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Problem1

Sketch each of the following continuous-time signals, specify if the signal is
periodic/non-periodic, odd/even. If the signal is periodic specify its period.

(i) x(t) = 2sin(2mt) i
Periodic with period 1. Odd because sin(—t) = —sin(t). ;- |

. 3e7%t t>0
i t) = =
(i) (&) { 0 t<0
This is a causal system and therefore, it is aperiodic.

A periodic system exists over the entire range of time
from —oo to oo,
Neither odd nor even. An odd or even signal must
have non-zero values within both the positive and
the negative range.

(i) x() = -
Aperiodic. Even because x(—t) = x(t).
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Probiem1cont.

For a signal of the form x(t) = sin(ant) + sin(bnt) to be periodic, the
numbers a and b have to be commensurable.

In mathematics, two non-zero real numbers a and b are said to

be commensurable if their ratio a/b is a rational number; otherwise a
and b are called incommensurable. (Recall that a rational number is one
that is equivalent to the ratio of two integers.)

Proof
We test the periodicity as follows:

x(t+T) = sin(aﬂ(t + T)) + sin(bn(t + T)) = sin(amnt) cos(arnT) +
cos(amt) sin(arnT) + sin(bmt) cos(bnT) + cos(bmt) sin(brT)

x(t) =x(t+7T)if anT = 2mm and brT = 2nm, m, n integers. Therefore,
a m

b n
Hence, the numbers a and b have to be commensurable.
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Probiem1cont.

Based on the analysis of the previous slide we have:

. . 2 . 2 2 a 3 m
(iv) x(t) = sin (Ent) + sin (gnt) a=-= b e

Hence, the numbers a and b are commensurable and the signal is

periodic.
T =9 T 2m : - | | |
amtl = 2omim = = —=05m ' - . .
23 N /\ | /\ MANN /\

Therefore5m =3n=>m=3,n=5,T = 15.
Furthermore, x(t) is odd.

(v) x(t) = sin(2nt) + sin(v2nt), a = 2,b = \/_,% =2 # %
Hence, the numbers a and b are not commensurable and the signal is

aperiodic (although it doesn'’t look like in the figure!!!).
Furthermore, x(t) is odd.
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Problem 2

xif)

Sketch the signal: A

_(1-t 0<t<1 t
x(t) = { 0  otherwise N\
Now sketch each of the following and describe how each of the signals can
be derived from the original signal x(t).
0 otherwise
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London
Problem 2 cont.
_(1—-t 0<t<1
x(t) = { 0  otherwise
. 1—-t/3 0<5t/351=>0<5t<3
I t/3) =
(i) x(&/3) { 0 otherwise
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Problem 2 cont.

(1-t 0<t<1
x(t) = { 0  otherwise

03§+1s1:-1s§so=—33tso

otherwise
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Prohiem 2 cont.
(11—t 0<t<1
x(t) = { 0  otherwise
(Iv)
x(—t+2)=

{1—(—t+2)=t—1 0<—-t+2<1=>-1<t—-2<0=>1<t<?2
0 otherwise
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Prohiem 2 cont.
(1-t 0<t<1
x(t) = { 0  otherwise
(V)
x(=2t+1) =

N | =

{1—(—2t+1)=2t 0<—2t+1<1>-1<-2t<0=0<t<

0 otherwise
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Sketch each of the following discrete-time signals, specify if the signal is
periodic/non-periodic, odd/even. If the signal is periodic specify its period.

(i) x[n] = cos(nm)
Periodic and even. cos(n + T) m = cos(nm)cos(Tm) — sin(nm) sin(Tm)
cos(Trm) = 1,sin(Tm) =0=>T = 2.
Signal form is obvious.

(i) x[n={>>" "=?

Aperiodic. Neither odd nor even.
The continuous version is depicted on the right.

.L|' |
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(i) What is the maximum possible frequency of the discrete exponential
e/ @02 Compare this result with the case e/®ot,

This question will be solved later, when we deal with the Fourier
transform decompositions for discrete signals.
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Probiem4
Consider the rectangular function:
1 1
r1 |t|<1/2=>—§<t<§
H(t)=<12 |t|_1:>t_ 11
/ -2 22
L 0 otherwise
(i) Sketch x(t) = Yr_o H(t — k)
r1 |t 1|<1=> 1<t 1<1:>1<t<
2 2 2 2
H(t—l)=<12 t_13
/ 22
. 0 otherwise
(1 1<t<3
! 2 2
xt=ZHt—k=< 1 3 13+
(t) (t-B)=9,, ,__13
k=0 22 12
L 0 otherwise

(i) Sketch x(t) =

3
2

L]

S I(t — k). Itis very easy to spot that x(t) = 1.
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Consider a discrete-time signal x[n], fed as input into a system. The system
produces the discrete-time output y[n] such that
yn] = {x[n] n even
0 n odd
(i) Is the system described above memoryless? Explain

Itis memoryless since the output at time instant n depends on the
input only at time instant n and not past or future time instants.

(i) Is the system described above causal? Explain.
It is causal since the output at time instant n depends on the input only
at time instant n and not future time instants.

(i) Are causal systems in general memoryless? Explain.
No. If the output at time instant n depends on the input at time instant n
and past time instants the system is causal but not memoryless.
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(iv) Is the system linear and time-invariant? Explain.

The output can be written in a compact form as a function of the input as:
x[n] + (=1)"x[n]
y[n] = >
We see that if the input signal x; [n] produces an output signal y;[n] and
the input signal x,[n] produces an output signal y,[n] then the input
signal a;x4[n] + a,x,[n] produces the output

— (a1x1[n]+azxz[n])+(=1)"(aix1[n]+azx;[n])

ysn] 5 = a1 [n] + azyz[n].
Therefore, the system is linear.

However, if the input signal x[n] produces an output signal y[n] then the

input signal x[n — n,] produces the output y,[n] = x[n_"°]+(_21)nx["_"°].

We see that y[n —n,] = x[n_""“(_l;n_nox["_n"] # y1[n]

Therefore, the system is time-varying.
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State with a brief explanation if the following systems are linear/non-lineatr,
causal/non-causal, time invariant/time-varying. x[n], y[n] are input/output.

()

yIn] = x[n] —x[n —1]

We see that if the input signal x;[n] produces an output signal y,;[n] and
the input signal x,[n] produces an output signal y,[n] then the input
signal a;x4[n] + a,x,[n] produces the output

yz[n] =

ar1xq[n] + azxz[n] — ayxq[n — 1] — azx;[n — 1] = ayy,[n] + azy;([n]
Therefore, the system is linear.

If the input sighal x[n] produces an output signal y[n] then the input
signal x[n — n,] produces the output y;[n] = x[n —n,] — x[n—1 —n,]
We see that y[n — n,]| = y;[n]

Therefore, the system is time invariant.

The system is causal since the output does not depend on future
Inputs.
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(i) yln] = sgn(x[n])
We see that if the input signal x;[n] produces an output signal y,[n] and

the input signal x,[n] produces an output signal y,[n] then the input
signal a,x;[n] + a,x,[n] produces the output

yz[n] = sgn(a;x,[n] + azx,[n]) # a1 y1[n] + a,y,[n]
Therefore, the system is non-linear.

However, if the input signal x[n] produces an output signal y[n] then the
input signal x[n — n,] produces the output y;[n] = sgn(x[n — n,]).

We see that y[n —n,] = sgn(x[n —n,]) = y;[n].

Therefore, the system is time invariant.

The system is causal since the output does not depend on future
inputs.
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(i) y[n] = n%x[n + 2]
The input x4 [n] produces an output y, [n].
The input x,[n] produces an output y, [n].

The input a,x;[n] + a,x,[n] produces the output
y3[n] = n®(a;x;[n + 2] + axx3[n + 2]) = a;y;1[n] + azy,[n]
Therefore, the system is linear.

However, if the input signal x[n] produces an output signal y[n] then the
input signal x[n — n,] produces the output y,[n] = n?x[n — n, + 2].

We see that y[n — n,] = (n — n,)*x[n —n, + 2] # y,[n]

Therefore, the system is time-varying.

The system is non-causal since if n > 0 then n 4+ 2 > n which shows
that the output requires future values of the input in order to be
calculated.
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Problem ]

State with a brief explanation if the following systems are linear/non-linear,
causal/non-causal, time invariant/time-varying. x(t) is the input and y(t) is the
output.
() y() = x(t)cos(Zrfyt + ¢)

The input x; (t) produces the output y; (t) = x;(t)cos(2rfyt + ¢).

The input x, (t) produces the output y,(t) = x,(t)cos(2mfyt + ¢).

The linear combination a,x;(t) + a,x,(t) produces the output

Y3(t) = (a1%1(t) + azx,(t))cos(2rfot + @) = a;y1(t) + azy,(8)

Therefore, the system is linear.

If the input x(t) produces an output y(t), then the input x(t — t,) produces
the output y, (t) = x(t — t,)cos2rft + ¢)

We see that y(t — t,) = x(t — t,)cosufy(t — t,) + ¢) # y,(t)

Therefore, the system is time-varying.

The system is causal since the output does not depend on future inputs.
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Problem7cont.

(i) y(t) = Aos(2mfyt + x(t))
The input x, (t) produces the output y; (t) = Acos(27fyt + x1(t)).
The input x, (t) produces the output y,(t) = Acos(2mfyt + x,(t)).
The linear combination a;x4(t) + a,x,(t) produces the output
y3(t) = Acos(2mfot + arx; (£) + ax, (1)) # ag y1(8) + azy,(t)
Therefore, the system is non-linear.

If the input x(t) produces an output y(t), then the input x(t — t,)
produces the output y; (t) = Acos(2mfyt + x(t — t,)).

We see that y(t — t,) = Acos(2mfy(t — t,) + x(t — t,)) + y.(t)
Therefore, the system is time-varying.

The system is causal since the output does not depend on future
inputs.
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Problem7cont.

(i) (&) = J ,,x(6)ds
The input x; (t) produces the output y, (t) = f_too x,(8)d6.

The input x, (t) produces the output y,(t) = f_too x,(8)d6 .
The linear combination a;x;(t) + a,x,(t) produces the output

t

y3(t) = f (a1x1(8) + azx,(6))d6 = ayy,(£) + azy,(t)
Therefore, the sy;otem IS linear.
If the input x(t) produces an output y(t), then the input x(t — t,)
produces the output y, (t) = f_too x,(8 — t,)d6.
Replace 6 —t, =t = y,(t) = f_t;t" x,(1t)dt (observe that d§ = dt and if
d=tthent=t—-t,).
We see that y(t — t,) = [ x(8)d6 = y, (t)
Therefore, the system is time-invariant.

The system is causal since the output does not depend on future inputs.
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Problem7cont.

(iv) y(t) =x(2t)
The input x; (t) produces the output y, (t) = x;(2t).
The input x, (t) produces the output y, (t) = x,(2t).
The linear combination a,x;(t) + a,x,(t) produces the output
Y3(t) = a1x1(2t) + ayx,(2t) = a1y1(t) + azy»(t)
Therefore, the system is linear.

If the input x(t) produces an output y(t), then the input x(t —t,)
produces the output y, (t) = x(2t — t,).
We see that y(t —t,) = x(2(t — t,)) # y,(t)

Therefore, the system is time-varying.

The system is non-causal since if t > 0 then 2t > t which shows that
the output requires future values of the input in order to be calculated.
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Problem7cont.

(iv) y(t) =x(-t)
The input x; (t) produces the output y, (t) = x;(—t).
The input x, (t) produces the output y,(t) = x,(—t).
The linear combination a,x;(t) + a,x,(t) produces the output
Y3(t) = ayx1(—t) + azx,(—t) = a1, (8) + azy2 (¢)
Therefore, the system is linear.

If the input x(t) produces an output y(t), then the input x(t —t,)
produces the output y; (t) = x(—t — t,).
We see that y(t — t,) = x(—(t — t,)) = x(—t + t,) # V1 (t).

Therefore, the system is time-varying.

The system is non-causal since if t < 0 then —t > t which shows that
the output requires future values of the input in order to be calculated.



