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Prohlem1(a)

Using Laplace transform solve the following differential equation:

(@) (D?+3D+2)y(t) =Df(t)if y(07) =y(07) =0 and f(t) = u(t).
Recall that D = %(-).
We take the Laplace transform in both sides:
L{(D? + 3D + 2)y(t)} = L{Df(t)} =
L{D*y(t)} + L{3Dy (1)} + L{2y ()} = L{Df ()} =
s2Y(s) —sy(07) —y(07) + 3sY(s) — 3y(07) + 2Y(s) = sF(s) — f(07) =
s2Y(s) + 3sY(s) + 2Y(s) = sF(s)

F(&) = u(t) = F(s) =<

Therefore,
s2Y(s) +3sY(s) +2Y(s) = 1= (s*4+3s+ 2)Y(s) =1 >
V(s) = 1 1 1 |

(s+2)(s+1) S+l s+2
1

YO = £ ) = £7 (537) ~£7 (5 <

= (e t —e ?)u(t)
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Probhlem1(h)

(b) (D?+4D +4)y(t) =D+ Df(@)ify(07)=2,9(07) =1 and
f(®) = et u(t) = F(s) =
We take the Laplace transform in both sides:

L{(D?+ 4D + 4)y()} = L{D + Df()} >
L{D*y(t)} + L{4Dy()} + L{4y (D)} = LIDF (D)} + LIfF (D)} =
s2Y(s) —sy(07) —y(07) + 4sY(s) — 4y(07) + 4Y(s) =

sF(s) —f(07)+ F(s) =

s2Y(s) —2s—1+4sY(s) —8+4Y(s) =sF(s) — f(07) + F(s) =

s2Y(s) + 4sY(s) +4Y(s) =25 -9 =———0+—=1>

s+1 1 s+1

S +
s?Y(s) +4sY(s) +4Y(s) =2s+9 + 1 2s + 10
Therefore,
S2Y(s) + 4sY(s) +4Y(s) =25+ 10 = (s + 2)?Y(s) = 25 + 10
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Problem1(b] cont.

() Y(s) =223

In that case we have repeated roots, i.e., there is a factor (s + 2)? in the

denominator.
Recall: In general, if there is a factor (s + a)™ in the denominator, the

partial fraction expansion contains the term Y7, —

(=1 (g4q)i’
2s+10 A B A(s+2)+B
(s+2)2  s+2  (s+2)2  (s+2)2
A=2,B=6
25+10 2 6
Y(s) = (s+2)2  s+2 T (s+2)2

y(t) = L7H(F(s)) = (2 + 6t)e*tu(t)
For the last term refer to
Problem 1(b) Class 4.
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Problem1(c)

Using Laplace transform solve the following differential equation:

(c) (D?+ 6D +25)y(t) = (D + 2)f(t) if y(07) = y(07)=1 and f(t) = 25u(t).
We take the Laplace transform in both sides:
L{(D? + 6D + 25)y(t)} = L{(D + 2)f(t)} =
L{D2y(t)} + L{6Dy(1)} + L{25y(t)} = LIDF(O)} + L{2f (D)} =
s?Y(s) —sy(07) —y(07) + 65Y(s) — 6y(07) + 25Y(s)
=sF(s)—f(07) + 2F(s) =
s2Y(s) —s —1+6sY(s) — 6+ 25Y(s) = sF(s) + 2F(s)
£(t) = 25u(t) = F(s) = 2?5
Therefore,
s?Y(s) + 6sY(s) +25Y(s) =s+ 7+ 25+ ? =

2 _ 524325450 _ 52432s5+50
(s°46s + 25)Y(s) = = Y(s) = s(s2+65+25)
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Problem1(c] cont.
_ s%432s+50
Y(s) = s(s?2+6s+25)
Partial fraction expansion in that case gives:
s?+32s+50 A Bs+C
Y(s) = =—+
s(s?+6s+25) s (s?+ 65+ 25)
A+B=1 (1)
6A + C = 32 (2)
25A=50=>A4=2 (3)
From (1), (2) and (3) we have B = —1,C = 20.
s?+32s+50 2 —s+ 20
Y(s) =

s(s?+6s + 25) TS * (s? + 6s + 25)

For the first term we have: £71 {%} = 2u(t)

For the second term we use the Laplace transform pair that we used
in Problem 3(b) Class 4. Please see next slide. l
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Problem1(c) cont.

—s+20 . . :
ZL. For this function we can use the Laplace transform pair:
$“+65+25 As+B

—at _ _4asTh
L{re ™ cos(bt + ) u(t)} = S ipoire
__ |A%c+B?-24Ba . 1 ( Aa—-B ) Y s

A=-1,B =20,a = 3,c = 25, therefore,
r = \/(—1)2-25+202—2-(—1)-20-3 _ \/25+400+120

—— = —— = V34.0625 = 5.836

—>2) = tan~'(5.75) = 80.134°, b =259 = 4

0 =tan! (

—V25-9 | |
—s + 20
L1 — 5.836e% cos(4t + 80.134%) u(t) |
(32 + 6s + 25) e cos(4t + )u(®)
From the two previous functions we have: |
y() = LY (s)) T Y

= (2 + 5.836e 73t cos(4t + 80.134°))u(t)
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Prohiem 2 (a)

(a) For each of the system described by the following differential equation,
find the system’s transfer function.

d*y(t) dy(t) af(t)

Jr2 + 11d—+ 24y(t) = 5—+ 3f(t)
We assume that the initial conditions are zero.
We take the Laplace transform in both sides:

d?y(t) dy(t) f(t)
l:{ 172 +11d—+24 (t)} {Sd—+3f(t)}

dZ
L{ dytg )} + 111:{ 3;( )} + 24L{y(t)) = 51:{ St )} +3L{f(D)} =
s2Y(s) + 11sY(s) + 24Y(s) = 5sF(s) + 3F(s) =
H()—Y(S)— 55 + 3
) TF(s) s+ 11s+ 24
Note that we don’t have to take this further, since the transfer function is
the system’s function in Laplace or any other frequency domain.
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Probiem 2 (b)

(b)
d’yt)  d*y() dy(t) d’f(t) _df(t)
—11—-= = 7 ——
153 + 6 152 7 + 6y(t) =3 752 + 7 + 5f(t)
We assume that the initial conditions are zero.
We take the Laplace transform in both sides:

L{dBY(t) 6 dy(t) dy(t) } _ L{B d*f(¢)  _df(t)

13 To—5 _11—dt + 6y(t) 112 +7—dt +5f(t)}

=
d3y(t) d*y(t) dy(t)
L{ e } + 6L{ pre } —11L {T} + 6L{y(t)}

(RO (df(D
= 31:{ 172 } + 7L {T} + SL{f(t)} =

s3Y(s) + 6s%Y(s) — 11sY(s) + 6Y(s) = 3s%F(s) + 7sF(s) + 5F(s) =
b _Y(s)  3s*+7s+5
(s) = F(s) s3+4+6s2—11s+6
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Problem 2 (c)

dhy(t) | dy(®) df(®)
act T g T3 g TYW

We assume that the initial conditions are zero.
We take the Laplace transform in both sides:

(d*y(0) N 4dy(t)} _r {3 df (t)

| dt? dt a Zf(t)} -

@y®) . (O] . [df©

s*Y(s) + 4sY(s) = 3sF(s) + 2F(s) =

H(S) _ @ __ 3s+2 _ 3s+2

F(s) s*+4s  s(s3+4)

L3
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(a) For a system with transfer function

(i) H(s) = 5=

S“+5s5+6

find the zero-state response if the input is f(t) = e~ *u(t).
1
F(s) =
(S) S +4 5 1 5 A B C
s+ s+

Y(S) - H(S)F(S) " S2455+6 s+4 (S+2)(s+3)(s+4) T os+2 + s+3 + s+4
A+B+C=0
7A+6B+5C=1=>-7/B—-—7C+6B+5C=—-B—-20=1=>B+2C
= -1

124+ 8B+6C=5=—-12B—12C +8B+6C =—-4B—6C =5

= 4B +6C =B+ 3B +6C = -5

B+2(=-1>3B+6C=-3=>B+3B+6C=-5=>B—3=-5=

B=-2,C=1/2,A=3/2.
3/2 2 1/2

R sy = G - 2o et tu()
s+2 s+3 s+4

2
)
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3 1
y(t) = (Ee_Zt —2e7 3t + Ee““)u(t)

—0:5
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Probiem 3 (al (i
.. S+5
(”) H(S) "~ s2+455+46
Find the zero-state response if the input is f(t) = e 3tu(t).
1
F(s) =
Y()—I:Ig(-l;]?()— S+5 1 S+5 _A+B+ C
5) = S 5) = S2455+6 s+3  (s+2)(s+3)2  s+2  s+3  (s+3)2
A+B =0

6A+5B+(C=1=>—-6B+5B+C=—-B+C=1

9A+6B+2C=5=>-9B+6B+2C=-3B+2C=5

> —-B-2B+2C=-B+2=5=>B=-3,A=3,C=-2
3 3 2

V(s) = H(s)F(s) = s+2 s+3 (s+3)2

y() = L71(Y(s)) = (3e7?t —3e73t = 2te™3)

For the last term refer to

Problem 1(b) Class 4.
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(”I) H(S) - s2+55+6
Find the zero-state response if the input is f(t) = e *&=5)y(t — 5).
If x(t) = e *tu(t) with X(s) = ﬁ, then f(t) = x(t — 5) and therefore,

1
F(s) = e > ——
) s+4 S+5 1 +5
— -5s 1 __ _—5s S
Y(s) = H(s)F(s) = S2+55+6 € s+4 € (s+2)(s+3)(s+4)
3 1
_ 2 2
Y(s) =e™> —~ +
() =™ (7 s+ 3 s+14)
-1y 2 2 2 }_ E —2t —3t —4t
We know that £ {S+2 T 42 = (2 —2e73t 42 Se Yu(t).

Therefore, y(t) = 1{Y(s)} = (Ee_z(t 5) — 2¢73(t-5) +2e—4<t Nu(t —5).

| -1 .......................................
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(b) For this system write the differential equation relating the output y(t) to
the input f(t).
All initial conditions are assumed to be zero.

Y(s) s+5
F(S)_SZ+SS+6:>
s2Y(s) +5sY(s) + 6Y(s) = sF(s) + 5F(s) =
L7Hs?Y(s) + 5sY(s) + 6Y(s)} = L7HsF(s) + 5F(s)}
d*y(t) _dy(t) df (t)

152 +5 7 +6(t)——+5f(t)
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Problem 4

Problem: For the circuit shown in the figure below, the switch is in open
position for a long time before t = 0, when it is closed instantaneously.

Find the currents y, (t) and y,(t), t = 0.

t =0
%ﬁ

¥y, (¢) y, (1)

50 1 Q
4
4‘0\, =— s

-’- lF’v \"O(t)
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Probiem 4 cont.

a) Let us examine what happens for t < 0.

el (or ve(t) = % f_too ic(t)dr)and v (t) =L diLEt).

We know that i (t) = C ” p

= |f the system is in steady state, the current y,(t) across the capacitor is
0 since the voltage across the capacitor is constant. Therefore,
y,(07) =0 A.

= Furthermore, the current y, (t) which flows through the left loop (Loop 1)
IS constant and therefore, the voltage across the inductor is 0.

= Based on the above two points, the voltage across the capacitor v, (t) is
the same as the voltage across the 4 Q resistor, i.e.,y;(t) - 4 V.

In that case for the left loop (Loop 1) we have: T Y T LA

y.()-5+1+4)=40V=>y,(t) =44t<0 _ L D 0 l *
5 fo |.| 1F U(l)

vo(t) = y1(t) -4V =16V, t <0 T "

Initial conditions: y;,(07) =4A4,y,(07) =0A4, v,(07) =16V
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Problem 4 cont.
Write loop equations in time domain for t = 0. .
_;<,_
LOOp 1: | M _,\';(!)A yi(n B
LdiL(t) ; 50 1Q - +

+4- lL(t) +1- V1 (t) = 4OU(t) oV = -|>
dt i h I2
i, (t) =y, (t) — y, () Q = Q T

dy;(t) dYZ( )

L( 1t ) + 41 (t) =y, (£)) + 1 -y, (t) = 40u(t)
d d
2 y;ft) -2 24 ;t(t) + 5y, (t) —4y, (t) = 40u(t)
Loop 2:
L (22 - 22O 4 4y, (1) —y, ) =2 ic@dr =2 [* y, () dr
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Probiem 4 cont.

b) Loop 1 equation in time and Laplace domain for t = O:

Loop 1:
dy,(t dy,(t
2 210 — 2 210, + 5y, (t) —4y, (t) = 40 u(t)
dt dt
y1(07) =4A
y2(07) =04

2[sY;(s) — y1(07)] = 2[sY2(s) — y2(07)] + 5Y;(s) — 4Y,(s) = 40/s =
(2s +5)Y;(s) — (2s+4) Y,(s) =8+ 40/s
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Probiem 4 cont.

b) Loop 2 equation in time and Laplace domain for t > O:

Loop 2:
! (dY1 (t) _dy; (t)

1 t
) + 4()’1(15) —Y> (t)) = —J v, (T) dt

dt dt C
y1(07) =44
y,(07) =04
vo(07) =16V

[fx@ dT@X(S)+ fo_ x(t) dt

o-
L{%f_tooh(f) dr} =%Y2(s)+l% N y2(t)dt = YZES) 1,(07) (C = 1)_

2[5Y1.(5) — y1(07)] = 2[Y(5) — y2(07)] + 4Y1(s) — 4¥y(s) = 22 4 2°

—(2s + DYy(s) + 25 + 4+ ) Yp(s) = -8 — =

S
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Probiem 4 cont.

b) Merge equations for Loops 1 and 2in a matrix formt >0

- i 40 T
2s+5 —(2s + 4 —
( i Y;(s) _ 8+ S
—(2s+4) 2s+4 +§ Y, (s) o le
i l S

By solving the above system we obtain:

_ 4(6s”+13s+5) _ 8 165+28
Yl(S) — s(s%2+3s+2.5) s (s%+35+2.5)
20(s + 2)
Y,(s) =

(s? + 3s + 2.5)



b)
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Probiem 4 cont.

Y, (s) = 4(6s%+13s+5) _ 8 16s+28
1 © s(s243s+2.5) s S24+3s+2.5

We use Property 10c from Laplace Properties tables.
As+ B

s2+2as+c

re % cos(bt + ) u(t)

\/AZC + B2 — 2ABa
’r' =
c — a?

0 -t _1(Aa—B>
= tan
AVc — a?
b =+Vc— a?
A=16,B =28a=15,c=2.5

y,(t) = [8 + 17.89e 71t c0s(0.5t — 26.56°) ] u(t)



b)
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Probiem 4 cont.

20(s+2) _ 20s+40

(s) = (s2+3s+2.5)  (s2435+2.5)

Property 10c

re “*cos(bt + 0) u(t)

As + B
s2 4+ 2as+c

A%c + B%2 — 2ABa

’r'=
\/ c — a?

0 = tan_1<

b =+c—a?

A=20,B=40,a=15c=25

Aa — B )
AVc — a?

y,(t) = 20v2e715t cos(0.5t — 45°) u(t)
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Using the initial and final value theorems, find the initial and final values of
the zero-state response of a system with the transfer function
6s% + 3s + 10

H(s) =
(s) 252+ 65 +5

and the input is

(@) x(t) = u(t)
6s*+3s+10 1

V(s) = H(s)X(s) = 252 +65+5 s

 |nitial Value

2 2
y(0+) _ llm SY(S) — lim s 65°+3s+10 1 — lim 6s“+3s5+10 — 3

S—00 2524+6s+5 S s—500 25%2+65+5

 Final Value

2 2
(oo) _ hm SY(S) — lim s 65“+3s5+10 . 1 — lim 65“+3s5s+10 — 2

s—0 2S2+46s+5 s s—50 2524+65+5
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Using the initial and final value theorems, find the initial and final values of
the zero-state response of a system with the transfer function
6s% + 3s + 10

H(s) =
(s) 252+ 65 +5

and the input is

(b) x(t) = e tu(t)

2
Y(s) = H(s)X(s) = 6s“ + 3s+ 10 1

252 +65+5 s+1

 |nitial Value

6s2+3s+10 1
0t) = llm sY(s) = lim s ,
y(07) = (s) = s> 25%2+465+5 s+1

6s +3s%2+10s . 653+3524+10s

= lim = lim > =
500 253+6524+554+2524+65+5  s-500 253+852+115+5

 Final Value
6s3 4+ 3s%2 + 10s

—l Y —l
y(e) s (s) = lim -02s3 4+ 8s2 +11s + 5




