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Symmetric matrices

In this lecture we will be interested in symmetric matrices.
In case of real matrices, symmetry is defined as A = AT,

In case of complex matrices, symmetry is defined as A* = AT or A*" = A. A matrix
which possesses this property is called Hermitian.

We can also use the symbol A7 = A
We will prove that the eigenvalues of a symmetric matrix are real.

The eigenvectors of a symmetric matrix can be chosen to be orthogonal. If we
also choose them to have a magnitude of 1, then the eigenvectors can be chosen
to form an orthonormal set of vectors.

For a random matrix with independent eigenvectors we have 4 = SAS™1.
For a symmetric matrix with orthonormal eigenvectors we have

A =QAQ™'=QAQ"
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Problem:
Prove that the eigenvalues of a real matrix occur in complex conjugate pairs.

Solution:
Consider Ax = Ax.
If we take complex conjugate in both sides we get
(Ax)'= (Ax)"> A" x* = 1" x"
If Ais real then Ax™ = A* x*. Therefore, if A is an eigenvalue of A with corresponding
eigenvector x then A* is an eigenvalue of A with corresponding eigenvector x*.



Imperial College

Problem:
Prove that the eigenvalues of a symmetric matrix are real.

Solution:
We proved that if A is real then Ax™ = A" x™.
If we take transpose in both sides we get
x*TAT = 1*x*T = x*TA = 127
We now multiply both sides from the right with x and we get
x*TAx = 1x* T x
We take now Ax = Ax. We now multiply both sides from the left with x*" and we get
x*TAx = Ax* " x.
From the above we see that Ax*"x = 2*x*" x and since x*"x # 0, we see that A =
A%,
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GComplex matrices. Gomplex symmetric matrices.

Let us find which complex matrices have real eigenvalues.
Consider Ax = Ax with A possibly complex.
If we take complex conjugate in both sides we get
(Ax) = (Ax)" =2 A" x"=1" x"
If we take transpose in both sides we get
xT AxT x xT

xT AT = Ax

We now multiply both sides from the right with x we get
XU AT x =A"x" x

We take now Ax = Ax. We now multiply both sides from the left with x*" and we
get

x*TAx = Ax* " x.
From the above we see that if A*" = A then Ax*"x = 2*x*"x and since x*"x # 0,
we see that 1 = A",
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Consider a complex column vector z = [z; 2z, - Za]T.

Its length is z*"z = ¥ ||

As already mentioned, when we both transpose and conjugate we can use the
symbol z# = z*" (Hermitian).

The inner product of two complex vectors is y*' x = yfx.

For complex matrices the symmetry is defined as 4*" = A. These are called
Hermitian matrices.

They have real eigenvalues and perpendicular unit eigenvectors. If these are
complex we check their length using g;*" ¢; and also Q*"Q = 1.

Example: Consider the matrix
3+ i]

2
A= l3 —i 5
Eigenvalues are found from:
2Q-A1DG-1H-B+)@B-i)=0
>A—-71+10-(9-3i+3i—i?)=0=>11—-7) =0
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We proved that the eigenvalues of a symmetric matrix, either real or complex, are
real.

Do not forget the definition of symmetry for complex matrices.

It can be proven that the signs of the pivots are the same as the signs of the
eigenvalues.

Just to remind you:
Product of pivots=Product of eigenvalues=Determinant
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« A symmetric or Hermitian matrix is positive definite if and only if (iff) all its
eigenvalues are real and positive.

« Therefore, the pivots are positive and the determinant is positive.
» Positive determinant doesn’t guarantee positive definiteness.

Example: Consider the matrix
_[5 2
A= lz 3]
Eigenvalues are obtained from:
G-1DB-1)—-4=0=>1>-81+11=0
8+64—44 8++/20

The eigenvalues are positive and the matrix is symmetric, therefore, the matrix is
positive definite.
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* We are talking about symmetric matrices.
* We have various tests for positive definiteness. Consider the 2 X 2 case of a
. . : b
ositive definite matrix 4 = |¢ :
P [b c]

» The eigenvalues are positive 4, > 0,4, > 0.

2
= The pivots are positive a > 0, 2=2

> 0.

= All determinates of leading (“north west”) sub-matrices are positive
a>0,ac— b?>0. j

= Quadratic form is positive x4 x > 0, x is any vector.
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Example: Consider the matrix lé 2

= Which sufficiently large values of x makes the matrix positive definite? The
answer is x > 18. In that case we obtain the matrix [2 168]'

» For x = 18 the matrix is positive semi-definite. The eigenvalues are 4; =0
and A, = 20. One of its eigenvalues is zero.

= |t has only one pivot since the matrix is singular. The pivots are 2 and 0.
. . . 2 6 X1 _ 2 2
Its quadratic form is [X1 X3] 6 18] lle = 2x{ + 12x,x, + 18x5.

= This is equal to ax? + 2bx,x, + cx% > 0. This formula is a so called quadratic
form.

» |n that case the matrix marginally failed the test.
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In mathematics, a quadratic form is a homogeneous polynomial of degree two

iIn @ number of variables. For example, the condition for positive-definiteness of a
2 x 2 matrix, f(xq,x,) = ax? + 2bx,x, + cxZ , is a quadratic form in the variables
x and y. ' N
Positive definite
Not positive definite

X1 X1
minimum
X2

X2

For the positive definite case we have:

= Obviously, first derivatives must be zero at the minimum. This condition is not
enough.

= Second derivatives’ matrix is positive definite

fxlxl fxle
fx X fx X ’f;f1x1ﬁ52xz _Zﬁclxz ~ 0
241 242

= Positive for a number turns into positive definite for a matrix.
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« Example:

2 260], trace(4) = 22 = 1;+4,, det(4) = 4 = 4414,

2 6 X1 _ 2 2
[X1  X2] p 20] lle = 2xf + 12x,x, + 20x3

flxy,x1) = 2x% + 12x,x, + 20x2 = 2(x; + 3x,)% + 2x3.

\A

X1
minimum

X2

A horizontal intersection could be f(x;,x;) = 1. Itis an ellipse.
Its quadratic form is 2(x; + 3x,)? + 2x% = 1.
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« Example:

2 260], trace(4) = 22 = 1;+4,, det(4) = 4 = 4414,

flxy,x1) = 2x% + 12x,x, + 20x2 = 2(x; + 3x,)?% + 2x2
= Note that computing the square form is effectively elimination

A= [2 260] @2)—3(1) g g] =uandlL = [?1, (1)

= The pivots and the multipliers appear in the quadratic form when we compute
the square.

* Pivots are the square multipliers so positive pivots imply sum of squares and
hence positive definiteness.
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Graph of quadratic form
2 -1 0
Example: Consider the matrix A = |—-1 2 —1]
o -1 2

» The leading (“north west”) determinants are 2,3,4.
» The pivots are 2, 3/2, 4/3.

= The quadratic form is xTA x = 2x% + 2x% + 2x5 — 2x,x, — 2X,X3.
* Theeigenvaluesof Aared; =2 -2, 1, =2,1; =2 ++/2
= The matrix A is positive definite when x7A4 x > 0.
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The Discrete Fourier Transtorm (DFT) matrix

* The n x n Fourier matrix is defined as:

1 1 1 1 1

1w who o wD
E =1 w who Wi

1 1W(n—]) 1WE (n-1) . 1W(i’z—])(n—])

In this matrix we will number the first row and column with 0.

,2TC

We define w = e "n. For w is preferable to use polar representation.
E,(i,j) = wY.

We must stress out that it is better to use the notation w,, instead of w.
| have avoided this notation to make things look simpler.
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The Discrete Fourier Transtorm (DFT) matrix cont.

L2TT

« The parameter w = e "= lies on the unit circle shown below. The case depicted

2TTm

below refers to n = 8 where the pointsw™ =e""s ,m =0,...,7 of the second

row (row 1) of the Fourier matrix are shown.

Im

W6
w5 w7

» Re

w2

« We must stress out that the Fourier matrix is totally constructed out of
numbers of the form w,*.
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The Discrete Fourier Transform (DFT) matrixforn = 4

2T

« The parameter w, = e "% = e¢~'z = cos (g) — isin (g) = —i.

« The quantities inside Fourier matrix are 1,i,i2,i3,i%,i®,i°.
(1 1 1 1 ] 1 1 1 1]
|1 i i =3 _ 11 —-i -1 i
Y7 iz it ¢ 11 -1
1 =3 ¢ =’ 11 i -1 -i]

» The columns of this matrix are orthogonal.
« Remember that the inner product of 2 complex vectors is y*' x = yfx.



Imperial College

The Discrete Fourier Transform (DFT) matrix for » = 4 cont.

« | can show that the columns are orthogonal but they are not orthonormal.

| can fix this by dividing the Fourier matrix with the length of the rows (columns).
In this case it is 2. Therefore, | can write:

1 1 1 17 1 1 1 1]
gl =2 =21 - -1
471 iz ¢ ¢l 211 -1 1 -1

1 —i3 i® —i° 1 i -1 -—i

« We can easily show that F,”'F, = I.
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The Fast Fourier Transform (FFT)

It can be proven that there is a connection between F,,, and F,.
This is expected from the fact that w,,?> = w,,. It can be shown that:

diagonal
matrix D

[Fan] = [1 [o F,

When [F,,,] is multiplied by a column vector in order to obtain the Fourier
Transform of the signal, we require (2n)? multiplications.

When [ an] Is decomposed as above, P,,, does not contribute to multiplications,

-— permutation
matrix P,

o,
n multiplications.

In total 2 X (n)?+n < (2n)2.

D,
] requires 2 x (n)? multiplications and L _D ] requires
n
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The Fast Fourier Transform (FFT) cont.

* In the previous analysis the matrix D,, is defined as:

1

w

n—1
W

« We start requiring (2n)? multiplications and manage to reduce them to 2 X (n)?+n
multiplications.
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The Fast Fourier Transform (FFT) cont.

* The next step is to break the E, down. We use the above idea recursively.

I D E, O
L T A P L
_In/Z Dn/Z 0 | _Fn/z On/z 0
_ [In Dn] Injz - =Dnyz " Onja Fuy " [n n]p
B n —D 0 In/z Dn/z 0 Fn/z 0n/2 On Pn 2n
n In/2 Dn/z n On/Z Fn/z

« We started W|th (2n)? multiplications and manage to reduce them to 2 X (n)?+n
multiplication.

« Now the n? multiplications are reduced to 2 x (n/2)%+n/2 multiplications.
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The Fast Fourier Transform (FFT) cont.

We can carry on this recursive procedure until we reach 1 x 1 Fourier matrices.
We will have a large number of matrices piling up.

It can be proven that if we start with a matrix of size n X n the total number of
multiplications is reduced to

1
Enlogz (n)

Consider n = 1024 = 219, In that case n? > 1,000,000.
%102410g2(1024) = 5 x 1024.

We reduced the multiplications from 1024 x 1024 to 5 x 1024, i.e., by a factor of
200.

The Fast Fourier Transform is one of the most important algorithms in
modern scientific computing.



