗

𝜋𝑡
] ⇔ 𝑢(𝜔)

• We proved previously that the following time-frequency relationship holds:

𝑢 𝑡 ⇔ 𝜋𝛿 𝜔 +
1

𝑗𝜔

• By applying the duality property we obtain: 𝜋𝛿 𝑡 +
1

𝑗𝑡
⇔ 2𝜋𝑢(−𝜔) (1)

• By applying the scaling property 𝑥 𝑎𝑡 ⇔
1

𝑎
𝑋

𝜔

𝑎

with 𝑎 = −1 in (1) we obtain: 𝜋𝛿 −𝑡 −
1

𝑗𝑡
⇔ 2𝜋𝑢(𝜔) (2)

• Relation (2) can also be written as 𝜋𝛿 −𝑡 −
(−𝑗)

𝑗(−𝑗)𝑡
= 𝜋𝛿 −𝑡 +

𝑗

𝑡
⇔ 2𝜋𝑢(𝜔)

• Knowing that 𝛿 −𝑡 = 𝛿 𝑡 and by dividing both sides of the last 

relationship with 2𝜋 we obtain:
1

2
[𝛿(𝑡) +

𝑗

𝜋𝑡
] ⇔ 𝑢(𝜔)



Problem 3 (b)

Apply the duality property to the appropriate function and show that:
1

𝑡
⇔ −𝑗𝜋 sign(𝜔)

• We proved previously that the following time-frequency relationship holds:

ℱ sign 𝑡 =
2

𝑗𝜔

• By applying the duality property we obtain: 
2

𝑗𝑡
⇔ 2𝜋sign −𝜔 (1)

• Since sign −𝜔 = −sign 𝜔 , relation (1) can also be written as:
2

𝑗𝑡
⇔ −2𝜋sign 𝜔

• By multiplying both sides of the last relationship with 𝑗/2 we obtain:
1

𝑡
⇔ −𝑗𝜋 sign(𝜔)



Problem 3 (c)

Apply the duality property to the appropriate function and show that:

𝛿(𝑡 + 𝑇) − 𝛿(𝑡 − 𝑇) ⇔ 2𝑗 sin( 𝑇𝜔)
• The following time-frequency relationship holds:

sin𝜔0𝑡 ⇔ 𝑗𝜋[𝛿 𝜔 + 𝜔0 − 𝛿 𝜔 − 𝜔0 ]
• By applying the duality property we obtain:

𝑗𝜋[𝛿 𝑡 + 𝜔0 − 𝛿 𝑡 − 𝜔0 ] ⇔ 2𝜋 sin(−𝜔0𝜔).
• We set 𝜔0 = 𝑇 and we obtain:

𝑗𝜋[𝛿 𝑡 + 𝑇 − 𝛿 𝑡 − 𝑇 ] ⇔ 2𝜋 sin(−𝑇𝜔).
• By multiplying both sides of the last relationship with −𝑗/𝜋 and using the 

fact that the sin function is odd we obtain:

𝛿(𝑡 + 𝑇) − 𝛿(𝑡 − 𝑇) ⇔ 2𝑗 sin( 𝑇𝜔)



The Fourier transform of the triangular pulse 𝑓(𝑡) shown in  Figure (a)  

below is given to be:

𝐹(𝜔) =
1

𝜔2
(𝑒𝑗𝜔 − 𝑗𝜔𝑒𝑗𝜔 − 1)

Use this information and the time-shifting and time-scaling properties to find 

the Fourier transforms of the signals 𝑓1(𝑡) to 𝑓5(𝑡) shown in Figures (b)-(f).

Figure (a)

Problem 4



Problem 4 cont.

• The signal 𝑓1(𝑡) is shown in Figure (b) below.

• From Figure (b) we obtain 𝑓1 𝑡 = 𝑓(−𝑡).

• By applying the scaling property 𝑥 𝑎𝑡 ⇔
1

𝑎
𝑋

𝜔

𝑎
with 𝑎 = −1 we obtain: 

𝑥 −𝑡 ⇔ 𝑋 −𝜔 .

• Therefore, 𝐹1 𝜔 = 𝐹(−𝜔) =
1

𝜔2 (𝑒
−𝑗𝜔 + 𝑗𝜔𝑒−𝑗𝜔 − 1)

Figure (b)



Problem 4 cont.

From Figure (c) we obtain 𝑓2 𝑡 = 𝑓 𝑡 − 1 + 𝑓1 𝑡 − 1 and therefore,

𝐹2 𝜔 = 𝑒−𝑗𝜔𝐹 𝜔 + 𝑒−𝑗𝜔𝐹1 𝜔 = 𝑒−𝑗𝜔𝐹 𝜔 + 𝑒−𝑗𝜔𝐹 −𝜔

=
𝑒−𝑗𝜔

𝜔2
𝑒𝑗𝜔 − 𝑗𝜔𝑒𝑗𝜔 − 1 +

𝑒−𝑗𝜔

𝜔2
(𝑒−𝑗𝜔 + 𝑗𝜔𝑒−𝑗𝜔 − 1)

=
𝑒−𝑗𝜔

𝜔2
𝑒𝑗𝜔 − 𝑗𝜔𝑒𝑗𝜔 − 1 +𝑒−𝑗𝜔 +𝑗𝜔𝑒−𝑗𝜔 − 1

=
𝑒−𝑗𝜔

𝜔2
[2cos𝜔 + −𝑗𝜔𝑒𝑗𝜔 + −𝑗𝜔𝑒𝑗𝜔

∗
− 2]

=
𝑒−𝑗𝜔

𝜔2
(2cos𝜔 + 2Re{−𝑗𝜔𝑒𝑗𝜔} − 2)

=
𝑒−𝑗𝜔

𝜔2
(2cos𝜔 + 2𝜔sin𝜔 − 2)

=
2𝑒−𝑗𝜔

𝜔2
(cos𝜔 + 𝜔sin𝜔 − 1)

Figure (c)



From Figure (d) we obtain 𝑓3 𝑡 = 𝑓 𝑡 − 1 + 𝑓1 𝑡 + 1 and therefore,

𝐹3 𝜔 = 𝑒−𝑗𝜔𝐹 𝜔 + 𝑒𝑗𝜔𝐹1 𝜔 = 𝑒−𝑗𝜔𝐹 𝜔 + 𝑒𝑗𝜔𝐹 −𝜔

=
𝑒−𝑗𝜔

𝜔2
𝑒𝑗𝜔 − 𝑗𝜔𝑒𝑗𝜔 − 1 +

𝑒𝑗𝜔

𝜔2
(𝑒−𝑗𝜔 + 𝑗𝜔𝑒−𝑗𝜔 − 1)

=
1

𝜔2
1 − 𝑗𝜔 − 𝑒−𝑗𝜔 +

1

𝜔2
1 + 𝑗𝜔 − 𝑒𝑗𝜔

=
1

𝜔2
2 − 2cos𝜔 =

4

𝜔2
sin2(

𝜔

2
) = sinc2(

𝜔

2
)

Figure (d)

Problem 4 cont.



Problem 4 cont.

From Figure (e) we obtain 𝑓4 𝑡 = 𝑓 𝑡 − 1/2 + 𝑓1 𝑡 + 1/2 and therefore,

𝐹4 𝜔 = 𝑒−𝑗𝜔/2𝐹 𝜔 + 𝑒𝑗𝜔/2𝐹1 𝜔 = 𝑒−𝑗𝜔/2𝐹 𝜔 + 𝑒𝑗𝜔/2𝐹 −𝜔

=
𝑒−𝑗𝜔/2

𝜔2
𝑒𝑗𝜔 − 𝑗𝜔𝑒𝑗𝜔 − 1 +

𝑒𝑗𝜔/2

𝜔2
(𝑒−𝑗𝜔 + 𝑗𝜔𝑒−𝑗𝜔 − 1)

=
1

𝜔2
𝑒𝑗𝜔/2 − 𝑗𝜔𝑒𝑗𝜔/2 − 𝑒−𝑗𝜔/2 +

1

𝜔2
𝑒−𝑗𝜔/2 + 𝑗𝜔𝑒−𝑗𝜔/2 − 𝑒𝑗𝜔/2

=
1

𝜔2
[ −𝑗𝜔𝑒𝑗𝜔/2 + −𝑗𝜔𝑒𝑗𝜔/2

∗
]

=
1

𝜔2
2Re −𝑗𝜔𝑒

𝑗𝜔
2

=
2

𝜔2𝜔sin(𝜔/2) =
2

𝜔
sin

𝜔

2
= sinc(𝜔/2)

Figure (e)



From Figure (f) we observe that we can obtain 𝑓5 𝑡 after the following 

operations on 𝑓(𝑡).
▪ Expand 𝑓(𝑡) by a factor of 2.

By applying the scaling property with 𝑎 = 2 we obtain 𝑓 𝑡/2 ⇔ 2𝐹 2𝜔 ,

𝑓 𝑡/2 ⇔ 2𝐹 2𝜔 or 𝑓 𝑡/2 ⇔
1

2𝜔2 (𝑒
𝑗2𝜔 − 𝑗2𝜔𝑒𝑗2𝜔 − 1)

▪ Shift to the right 𝑓 𝑡/2 by 2 units of time.

𝑓 (𝑡 − 2)/2 ⇔ 2𝑒−𝑗2𝜔𝐹 2𝜔 =
1

2𝜔2
(1 − 𝑗2𝜔 − 𝑒−𝑗2𝜔)

▪ Multiply the result by 1.5.

𝑓5 𝑡 = 1.5𝑓 (𝑡 − 2)/2 ⇔
3

4𝜔2 (1 − 𝑗2𝜔 − 𝑒−𝑗2𝜔)

• Figure is shown in the next slide.

Problem 4 cont.



Figure (f)

Problem 4 cont.



Problem 5

The signals in Figures (a)-(c) are modulated signals with carrier cos(10𝑡). 
Find the Fourier transforms of these signals using appropriate properties of 

the Fourier transform and the FT table given in Lectures. Sketch the 

amplitude and phase spectra for (a) and (b).

• A unit triangle function Δ 𝑥 is defined as:

Δ 𝑥 =
0 𝑥 ≥

1

2

1 − 2 𝑥 𝑥 <
1

2



Problem 5 (a)

• It can be shown that

Δ
𝑡

𝜏
⇔

𝜏

2
sinc2

𝜏𝜔

4

• In this problem we have the function Δ
𝑡

2𝜋
depicted in the previous slide.

• The relation Δ
𝑡

2𝜋
⇔ 𝜋sinc2

𝜋𝜔

2
holds.

• Since the signal Δ
𝑡

2𝜋
is even, 

the Fourier transform is real

(prove it) and therefore,

the phase is zero.

• The amplitude is shown on

the right.



Problem 5 (a) cont.

The modulated signal Δ
𝑡

2𝜋
cos 10𝑡 is depicted below.

Figure (a)



Problem 5 (a) cont.

• The relationship Δ
𝑡

2𝜋
cos 10𝑡 ⇔

𝜋

2
[sinc2

𝜋 𝜔−10

2
+ sinc2

𝜋(𝜔+10)

2
] 

holds.

• The Fourier transform of the modulated signal is depicted in the Figure

below with green.

• As previously, it is the same as the amplitude, since the phase of the 

Fourier transform is zero.



• Figure (b) is a shift of Figure (a) by 2𝜋.

Figure (b)

• Δ
𝑡−2𝜋

2𝜋
cos 10(𝑡 − 2𝜋 ) ⇔

𝜋

2
[sinc2

𝜋 𝜔−10

2
+ sinc2

𝜋(𝜔+10)

2
]𝑒−𝑗2𝜋𝜔

• The amplitude of the Fourier transform remains the same but a linear 

phase −2𝜋𝜔 is introduced.

Problem 5 (b)



• Figure (c) depicts a rectangular pulse rect
𝑡−2𝜋

2𝜋
cos 10(𝑡 − 2𝜋 )

• It can be shown that

rect
𝑡

2𝜋
⇔ 2𝜋sinc(𝜋𝜔)

rect
𝑡

2𝜋
cos(10𝑡) ⇔

1

2
2𝜋(sinc 𝜋 𝜔 − 10 + sinc 𝜋 𝜔 − 10 )

rect
𝑡

2𝜋
cos(10𝑡) ⇔ 𝜋(sinc 𝜋 𝜔 − 10 + sinc 𝜋 𝜔 − 10 )

• The given signal is the same as the above signal but delayed by 2𝜋. This 

delay introduces the phase 𝑒−𝑗2𝜋𝜔.

rect
𝑡−2𝜋

2𝜋
cos 10(𝑡 − 2𝜋 ) ⇔ 𝜋(sinc 𝜋 𝜔 − 10 + sinc 𝜋 𝜔 − 10 ) 𝑒−𝑗2𝜋𝜔

Figure (c)

Problem 5 (c)


