
Signals and Systems

Tutorial Sheet 4 – Laplace Transforms ENHANCED

DR TANIA STATHAKI
READER (ASSOCIATE PROFFESOR) IN SIGNAL PROCESSING
IMPERIAL COLLEGE LONDON



Problem 1 (a)

By direct integration, find the Laplace transforms of the following functions.

(a) 𝑓 𝑡 = 𝑢 𝑡 − 𝑢 𝑡 − 1 (figure) 𝑢(𝑡) is the unit step function.

By definition we have:

𝐹 𝑠 = ℒ 𝑓 𝑡 = ∞−׬
+∞

𝑢 𝑡 − 𝑢 𝑡 − 1 𝑒−𝑠𝑡𝑑𝑡 = 0׬
1
𝑒−𝑠𝑡𝑑𝑡 = − ቚ

𝑒−𝑠𝑡

𝑠 0

1

=

= −
1

𝑠
𝑒−𝑠 − 1 =

1

𝑠
1 − 𝑒−𝑠



Problem 1 (b)

(b) 𝑓 𝑡 = 𝑡𝑒−𝑡𝑢(𝑡) (figure)

𝐹 𝑠 = ℒ 𝑓 𝑡 = ∞−׬
+∞

𝑡𝑒−𝑡𝑢(𝑡)𝑒−𝑠𝑡𝑑𝑡 = 0׬
+∞

𝑡𝑒−𝑡𝑒−𝑠𝑡𝑑𝑡 = 0׬
+∞

𝑡𝑒−(𝑠+1)𝑡𝑑𝑡

For this integral we might use partial integration as follows:

න
0

+∞

𝑡𝑒−(𝑠+1)𝑡𝑑𝑡 = −
1

𝑠 + 1
න
0

+∞

𝑡𝑑(𝑒− 𝑠+1 𝑡)

= −
1

(𝑠+1)
ห𝑡𝑒−(𝑠+1)𝑡
0

+∞
+

1

𝑠+1
0׬
+∞

𝑒− 𝑠+1 𝑡𝑑𝑡

= −
1

(𝑠+1)
ห𝑡𝑒−(𝑠+1)𝑡
0

+∞
−

1

(𝑠+1)2
ห𝑒−(𝑠+1)𝑡
0

+∞

If ℛ𝑒 𝑠 + 1 > 0 then lim
𝑡→+∞

𝑡𝑒−(𝑠+1)𝑡 = 0 (because 𝑒−(𝑠+1)𝑡 goes to −∞ faster 

than 𝑡 going to +∞) and lim
𝑡→+∞

𝑒−(𝑠+1)𝑡 = 0, therefore,

−
1

(𝑠+1)
ห𝑡𝑒−(𝑠+1)𝑡
0

+∞
= lim

𝑡→+∞
−

1

(𝑠+1)
𝑡𝑒−(𝑠+1)𝑡 +

1

(𝑠+1)
0 ∙ 𝑒−(𝑠+1)∙0 = 0

−
1

(𝑠+1)2
ห𝑒−(𝑠+1)𝑡
0

+∞
= lim

𝑡→+∞
−

1

(𝑠+1)2
𝑒−(𝑠+1)𝑡 +

1

(𝑠+1)2
∙ 𝑒−(𝑠+1)∙0=

1

(𝑠+1)2

0׬
+∞

𝑡𝑒−(𝑠+1)𝑡𝑑𝑡 =
1

(𝑠+1)2
with ROC ℛ𝑒 𝑠 + 1 > 0. 



(c) 𝑓 𝑡 = 𝑡cos(𝜔0𝑡)𝑢(𝑡) (figure)

Recall from the lecture that if

𝑥 𝑡 = cos 𝜔0𝑡 𝑢(𝑡) then

ℒ 𝑥 𝑡 =
1

2

1

𝑠−𝑗𝜔0
+

1

𝑠+𝑗𝜔0
=

𝑠

𝑠2+𝜔0
2 , Re 𝑠 > 0

By using the frequency differentiation property

which states that

ℒ 𝑡𝑥 𝑡 = −
𝑑𝑋(𝑠)

𝑑𝑠
we see that

ℒ 𝑓 𝑡 = ℒ 𝑡𝑥 𝑡 = −
𝑑

𝑑𝑠

𝐬

𝐬𝟐+𝛚𝟎
𝟐

= −
𝑠2 + 𝜔0

2 − 2𝑠2

𝑠2 + 𝜔0
2 2

=
𝑠2 − 𝜔0

2

𝑠2 + 𝜔0
2 2

𝝎𝟎 = 𝟏 in the Figure

Problem 1 (c)



Problem 1 (d)

(d) 𝑓 𝑡 = 𝑒−2𝑡cos(5𝑡 + 𝜃)𝑢(𝑡) (figure)

𝑓(𝑡) =
1

2
𝑒−2𝑡(𝑒𝑗(5𝑡+𝜃)+𝑒−𝑗(5𝑡+𝜃))𝑢(𝑡)

= (
1

2
𝑒𝑗𝜃𝑒− 2−𝑗5 𝑡 +

1

2
𝑒−𝑗𝜃𝑒− 2+𝑗5 𝑡)𝑢(𝑡)

𝐹 𝑠 =
1

2
𝑒𝑗𝜃

1

𝑠+2−𝑗5
+

1

2
𝑒−𝑗𝜃

1

𝑠+2+𝑗5

=
1

2

𝑒𝑗𝜃 𝑠+2+𝑗5 +𝑒−𝑗𝜃(𝑠+2−𝑗5)

(𝑠+2)2+25
𝜽 = 𝟑𝟎𝐨 in the Figure

We see that:

𝑒𝑗𝜃𝑗 − 𝑒−𝑗𝜃𝑗 = 𝑗 cos 𝜃 + 𝑗sin 𝜃 − 𝑗 cos 𝜃 − 𝑗sin 𝜃 = −2sin(𝜃)

Therefore, 

𝐹(𝑠) =
1

2

(𝑠 + 2)(𝑒𝑗𝜃+𝑒−𝑗𝜃) + 5 (𝑒𝑗𝜃𝑗 − 𝑒−𝑗𝜃𝑗)

(𝑠 + 2)2+25
=

=
1

2

𝑠+2 2cos(𝜃)+5 (−2sin(𝜃) )

(𝑠+2)2+25
=

𝑠+2 cos 𝜃 −5 sin(𝜃)

𝑠2+4𝑠+29



Problem 1 (e)

(e) 𝑓 𝑡 = 𝑡𝑢(𝑡)

𝐹 𝑠 = ℒ 𝑓 𝑡 = ∞−׬
+∞

𝑡𝑢(𝑡)𝑒−𝑠𝑡𝑑𝑡 = 0׬
+∞

𝑡𝑒−𝑠𝑡𝑑𝑡

For this integral we might use partial integration as follows:

න
0

+∞

𝑡𝑒−𝑠𝑡𝑑𝑡 = −
1

𝑠
න
0

+∞

𝑡𝑑(𝑒−𝑠𝑡)

= −
1

𝑠
ȁ𝑡𝑒−𝑠𝑡 0
+∞ +

1

𝑠
0׬
+∞

𝑒−𝑠𝑡𝑑𝑡

= −
1

𝑠
ȁ𝑡𝑒−𝑠𝑡 0
+∞ −

1

𝑠2
ȁ𝑒−𝑠𝑡 0
+∞

If ℛ𝑒 𝑠 > 0 then lim
𝑡→+∞

𝑡𝑒−𝑠𝑡 = 0 (because 𝑒−𝑠𝑡 goes to −∞ faster than 𝑡

going to +∞) and lim
𝑡→+∞

𝑒−𝑠𝑡 = 0, therefore,

−
1

𝑠
ȁ𝑡𝑒−𝑠𝑡 0
+∞= lim

𝑡→+∞
−

1

𝑠
ȁ𝑡𝑒−𝑠𝑡 0
+∞ +

1

𝑠
0 ∙ 𝑒−𝑠∙0 = 0

−
1

𝑠2
ȁ𝑒−𝑠𝑡 0
+∞ = lim

𝑡→+∞
−

1

𝑠2
𝑒−𝑠𝑡 +

1

𝑠2
∙ 𝑒−𝑠∙0=

1

𝑠2

ℒ 𝑡𝑢(𝑡) =
1

𝑠2
with ROC ℛ𝑒 𝑠 > 0. 



Problem 2 (a)

By direct integration, find the Laplace transforms of the following signals.

(a) 𝑓 𝑡 = 𝑡(𝑢 𝑡 − 𝑢 𝑡 − 1 ) (figure), 𝑢(𝑡) is the unit step function.

𝐹 𝑠 = ∞−׬
+∞

𝑡 𝑢 𝑡 − 𝑢 𝑡 − 1 𝑒−𝑠𝑡𝑑𝑡 = 0׬
1
𝑡𝑒−𝑠𝑡𝑑𝑡

For this integral we might use partial integration as follows:

න
0

1

𝑡𝑒−𝑠𝑡𝑑𝑡 = −
1

𝑠
න
0

1

𝑡𝑑(𝑒−𝑠𝑡)

= −
1

𝑠
ȁ𝑡𝑒−𝑠𝑡 0
1 +

1

𝑠
0׬
1
𝑒−𝑠𝑡𝑑𝑡 = −

1

𝑠
ȁ𝑡𝑒−𝑠𝑡 0
1 −

1

𝑠2
ȁ𝑒−𝑠𝑡 0
1

= −
1

𝑠
𝑒−𝑠 −

1

𝑠2
𝑒−𝑠 +

1

𝑠2
=

1

𝑠2
(1 − 𝑒−𝑠 − 𝑠𝑒−𝑠)



Problem 2 (b)

(b) 𝑓 𝑡 = sin 𝑡 ( 𝑢 𝑡 − 𝑢(𝑡 − 𝜋)) (figure), 𝑢(𝑡) is the unit step function.

𝐹 𝑠 = ∞−׬
+∞

sin(𝑡) 𝑢 𝑡 − 𝑢 𝑡 − 𝜋 𝑒−𝑠𝑡𝑑𝑡 = 0׬
𝜋
sin(𝑡)𝑒−𝑠𝑡𝑑𝑡

We use the following relationship from integral tables:
(https://en.wikipedia.org/wiki/List_of_integrals_of_exponential_functions)

නsin(𝑏𝑡)𝑒𝑎𝑡𝑑𝑡 =
𝑒𝑎𝑡

𝑎2 + 𝑏2
𝑎sin 𝑏𝑡 − 𝑏cos 𝑏𝑡

In this particular example we have: 𝑏 = 1, 𝑎 = −𝑠

𝐹 𝑠 = 0׬
𝜋
sin(𝑡)𝑒−𝑠𝑡𝑑𝑡 = ቚ

𝑒−𝑠𝑡

𝑠2+1
−s ∙ sin 𝑡 − cos 𝑡

0

𝜋

=
𝑒−𝑠𝜋

𝑠2+1
−s ∙ sin 𝜋 − cos 𝜋 −

𝑒−𝑠∙0

𝑠2+1
−s ∙ sin 0 − cos 0

=
𝑒−𝑠𝜋

𝑠2+1
0 − (−1) −

1

𝑠2+1
0 − 1 =

𝑒−𝑠𝜋

𝑠2+1
+

1

𝑠2+1
=

𝑒−𝑠𝜋+1

𝑠2+1



(c) 𝑓 𝑡 =
1

𝑒
𝑡 𝑢 𝑡 − 𝑢 𝑡 − 1 + 𝑒−𝑡𝑢 𝑡 − 1 (figure)

𝐹 𝑠 = න
−∞

+∞1

𝑒
𝑡 𝑢 𝑡 − 𝑢 𝑡 − 1 𝑒−𝑠𝑡𝑑𝑡 + න

−∞

+∞

𝑒−𝑡𝑢 𝑡 − 1 𝑒−𝑠𝑡𝑑𝑡

For the second term we have:

∞−׬
+∞

𝑒−𝑡𝑢 𝑡 − 1 𝑒−𝑠𝑡𝑑𝑡 = 1׬
+∞

𝑒−𝑡𝑒−𝑠𝑡𝑑𝑡 = 1׬
+∞

𝑒− 𝑠+1 𝑡𝑑𝑡 =
1

−(𝑠+1)
ห𝑒− 𝑠+1 𝑡
1

+∞

lim
𝑡→+∞

−
1

𝑠+1
𝑒−(𝑠+1)𝑡 = 0 if ℛ𝑒 𝑠 + 1 > 0

Second term: ∞−׬
+∞

𝑒−𝑡𝑢 𝑡 − 1 𝑒−𝑠𝑡𝑑𝑡 =
1

(𝑠+1)
𝑒− 𝑠+1

First term: ∞−׬
+∞ 1

𝑒
𝑡 𝑢 𝑡 − 𝑢 𝑡 − 1 𝑒−𝑠𝑡𝑑𝑡 =

1

𝑒𝑠2
(1 − 𝑒−𝑠 − 𝑠𝑒−𝑠)

(see Problem 2(a))

Therefore, 𝐹 𝑠 =
1

𝑒𝑠2
(1 − 𝑒−𝑠 − 𝑠𝑒−𝑠) +

1

(𝑠+1)
𝑒− 𝑠+1

Problem 2 (c)



Problem 3 (a)

Find the inverse Laplace transforms of the following functions, assuming that 

the corresponding function in time is causal.

(a) 𝐹 𝑠 =
2𝑠+5

𝑠2+5𝑠+6

𝐹 𝑠 =
2𝑠+5

𝑠2+5𝑠+6
=

𝑠+3 +(𝑠+2)

(𝑠+2)(𝑠+3)
=

1

𝑠+2
+

1

𝑠+3

𝑓 𝑡 = ℒ−1 𝐹 𝑠 = 𝑒−2𝑡 + 𝑒−3𝑡 𝑢(𝑡) (figure)



Problem 3 (b)

(b) 𝐹 𝑠 =
3𝑠+5

𝑠2+4𝑠+13

For this function we can use the Laplace transform pair:

ℒ 𝑟𝑒−𝑎𝑡 cos 𝑏𝑡 + 𝜃 𝑢 𝑡 =
𝐴𝑠+𝐵

𝑠2+2𝑎𝑠+𝑐
(Look at Property 10c Slide 28)

𝑟 =
𝐴2𝑐+𝐵2−2𝐴𝐵𝑎

𝑐−𝑎2
, 𝜃 = tan−1

𝐴𝑎−𝐵

𝐴 𝑐−𝑎2
, 𝑏 = 𝑐 − 𝑎2

𝐴 = 3, 𝐵 = 5, 𝑎 = 2, 𝑐 = 13, therefore,

𝑟 =
32∙13+52−2∙3∙5∙2

13−22
=

117+25−60

9
=

82

9
= 3.018

𝜃 = tan−1
3 ∙ 2 − 5

3 13 − 22
= tan−1

1

9
= 6.34o

𝑏 = 13 − 22 = 3

𝑓 𝑡 = ℒ−1 𝐹 𝑠 = ℒ−1
𝐴𝑠+𝐵

𝑠2+2𝑎𝑠+𝑐

= 3.018𝑒−2𝑡 cos 3𝑡 + 6.34o 𝑢 𝑡 (figure)



(c) 𝐹 𝑠 =
(𝑠+1)2

𝑠2−𝑠−6

The power of the numerator is the same as the power of the

denominator. In that case, in the partial fraction expansion we have to

add the coefficient of the highest power of the numerator to it.

(Recall Lecture 6-7)

𝐹 𝑠 =
(𝑠 + 1)2

𝑠2 − 𝑠 − 6
=

𝑠2 + 2𝑠 + 1

(𝑠 + 2)(𝑠 − 3)
= 1 +

𝐴

(𝑠 + 2)
+

𝐵

(𝑠 − 3)

=
𝑠2−𝑠−6+𝐴 𝑠−3 +𝐵(𝑠+2)

(𝑠+2)(𝑠−3)
=

𝑠2+ 𝐴+𝐵−1 𝑠+(−3𝐴+2𝐵−6)

(𝑠+2)(𝑠−3)

𝐴 + 𝐵 − 1 = 2 ⇒ 3𝐴 + 3𝐵 = 9 (1)
−3𝐴 + 2𝐵 − 6 = 1 ⇒ −3𝐴 + 2𝐵 = 7 (2)
5𝐵 = 16 ⇒ 𝐵 = 16/5 = 3.2 and 𝐴 = −1/5 = −0.2

𝐹 𝑠 =
(𝑠 + 1)2

𝑠2 − 𝑠 − 6
= 1 −

0.2

(𝑠 + 2)
+

3.2

(𝑠 − 3)
𝑓 𝑡 = ℒ−1 𝐹(𝑠)
= 𝛿 𝑡 + 3.2𝑒3𝑡 − 0.2𝑒−2𝑡 𝑢(𝑡) (tends to very large values quickly)

Problem 3 (c)



Problem 3 (d)

(d) 𝐹 𝑠 =
2𝑠+1

(𝑠+1)(𝑠2+2𝑠+2)

Partial fraction expansion in that case gives:

𝐹 𝑠 =
2𝑠 + 1

(𝑠 + 1)(𝑠2 + 2𝑠 + 2)
=

𝐴

(𝑠 + 1)
+

𝐵𝑠 + 𝐶

(𝑠2 + 2𝑠 + 2)
𝐴 + 𝐵 = 0 ⇒ 𝐴 = −𝐵 (1)
2𝐴 + 𝐵 + 𝐶 = 2 ⇒ −2𝐵 + 𝐵 + 𝐶 = 2 (2)
2𝐴 + 𝐶 = 1 ⇒ −2𝐵 + 𝐶 = 1 (3)
From (2) and (3) we have 𝐵 = 1. Therefore, 𝐴 = −1 and 𝐶 = 3.

𝐹 𝑠 =
2𝑠 + 1

(𝑠 + 1)(𝑠2 + 2𝑠 + 2)
=

−1

(𝑠 + 1)
+

𝑠 + 3

(𝑠2 + 2𝑠 + 2)

For the first term we have: ℒ−1
−1

𝑠+1
= −𝑒−𝑡𝑢(𝑡)

For the second term we use the Laplace transform pair that we used in 

Problem 3(b). See next slide.



Problem 3 (d) cont.

(d)
𝑠+3

𝑠2+2𝑠+2

For this function we can use the Laplace transform pair:

ℒ 𝑟𝑒−𝑎𝑡 cos 𝑏𝑡 + 𝜃 𝑢 𝑡 =
𝐴𝑠+𝐵

𝑠2+2𝑎𝑠+𝑐

𝑟 =
𝐴2𝑐+𝐵2−2𝐴𝐵𝑎

𝑐−𝑎2
, 𝜃 = tan−1

𝐴𝑎−𝐵

𝐴 𝑐−𝑎2
, 𝑏 = 𝑐 − 𝑎2

𝐴 = 1, 𝐵 = 3, 𝑎 = 1, 𝑐 = 2, therefore,

𝑟 =
12∙2+32−2∙1∙3∙1

2−12
=

2+9−6

1
= 5

𝜃 = tan−1
1 ∙ 1 − 3

1 2 − 1
= tan−1 −2 = 63.4o

𝑏 = 2 − 12 = 1

ℒ−1
𝑠 + 3

𝑠2 + 2𝑠 + 2
= 5𝑒−𝑡 cos 𝑡 − 63.4o 𝑢 𝑡

From the two previous functions we have:

𝑓 𝑡 = ℒ−1 𝐹(𝑠) = (−𝑒−𝑡 + 5𝑒−𝑡 cos 𝑡 − 63.4o )𝑢(𝑡)



Problem 3 (d) cont.

(d) The functions −𝑒−𝑡𝑢(𝑡) and 5𝑒−𝑡 cos 𝑡 − 63.4o 𝑢(𝑡) are depicted 

below left and right, respectively.

The required function is the sum of the two functions above.

𝑓 𝑡 = ℒ−1 𝐹(𝑠) = (−𝑒−𝑡 + 5𝑒−𝑡 cos 𝑡 − 63.4o )𝑢(𝑡)



Problem 3 (e)

(e)
𝑠+3

(𝑠+2)(𝑠+1)2

In that case we have repeated roots, i.e., there is a factor (𝑠 + 1)2 in the 

denominator.

In general, if there is a factor (𝑠 + 𝑎)𝑛 in the denominator, the partial 

fraction expansion contains the term σ𝑖=1
𝑛 𝑐𝑖

(𝑠+𝑎)𝑖
.

𝑠+3

(𝑠+2)(𝑠+1)2
=

𝐴

𝑠+2
+

𝐵

𝑠+1
+

𝐶

(𝑠+1)2
=

𝐴(𝑠+1)2+𝐵 𝑠+1 𝑠+2 +𝐶(𝑠+2)

(𝑠+2)(𝑠+1)2

𝐴 + 𝐵 = 0 ⇒ 𝐴 = −𝐵 (1)
2𝐴 + 3𝐵 + 𝐶 = 1 ⇒ −2𝐵 + 3𝐵 + 𝐶 = 1 ⇒ 𝐵 + 𝐶 = 1 (2)
𝐴 + 2𝐵 + 2𝐶 = 3 ⇒ −𝐵 + 2𝐵 + 2𝐶 = 3 ⇒ 𝐵 + 2𝐶 = 3 (3)
𝐴 = 1, 𝐵 = −1, 𝐶 = 2

𝐹 𝑠 =
𝑠+3

(𝑠+2)(𝑠+1)2
=

1

𝑠+2
−

1

𝑠+1
+

2

𝑠+1 2

𝑓 𝑡 = ℒ−1 𝐹(𝑠) = (𝑒−2𝑡−𝑒−𝑡 + 2𝑡𝑒−𝑡)𝑢(𝑡)
For the last term refer to Question 1(b).



Problem 3 (e) cont.

(e) The functions 𝑒−2𝑡𝑢(𝑡) and −𝑒−𝑡𝑢(𝑡) are depicted below, left and right 

respectively.

The function 2𝑡𝑒−𝑡𝑢(𝑡) is depicted below.



Problem 3 (e) cont.

(e) The sum of the above 3 functions is the function

𝑓 𝑡 = (𝑒−2𝑡 − 𝑒−𝑡 + 2𝑡𝑒−𝑡)𝑢(𝑡) depicted below.



Problem 4 (a), (b)

Find the Laplace transforms of the following functions using the Laplace

Transform Table and the time−shifting property where appropriate.

(a) 𝑓 𝑡 = 𝑢 𝑡 − 𝑢(𝑡 − 1), 𝑢(𝑡) is the unit step function.

𝐹 𝑠 = ℒ{𝑢 𝑡 − 𝑢(𝑡 − 1)}= ℒ{𝑢 𝑡 } − ℒ{𝑢(𝑡 − 1)}

=
1

𝑠
− 𝑒−𝑠

1

𝑠
=
1

𝑠
(1 − 𝑒−𝑠)

[Recall that the time-shifting property is as follows: ℒ 𝑥 𝑡 − 𝑡0 = 𝑒−𝑠𝑡0𝑋(𝑠)]

(b) 𝑓 𝑡 = 𝑒− 𝑡−𝜏 𝑢 𝑡 , 𝑢(𝑡) is the unit step function.

𝑓 𝑡 = 𝑒− 𝑡−𝜏 𝑢 𝑡 = 𝑒𝜏 𝑒−𝑡𝑢 𝑡

𝐹 𝑠 = 𝑒𝜏 ℒ{𝑒−𝑡𝑢 𝑡 } = 𝑒𝜏
1

𝑠 + 1



Problem 4 (c)

(c) 𝑓 𝑡 = 𝑒−𝑡𝑢 𝑡 − 𝜏 , 𝑢(𝑡) is the unit step function.

𝑓 𝑡 = 𝑒−𝑡𝑢 𝑡 − 𝜏 = 𝑒−𝜏 𝑒− 𝑡−𝜏 𝑢 𝑡 − 𝜏

𝐹 𝑠 = 𝑒−𝜏 ℒ{e− 𝑡−𝜏 𝑢 𝑡 − 𝜏 } = 𝑒−𝜏 𝑒−𝑠𝜏
1

𝑠 + 1
= 𝑒−(𝑠+1)𝜏

1

𝑠 + 1
Recall that:

ℒ{𝑒−𝑡𝑢 𝑡 }=
1

𝑠+1



(d) 𝑓 𝑡 = sin 𝜔0 𝑡 − 𝜏 𝑢 𝑡 − 𝜏

Assume that 𝑥 𝑡 = sin 𝜔0𝑡 𝑢(𝑡) =
1

2𝑗
(𝑒𝑗𝜔0𝑡−𝑒−𝑗𝜔0𝑡)𝑢(𝑡).

න

−∞

+∞

𝑒𝑗𝜔0𝑡𝑢(𝑡)𝑒−𝑠𝑡𝑑𝑡 = න
0

+∞

𝑒𝑗𝜔0𝑡𝑒−𝑠𝑡𝑑𝑡 = න
0

+∞

𝑒−(𝑠−𝑗𝜔0)𝑡𝑑𝑡 =
−1

(𝑠 − 𝑗𝜔0)
ห𝑒−(𝑠−𝑗𝜔0)𝑡

0

+∞

=
−1

(𝑠−𝑗𝜔0)
[ 𝑒− 𝑠−𝑗𝜔0 ∙+∞ − 𝑒−(𝑠−𝑗𝜔0)∙0 ] =

−1

𝑠−𝑗𝜔0
(0 − 1) =

1

(𝑠−𝑗𝜔0)
, Re 𝑠 > 0

න

−∞

+∞

𝑒−𝑗𝜔0𝑡𝑢(𝑡)𝑒−𝑠𝑡𝑑𝑡 = න
0

+∞

𝑒−𝑗𝜔0𝑡𝑒−𝑠𝑡𝑑𝑡 = න
0

+∞

𝑒−(𝑠+𝑗𝜔0)𝑡𝑑𝑡 =
−1

(𝑠 + 𝑗𝜔0)
ห𝑒−(𝑠+𝑗𝜔0)𝑡

0

+∞

=
−1

(𝑠+𝑗𝜔0)
[ 𝑒− 𝑠+𝑗𝜔0 ∙+∞ − 𝑒−(𝑠+𝑗𝜔0)∙0 ] =

1

𝑠+𝑗𝜔0
0 − 1 =

1

𝑠+𝑗𝜔0
, Re 𝑠 > 0

Problem 4(d)



Based on the analysis of the previous slide we have:

𝑥 𝑡 = sin 𝜔0𝑡 𝑢(𝑡) =
1

2𝑗
(𝑒𝑗𝜔0𝑡−𝑒−𝑗𝜔0𝑡)𝑢(𝑡).

ℒ 𝑥 𝑡 = ℒ
1

2𝑗
𝑒𝑗𝜔0𝑡𝑢(𝑡) − ℒ

1

2𝑗
𝑒−𝑗𝜔0𝑡𝑢(𝑡)

=
1

2𝑗

1

𝑠−𝑗𝜔0
−

1

𝑠+𝑗𝜔0
=

𝜔0

𝑠2+𝜔0
2 , Re 𝑠 > 0

𝑓 𝑡 = 𝑥 𝑡 − 𝜏 .

Therefore, by applying the shifting property we obtain:

𝐹 𝑠 = ℒ 𝑓 𝑡 =
𝜔0

𝑠2+𝜔0
2 𝑒

−𝜏𝑠

Problem 4(d) cont.



(e) 𝑓 𝑡 = sin 𝜔0 𝑡 − 𝜏 𝑢(𝑡) = (sin 𝜔0𝑡 cos 𝜔0𝜏 − cos 𝜔0𝑡 sin 𝜔0𝜏 )𝑢(𝑡)

𝐹 𝑠 = ℒ 𝑓 𝑡 = ℒ (cos 𝜔0𝜏 sin 𝜔0𝑡 𝑢(𝑡) − sin 𝜔0𝜏 cos 𝜔0𝑡 )𝑢(𝑡)
= ℒ cos 𝜔0𝜏 sin 𝜔0𝑡 𝑢(𝑡) − ℒ sin 𝜔0𝜏 cos 𝜔0𝑡 𝑢(𝑡)
= cos 𝜔0𝜏 ℒ sin 𝜔0𝑡 𝑢(𝑡) − sin 𝜔0𝜏 ℒ cos 𝜔0𝑡 𝑢(𝑡)

= cos 𝜔0𝜏
𝜔0

𝑠2+𝜔0
2 − sin 𝜔0𝜏

𝑠

𝑠2+𝜔0
2 , Re 𝑠 > 0

[For 𝓛 𝐬𝐢𝐧 𝝎𝟎𝒕 𝒖(𝒕) look at Problem 4(d) solved previously.

For 𝓛 𝐜𝐨𝐬 𝝎𝟎𝒕 𝒖(𝒕) look at Lecture 6-7]

Problem 4(e)



Find the inverse Laplace transform of the function:
2𝑠 + 5

𝑠2 + 5𝑠 + 6
𝑒−2𝑠

Consider the Laplace transform

𝐹 𝑠 =
2𝑠+5

𝑠2+5𝑠+6
=

𝑠+3 +(𝑠+2)

(𝑠+2)(𝑠+3)
=

1

𝑠+2
+

1

𝑠+3

ℒ−1 𝐹(𝑠) = ℒ−1
2𝑠 + 5

𝑠2 + 5𝑠 + 6
= ℒ−1

1

𝑠 + 2
+ℒ−1

1

𝑠 + 3

= 𝑒−2𝑡 + 𝑒−3𝑡 𝑢(𝑡)

Therefore, by using time-shifting property, we immediately see that:

ℒ−1
2𝑠 + 5

𝑠2 + 5𝑠 + 6
𝑒−2𝑠 = 𝑒−2 𝑡−2 + 𝑒−3 𝑡−2 𝑢(𝑡 − 2)

Problem 5



The Laplace transform of a causal periodic signal can be found from the 

knowledge of the Laplace transform of its first cycle alone.

(a) If the Laplace transform of 𝑓(𝑡) shown in Fig. 6 (a) is 𝐹 𝑠 , show that 𝐺(𝑠), 
the Laplace transform of 𝑔(𝑡) shown in Fig. 6 (b), is given by:

𝐺(𝑠) =
𝐹 𝑠

1 − 𝑒−𝑠𝑇0
, Re{𝑠} > 0

𝑔 𝑡 = 𝑓 𝑡 + 𝑓 𝑡 − 𝑇0 + 𝑓 𝑡 − 2𝑇0 +⋯
𝐺 𝑠 = 𝐹 𝑠 + 𝐹(𝑠) 𝑒−𝑠𝑇0 + 𝐹(𝑠) 𝑒−2𝑠𝑇0 +⋯
𝐺 𝑠 = 𝐹 𝑠 [1 + 𝑒−𝑠𝑇0 + 𝑒−2𝑠𝑇0 +⋯]

1 + 𝑟 + 𝑟2 + 𝑟3 +⋯ = σ𝑘=0
∞ 𝑟𝑘 =

1

1−𝑟
, if 𝑟 < 1

𝐺 𝑠 = 𝐹 𝑠 [1 + 𝑒−𝑠𝑇0 + 𝑒−2𝑠𝑇0 +⋯] = 𝐹(𝑠)
1

1−𝑒−𝑠𝑇0
, 𝑒−𝑠𝑇0 < 1

Condition 𝑒−𝑠𝑇0 < 1 is only satisfied if Re{𝑠} > 0.

Fig. 6(a)                                               Fig. 6(b)

Problem 6



(b) Using the results in 6(a), find the Laplace transform of the signal 𝑝(𝑡)
shown in Fig. 6 (c).

If 𝑓 𝑡 = 𝑢 𝑡 − 𝑢 𝑡 − 2 , then:

𝑝 𝑡 = 𝑓 𝑡 + 𝑓 𝑡 − 𝑇0 + 𝑓 𝑡 − 2𝑇0 +⋯

𝑃 𝑠 = 𝐹 𝑠 + 𝐹(𝑠) 𝑒−𝑠𝑇0 + 𝐹(𝑠) 𝑒−2𝑠𝑇0 +⋯

𝑃 𝑠 = 𝐹 𝑠 [1 + 𝑒−𝑠𝑇0 + 𝑒−2𝑠𝑇0 +⋯]

𝐹 𝑠 = ℒ 𝑢 𝑡 − ℒ 𝑢 𝑡 − 2 =
1

𝑠
−
1

𝑠
𝑒−2𝑠

𝑇0 = 8

𝑃(𝑠) =
𝐹(𝑠)

1−𝑒−8𝑠
=

1

𝑠
∙
1−𝑒−2𝑠

1−𝑒−8𝑠

Fig. 6(c)

Problem 6



Solve the following problem:
𝑑𝑦(𝑡)

𝑑𝑡
− 𝑦 𝑡 = 0׬

𝑡
(𝑡 − 𝜆)𝑒𝜆 𝑑𝜆, 𝑦 0 = −1

Solution

Note that 
𝑑𝑦(𝑡)

𝑑𝑡
− 𝑦 𝑡 = (𝑡 ∙ 𝑢 𝑡 ) ∗ (𝑒𝑡 ∙ 𝑢 𝑡 ).

Taking the Laplace transform in both sides we obtain:

ℒ
𝑑𝑦(𝑡)

𝑑𝑡
− 𝑦 𝑡 = ℒ (𝑡 ∙ 𝑢 𝑡 ) ∗ (𝑒𝑡 ∙ 𝑢 𝑡 ) ⇒

ℒ
𝑑𝑦(𝑡)

𝑑𝑡
− ℒ 𝑦 𝑡 = ℒ 𝑡 ∙ 𝑢 𝑡 ∙ ℒ 𝑒𝑡 ∙ 𝑢 𝑡 ⇒

𝑠𝑌 𝑠 − 𝑦 0 − 𝑌(𝑠) =
1

𝑠2
∙

1

𝑠−1
⇒ 𝑠 − 1 𝑌 𝑠 + 1 =

1

𝑠2
∙

1

𝑠−1
⇒

𝑌 𝑠 =
1

𝑠2
∙

1

(𝑠 − 1)2
−

1

𝑠 − 1

Problem 7



1

𝑠2
∙

1

𝑠 − 1 2
=
𝐴

𝑠
+
𝐵

𝑠2
+

𝐶

(𝑠 − 1)
+

𝐷

𝑠 − 1 2

=
𝐴𝑠(𝑠 − 1)2+𝐵(𝑠 − 1)2+𝐶𝑠2 𝑠 − 1 + 𝐷𝑠2

𝑠2 𝑠 − 1 2

=
𝐴𝑠(𝑠2 − 2𝑠 + 1) + 𝐵(𝑠2 − 2𝑠 + 1) + 𝐶𝑠2 𝑠 − 1 + 𝐷𝑠2

𝑠2 𝑠 − 1 2

=
𝑠3 𝐴 + 𝐶 + 𝑠2 −2𝐴 + 𝐵 − 𝐶 + 𝐷 + 𝑠 𝐴 − 2𝐵 + 𝐵

𝑠2 𝑠 − 1 2

𝐵 = 1, 𝐴 − 2𝐵 = 0 ⇒ 𝐴 = 2𝐵 = 2, 𝐴 + 𝐶 = 0 ⇒ 𝐶 = −𝐴 = −2
−2𝐴 + 𝐵 − 𝐶 + 𝐷 = 0 ⇒ −4 + 1 + 2 + 𝐷 = 0 ⇒ 𝐷 = 1

𝑌 𝑠 =
1

𝑠2
∙

1

𝑠−1 2 −
1

𝑠−1
=

2

𝑠
+

1

𝑠2
−

2

𝑠−1
+

1

𝑠−1 2 −
1

𝑠−1
=

2

𝑠
+

1

𝑠2
−

3

𝑠−1
+

1

𝑠−1 2

Based on the previous analyses we have:

𝑦 𝑡 = ℒ−1 𝑌 𝑠 = ℒ−1
2

𝑠
+ ℒ−1

1

𝑠2
+ ℒ−1 −

3

𝑠 − 1
+ ℒ−1

1

𝑠 − 1 2

= (2 + 𝑡 − 3𝑒𝑡+ 𝑡𝑒𝑡)𝑢(𝑡)

Problem 7 cont.



Laplace transform pairs (1)

No 𝒙 𝑡 𝑿(𝒔)

1 𝛿(𝑡) 1

2 𝑢(𝑡) 1

𝑠

3 𝑡𝑢(𝑡) 1

𝑠2

4 𝑡𝑛𝑢(𝑡) 𝑛!

𝑠𝑛+1



No.                   𝑥(𝑡) 𝑋(𝑠)

Laplace transform Pairs (2)



No.                        𝑥(𝑡) 𝑋(𝑠)

Laplace transform Pairs (3)



Summary of Laplace transform properties (1)

𝑥(𝑡) 𝑋(𝑠)



Summary of Laplace transform properties (2)

𝑥(𝑡) 𝑋(𝑠)


