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Prohlem1(a)

By direct integration, find the Laplace transforms of the following functions.
(@) f(t) =u(t) —u(t—1), u(t) is the unit step function.

By definition we have:

F(S) = L{f(t)} = f_-l_ozo(u(t) — U(t _ 1))e—stdt — fol e—stdt _ _ e;St :):
=~ =D =1-e)
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Probhlem1(h)

(b) f(t) = te tu(t)
F(s) = L{F(O)} = [ te tu(t)e stdt = [ “te~te™stdt = [ te~(+Diqt
For this integral we might use partial integration as follows:

o L AR
te_(s-l_l)tdt — j td e~ s+1)t
JO G+ ), )

1 +0oo 1 + 00
T St STt \/—\ |
ke |0 tooh e dt

too Dl 2 4 6
___1 te—(s+1)t| _ 1 —(S+1)t|+°° |
(s+1) 0 (s+1)2 0
If Re{s + 1} > 0 then lim te~(S+Dt = 0 (because e~ G+tDE goes to —oo faster
than ¢ going to +c0) and lim e+t = 0, therefore,
1 te—(s+1)t|+°°_ lim — o=+t L L g ,=(s+1)0 —
(s+1) 0 t->+00  (st+1) (s+1)
1 +00 1 1
— —(s+1)t — T _ —(s+1)t o -, ,—(s+1)-0—
(s+1)2 € |0 tl—lgpnoo (s+1)2 € + (s+1)2 € (s+1)2

[ te= (g = (5:1)2 with ROC Refs + 1} > 0.
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Problem1(c)

(€) f(t) = tecos(wot)u(t)

Recall from the lecture that if

t) = t t) th
x(t) cosfa)o )1u( ) en1 S . |
L{x(t)} - 2 [(s—jwo) T (s+jw0)] - S2+wp?’ Re{s} >0 I
By using the frequency differentiation property M ﬂ
which states that ﬂ
dX(s) n
L{tx(D)} = — il
ds LV ATATRTR T T
we see that v U U
d
L0} = L{ex(®)} = -5 (z552) h |
s+ we® —25% 5% —w’ ﬂ“
(52 + wy2)2 (52 + wy?2)>2 '_"
—-50 I
wo = 1in the Figure
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Probhlem1(d)

(d) f(t) = e ?tcos(5t + Ou(t)
f(t) — %e"Zt(ej(SHQ)+e"j(5t+9))u(t)

1 . . 1 . . ' |
— (E 8196—(2—]5)1“ +§€_198_(2+]5)t)u(t) /\
1,j6__1 1 P

F(s)==-e +-eJ0

2 s+2—j5 2 s+2+j5 ° \-f i
_ 1ef0(st24j5)te 0 (s+2-j5) 6 = 30° in the Figure
2 (s+2)2+25
We see that:
el?j — e71%) = j(cos(8) + jsin(0)) — j(cos(8) — jsin(8)) = —2sin(B)
Therefore,

. 1(s+2)(e+e™ %) + 5% — e7/%))
(5)=3 (s + 2)2+25 -
(s+2)2cos(0)+5 (—2sin(8) ) _ (s+2) cos(6)-5 sin(0)
(s+2)2+25 - S2+45429

1
2
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Prohiem 2 (a)

By direct integration, find the Laplace transforms of the following signals.
(@) f(t) =t(u(t) —u(t— 1)), u(t) is the unit step function.

F(s) = [T7t(u(®) —u(t — D)e~stdt = [ te~dt

For this integral we might use partial integration as follows:

1 1 1
fte"“dt=——f td(e™")
0 S Jo

— 1 —st|1 1 1 st — 1 —st|1 1 —st1
= —=te |0+;foe dt = —~te™'[g — 5 e™[g
1 1 1

et —se " to=5(0—-e"—se™)

wlrn
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Probiem 2 (b)

(b) f(t) =sin(t)(u(t) —u(t —m)), u(t) is the unit step function.
F(s) = fj;o sin(t)(u(t) — u(t — m))e Stdt = fon sin(t)e~Stdt
We use the following relationship from integral tables:
(https://en.wikipedia.org/wiki/List_of integrals_of exponential functions)

. eat .
fsm(bt)e“tdt = ) (asin(bt) — bcos(bt))

In this particular example we have: b =1,a = —s

F(s) = fﬂ sin(t)eStdt = e — COS(t))‘n
0 S2+1 0
:Se2+1 (—s-si s - sin(0) — cos(0))
e 57 1 e 5T+1 sin ¢
52+1( - (=) - 2+1 (0-1) = s2+1 52+1 T 5241 :
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Problem 2 (c)

©) f(t) = it(u(t) —u(t— 1)) + e fu(t — 1)

F(s) = f+oo%t(u(t) —u(t —1))e~Stdt + j e tu(t — e Stdt

— 0

For the second term we have:

too ¢t _ —stgr — (TP o=t,=stgr — (TP ,~(+Dtgp — L —(s+1)t|T®
f_ooe u(t 1)esdt—f1 e eSdt—f1 e\’ dt—_(s+1)€ N |1

lim ——e~G+Dt = 0if Re{s + 1} > 0
t—>+o s+1

. too ¢ _ —st gy — 1 —(s+1)
Second term: [ _e~fu(t — 1)eS'dt T ©

First term: fj;oit(u(t) —u(t —1))e~Stdt = e—; (1—e® —se™)
(see Problem 2(a))

_ 1 4 _ -5 _ op-s 1 —(s+1)
Therefore, F(s) = —(1-e se %) + D ©

1le |
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Find the inverse Laplace transforms of the following functions, assuming that
the corresponding function in time is causal.

25+5
(@ Fs)= S2+55+6
F(s) = 2s+5  (s+3)+(s+2) 1 1

S2+5s+6  (s+2)(s+3)  s+2  s+3

f(@©) = L7YHF(s)) = (e72 + e 3)u(t)
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(b) F(s) = o

- S%+45+13 _
For this function we can use the Laplace transform pair:

L{re % cos(bt + Q) u(t)} = 255 (Look at Property 10c Slide 28)

s242as+c
__ |A%c+B?-24Ba . 1 ( Aa-B Y e
7‘—\/ c—a? , 0 =tan (Am)’b_ c—a
A=3,B=5a=2c= 13, therefore,

32.13452-2.3-5:2 1174+25-60 82
r = = — = 3.018
13-22 9 9

6 = tan-1 (270 tan-1 (1) = 6.340
= tan = an — ]| = 0. [
3v13 — 22 9

b=+v13—-22 =73 -
f(t) = L_l(F(S)) =L (szi;;f+c)

= 3.018e %t cos(3t + 6.34°) u(t)
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Prohiem 3 (c)

(s+1)?

(©) F(s) ==
The power of the numerator is the same as the power of the
denominator. In that case, in the partial fraction expansion we have to
add the coefficient of the highest power of the numerator to it.
(Recall Lecture 6-7)

(s + 1) s?+2s+1 A B

= =1+ +
s2—s—6 (s+2)(s—3) (s+2) (s—3)
_ s?—s—6+A(s—3)+B(s+2) _ s?+(A+B—1)s+(-3A+2B—6)

F(s) =

(s+2)(s—3) (s+2)(s—3)
A+B—-1=2=34+3B=9 (1)
—34+2B—-6=1=-34A+2B=7 2)
5B=16=B=16/5=32and4 =—1/5= —0.2

(s + 1)2 0.2 3.2

F(s) =

1-— + |
s2—s—6 (s+2) (s—3) |
f(t) = L7HF(s)} \

= 5(t) + (3.2e3t — 0.2e2)u(t) : T ?
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Problem 3 (d)
2s+1
(d) F(s)= (s+1)(s2+25+2)

Partial fraction expansion in that case gives:

2s +1 A Bs+C
F(s) = = +

(s+1)(s?+2s5+2) (s+1) (s?+25+2)

A+B=0=>A=-B (1)
2A+B+C=2=-2B+B+(C=2 (2)
2A+C=1=>-2B+C=1 (3)
From (2) and (3) we have B = 1. Therefore, A = -1 and C = 3.

2s +1 -1 s+ 3
F(s) =

G+DE2+25+2) G+D)  (2+25+2)

For the first term we have: £~1 {(:1)} = —e fu(t)

For the second term we use the Laplace transform pair that we used in
Problem 3(b). Please see next slide.



(d)
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Prohlem 3 (d] cont.
S+3
S2+425+2
For this function we can use the Laplace transform pair:
—at . As+B
L{re ™% cos(bt + O) u(t)} = Frgacic
__ |A%c+B?-24Ba . 1 ( Aa-B Y e
7‘_\/ c—a? , 0 = tan (Am)’b_ c—a
A=1,B=3,a=1,c=2,therefore,
_ |12.2432-2.1-3-1 _ [249-6 | 5
"= \/ 2—12 - 1 V5 |
1-1-3 |
0 =tan ! ———) =tan"1(-2) = 63.4°
(wm) =2 N\
b=vV2-12=1 d T
s+3
-1 —_ -t
L <52 Y 2) = V5e~t cos(t — 63.4°) u(t)

From the two previous functions we have:

f(t) = L7Y(F(s)) = (—e~t +V5e~t cos(t — 63.4°))u(t)
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(d) The functions —e~tu(t) and v5e~¢t cos(t — 63.4°)u(t) are depicted
below.

U % 3 !

0 2 4
| |
The required function is the sum of the two functions above.
f(t) = L7Y(F(s)) = (—e~t +V5e~t cos(t — 63.4°))u(t)

2

u\?-—)r




(€)
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s+3

(s+2)(s+1)2
In that case we have repeated roots, i.e., there is a factor (s + 1)? in the

denominator.
In general, if there is a factor (s + a)™ in the denominator, the partial

fraction expansion contains the term Y7, —

i=1 (s+a)t’
s+3 A n B C _ A(s+1)*+B(s+1)(s+2)+C(s+2)
(s+2)(s+1)2  s+2  s+1  (s+1)2 (s+2)(s+1)2
A+B=0=>A=-B (1)
24 +3B+(C=1=>-2B+3B+C=1=>B+C=1 (2)
A+2B+2C=3=>—-B+2B+2C=3=>B+2C =3 (3)
A=1B=-1,C =2
s+3 1 1 2

F(s) = =— —

(s+2)(s+1)2 s+2 s+1  (s+1)2
ft) = L7Y(F(s)) = (e7?t—e t + 2te Hu(t)
For the last term refer to Question 1(b).
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(e) The functions e ?tu(t) and —e~tu(t) are depicted below, left and right
respectively.

_1 —_—

; PE—

— -1

0 1 2 2

The function 2tetu(t) is depicted below.

-
T

—1
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(e) The sum of the above 3 functions is the function
f(@t) = (e %t — et + 2te Hu(t) depicted below.

H‘Jv
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Prohlem 4 (a), (h)

Find the Laplace transforms of the following function using the Laplace
Transform Table and the time-shifting property where appropriate.

(@) f(t) =u(t)—u(t—1), u(t)is the unit step function.

F(s) = L{u(®) —u(t — D}= L{u()} — L{u(t — 1)}
=1—e‘51=1(1—e‘s)
S s S

[Recall that the time-shifting property is as follows: L{x(t — ty)} = e~ Sto X (s)]

(b) f(t) = e~ Dyu(t), u(t) is the unit step function.
f() = e EDy(t) = e e tu(t)

F(s) =e" L{e"tu(t)} =e"

s+ 1
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Prohiem 4(c)

(c) f(t) =e tu(t — 1), u(t) is the unit step function.
f=etut—1)=eTe Dyt —1)

F(s)=e " L{e Dyt —1)}=e T e
Recall that:

~t -1
L{e T u(®)}= —

1 :e—(s+1)r 1

s+ 1 s+ 1
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Prohlem 4(d}

(d) f(t) = sin(wo(t — T))u(t —T)

Assume that x(t) = sin(wyt)u(t) = Zij(ej“)ot—e‘j‘“ot)u(t).

+ oo +00 r+oo _1 + oo

j e/ oty (e Stdt = f eJwWoto=Stgt = e~ (5—jwoltgr = : e‘(s‘j“)O)t|

iy 0 JO (S —](1)0) 0
—_ 1 —(s—jwe)+0Y _ (p=(s=jwo)-0 0—1) = -, Refs} > 0
-jwo) 1C )= (e )= 5oy @~ D = ets}

> + 0o + 00 _ + oo
f e—jwotu(t)e—stdt — j e—jwote—stdt — j e—(s+ja)0)tdt — 1 e—(s+ja)0)t|
o 0 0 (S +](1)0) 0
_ —1 —(s+jwg)+o) _ —(s+jwp)0)] — 1 . _
= o0 [(e 0 ) (e 0 )] o (0—1) = (S+ Re{s} >0
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Problem 4(d) cont.

Based on the analysis of the previous slide we have:

x(t) = sin(wyt)u(t) = > L (eJ@ot—g=i®otyy (t).

1 1
L{x(t)}=L {—_ ef“’otu(t)} — L{Z—je f“)otu(t)}

2j
[(5 —jwo) (S+on)] - 52+a) 2’ Re{s} > 0
f(t) =x (t—1).
Therefore, by applying the shifting property we obtain:
F(s) = L{f(O)} = e~ TS

s+a)2



(€)
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Problem 4le]

f(t) = sin(wo(t — T))u(t) = (sin(wyt) cos(wyT) — cos(wyt) sin(wyt))u(t)

F(s) = L{f(t)} = L{(cos(wyT) sin(wyt)u(t) — sin(wy) cos(wyt))u(t)}
= L{cos(w(T) sin(wot)u(t)} — L{sin(w,t) cos(wyt) u(t)}
= cos(woT) L{sin(wot)u(t)} — sm(a)or) L{cos(wyt) u(t)}

= cos(wyT) Szi)(?)oz — sm(wor) ~,Re{s} >0

[For L{sin(wyt)u(t)} look at Problem 4(d) solved previously.
For L{cos(wot) u(t)} look at Lecture 6-7]
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Find the inverse Laplace transform of the function:
25+ 5

e
s24+5s+6

Consider the Laplace transform
2545 (s+3)+(s+2) 1 1
F(s) = s2+55+6  (s+2)(s+3)  s+2  s+3

2s+ 5 1 1
~1(F _ -1 _ -1 -1
LoFE) =L (52+55+6> L <S+2>+ <S+3>

= (e %t + e 3YHu(t)

—2S

Therefore, by using time-shifting property, we immediately see that:

£ ( Tere > = (7272 4 eV~ 2)
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The Laplace transform of a causal periodic signal can be found from the

knowledge of the Laplace transform of its first cycle alone.

(a) If the Laplace transform of f(t) shown in Fig. 6 (a) is F(s), show that G(s),
the Laplace transform of g(t) shown in Fig. 6 (b), is given by:

6(s) = f(:_)sTo, Re{s} > 0

g®) = f(©) + f(t —To) + f(t — 2T) + -
G(s) =F(s) + F(s) e STo + F(s) e %5T0 + ...
G(s) = F(S)[1+ e~ + e~25To 4 ]

1+r+r2+r3+4. =307k =1—ir, if|r| <1
G(s) = F(s)[1+e™To + e72To 4 . ] = F(s) ——z, [T < 1

Condition |e 50| < 1 is only satisfied if Re{s} > 0.

i T, 2T ITS o

Fig. 6(a) Fig. 6(b)

(1) g(t)
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(b) Using the results in 6(a), find the Laplace transform of the signal p(t)
shown in Fig. 6 (c).
If £(t) = u(t) —u(t — 2), then:
p(t) = f(O) + f(t —Tp) + f(t — 2T¢) + -
P(s) =F(s) + F(s) e sTo + F(s) e 25To + ...
P(s) =F(s)[1+ e STo 4 p=25To 4 ]

1 1

F(s) = L{u(0)} - Lu(t =2} = - ——e™
T, =8

F(s) 1 1-e™2%S
P(S) — 1 3_85 - ; ’ 1—8_85

p (1)
1 ———
2 8 10 16 18 8 4 ine
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Laplace transform pairs (1)

No x(t) X(s)
1 5(t) 1
2 u(t) 1

S
3 tu(t) 1
SZ
4 t™u(t) n!

Sn+1
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Laplace transform Pairs (2)
No. x(t) X(s)
5 eMu(t) _]*
: § — A
6 te™u(t) :
| (s —A)2
n it n!
7 t"e " u(t) (s — A)" 1
8a cos bt u(t) . ;i -
s* 4+ b-
8b in br u(t b
820, DL 5% + b?
9a e " cos bru(r) : +,a :
(s +a)* + b°
. b
O9b e " sin bt u(t)

(s +a)*+b?
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Laplace transform Pairs (3]
No. x(t) X(s)
. (r cos 8)s + (ar cos @ — br sin Q)
10a re “"cos (bt +0)ult) P R
) —if
10b re " cos (bt +0) u(t) baare — <4 Bire ,,
s+a—jb s+a+jb
As + B
—d3
10c re “cos (bt +60)ul(t) 7% 2as o
- \/Azc+ B2 —2ABa
"= c — a?
0 = tan~! ﬂ:_B;
B A c — a?
b =a/C— a§
10d g [A cos bt + B=4Ap sin bt] u(t) - it
s* + 2as + ¢

b =+/c—a?




Imperial College
London

sSummary of Laplace transform properties (1)

x(t)

X(s)

Addition

Scalar multiplication

Time differentiation

Time integration

x1(2) + x2(2)
kx (1)

dx

dt

d*x

dt?

dx

dr

d"x

d{-ll

/ ) dt
0—
/ x(t)drt

Xi(s) + Xa(s)
kX (s)

sX(s) — x(07)
52X (s) —sx(07) —x(07)
S X @)~ 50 ) —34(07) ~$07)
s"X (s) — Lf:s"-kx“*”(o-)
=1

lX(s)
S

1 1 0~
-X(s) + —/ x(t)dt
S s /_

0
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summary of Laplace transform properties (2]

x(t)

X(s)

Time shifting

Frequency shifting

Frequency
differentiation

Frequency integration

Scaling

Time convolution
Frequency convolution
Initial value

Final value

x(t — toyu(t — ty)
x(t)e

—tx (1)

XCT)

f
x(at),a >0

x1 (1) * x2(2)
x1(2)x2(1)
x(07)

x(00)

X (s)e™sh0 to >0
X (s — 5o)
dX(s)

ds

/. X(z)dz
()
=Xl =

a a

Xi(s)Xa(s)

1
—— X1 (s) * X5(5)
2w j

Iim s X (s) (n > m)

§—00

l_in(l) sX(s) [poles of s X (s) in LHP]



