Maths for Signals and Systems

Problem Sheet 5

Problems

1. The Lucas numbers are similar to the Fibonacci numbers but the initial conditions are L, =1 and
L, =3. The relationship L,,, =L,,, +L, holds. Find L.

Solution

. . . _ Lk+1 _ Lk+2
We define u, to be the 2-dimensional column vector u, = Lol In that case U, ; = :
k k+1

We also create the “fake” equation L,,, =L, ,,. From the two equations:
Lo = Lo+l

I-k+1 = I-k+1
we can formulate the matrix form:
11
U = 10 Uy
1-4 1

The eigenvalues of the matrix are obtained from

1++/5 1-+5

and they are 4, = — and 4, = — The eigenvectors are obtained from:

/1‘:0:—/1+22—1:0:>12:ﬂ+1

TN R R R d A%, 1=12. By choosi
C=AX = =A = X, + X, =AX, and X, =AX,, 1=1,2. choosin
1 0 i (R 1 0 Xiz |Xi2 il i2 ﬂ’l il il iN2 y g

X, =1, we have X, :{ i
1

L, 3 3 1+5 1-45
We write ulz{ }z{ . We assume that u1:01x1+c2x2:{ }:cl 2 |+C 9 .
L] L] L 1 1
This gives us
3=c11+\/g+(1—c1)1_\/§=c1 1+V5_1-45 +1_\/§:>«/§c1=—5+\/g clzlJ”/g:/i1
2 2 2 2 2 2 2

We have A=SAS™ and A? =SAS'SAS™ =SA?S™* and in general A" =SA"S™*. We see that
u,=Au, U;=Au,=AAuy =A’and generally u.,=A"u,. Therefore, we have
Uyg = A%u, =SA%S My, .
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Uigo = oo = A%, =SA¥S ™, = Ak X}OO = /1;00+ 2, | and therefore
L100 1 14 A+ 4

100 , 1100
Lo=4 +4 -

Find the inverse, the eigenvalues and the determinant of A

4 -1 -1 -1
-1 4 -1 -1
A=
-1 -1 4 -1
-1 -1 -1 4
Solution
111
111 ) . . . .
A=5I b1 =5l -B where B is a matrix of size 4x4 with all its elements equal to 1.
111

We observe that A is the sum of two symmetric matrices. Matrix 51 has eigenvalues 55,55
and matrix B is singular with rank 1. This is quite obvious since its rows are the same.
Therefore, matrix B has an eigenvalue 1 =0 repeated 3 times. The 4" eigenvalue of B is
obtained from the trace of B and is equal to A=4. Matrices 51 and B are symmetric and
therefore, we can always find a set of orthonormal eigenvectors for them. If we consider the
matrix B its eigenvector that corresponds to A =4 is [1 11 l]T . The rest of the eigenvectors
are given by

1111

1111
=>X+y+z+w=0

1111

N < X
o O O

1111 \w| (O
A nice choice for the eigenvector set is the set of the rows of the so called Hadamard matrix.

11 1 1
11 -1 1 -1
2011 1 -1 -1
1 -1 -1 1

These eigenvectors can also be chosen to be the eigenvectors of the matrix 51 . Since we can
assume that 51 and B share the same set of eigenvectors we can assume that the eigenvalues of
A are equal to the eigenvalues of 51 minus the eigenvalues of B. Therefore, the eigenvalues of
A are 15,5,5. Its eigenvectors are the same as the eigenvectors of 51 and B, i.e., the rows of the
Hadamard matrix shown above.

The determinant of A is 1-5-5-5=125.
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3. (i) Carry out the eigenvalue decomposition of the matrices A= {0 3} and B= {3 3} .

(i) Carry out the eigenvalue decomposition of A, B® and A™.

Solution

=0=>(1-1)B-4)=0 and

3—1‘
they are A=1,41=3. The eigenvector that correspond to A=1 is found from

1 2 x
10 3]y]
a

1 2
(i) The eigenvalues of A:[O 3} are found from

X X
= L} . We have 3y =y =y =0 and therefore the eigenvector is of the form {0}

with

I > L

non-zero integer. The eigenvector that correspond to A=3 is found from

1 2] x X
0 3|y =3{y}. We have 2x=2y—=x=Y and therefore the eigenvector is of the form
x] _ X X L 1[x —x
with X a non-zero integer. Therefore S= and ST =— . The
| X 0 x X
i lue d ition of A L 2) A 121 1
n m n = = = —
eigenvalue decomposition o 0 3 is 0 37
. 11 1-1 1
The  eigenvalues  of B= are found  from =0=
3 3 3 3-1

(1-2)B-1)-3=0= 4 -41=0=1=0,1=4. The eigenvector that correspond to 1 =0

1 1ix| |O
is found from L 3}{){}:{0} We have X=-y and therefore the eigenvector is of the

X
form { x} with X a non-zero integer. The eigenvector that correspond to A =4 is found

1 14x X X
from =4 |. We have y=23x and therefore the eigenvector is of the form
3 3|y y 3X
. . X X 4 1 (3x =X
with X a non-zero integer. Therefore S= and S7=— . The
-x 3 4x° x X

envalue d " fB_ll_B_ll_l_x x [0 0f3x -x
elgenvalue aecomposition o = 3 3 IS B= 3 3 _4X2 —x alo al x « |

e e T PP A
x*[0 x[0 9]0 x x*|0 x| 0 1/3]0 x|
Bz—i{ X x}{o O}FX —x}
4x*|-x 3x]0 16] x x|
In this question we used the fact that the eigenvalues of the inverse of a matrix are the
inverses of the eigenvalues of the original matrix.

4. (i) Supposethat A=SAS™. What is the eigenvalue matrix of A+21?



(i) What is the eigenvector matrix of A+217?
(iii) Carry out the eigenvector decomposition of A+ 21 .

Solution

(i) The eigenvectors of 21 can be chosen to be the eigenvectors which form the matrix S in

A=SAS™. Since we can assume that A and 21 share the same set of eigenvectors we can
assume that the eigenvalues of A+2l are equal to the eigenvalues of A plus the
eigenvalues of 21 . Therefore, the eigenvalue matrix of A+21 is A+2I.

(ii) Itis obvious from the above analysis that the eigenvector matrix of 21 is S.

(iii) A+21 =S(A+21)S=SAS*+S2ISt = A+2l

Consider the matrix A=1,, +B,,,, where B, , is a matrix with all its elements equal to 1, of
size nxn. Itis giventhat A™* =1 +cB,.,.Find c.
Solution

-1
AA™ = Inxn =(I nxn T ann)(lnxn +Cann) = Inxn I nxn T CInxn ann + annlnxn + Cann ann
= Inxn +CBn><n + ann + Cann2 = Cann + ann +CBn><n2 = O
We can easily see that B *>=nB, . .
Therefore, ¢B, , +B, , +cnB  =0=c+1+cn=0=c¢ =_—1.

n+




