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Abstract—Generalized frequency division multiplexing
(GFDM) has become one of the most important waveform
candidates for air interface in 5G communications. However, like
the standard orthogonal frequency division multiplexing (OFDM),
its direct-conversion receivers are vulnerable to radio frequency
impairments, due to their cost and size constraints. In this paper,
the performance deterioration resulting from inphase/quadrature
(I/Q) imbalance is first analyzed in terms of signal-to-interference
plus noise ratio (SINR) for typical GFDM receivers. Next, a
blind adaptive I/Q imbalance compensator based on normalized
complex least mean square (NCLMS), originally designed for
OFDM receivers, is extended for GFDM ones. In order to provide
more physical insight into its compensation capability, a full
second-order performance assessment is established, via a joint
consideration of the weight error variance and its complementary
variance of the proposed compensator in both the transient and
steady-state stages. Apart from an accurate evaluation on its
overall self-image attenuation performance, the proposed full
second-order analysis is also able to quantify the individual
contributions from both the I and Q channels of the compensator,
an important finding missing in the literature and not possible
to discover by using the standard variance analysis only. This
analysis also facilitates theoretical quantifications of SINR
improvements by NCLMS for GFDM receivers. Simulations on
GFDM waveforms support the analysis.

Index Terms—GFDM, inphase/quadrature (I/Q) imbalance,
improperness, NCLMS, full second-order performance analysis,
SINR analysis, image rejection ratio (IRR) analysis.

I. INTRODUCTION

G ENERALIZED frequency-division multiplexing
(GFDM), which is a block based filtered multi-carrier
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modulation scheme, has become one of the most important
waveform candidates for air interface in 5G communications
[1], [2]. By carefully designing the underlying circular filters
with windowing or guard symbol insertion, the out-of-band
emission of GFDM can be efficiently reduced, as compared
with orthogonal frequency division multiplexing (OFDM) [1],
[3], [4]. It is also more spectral efficient than OFDM in the
sense that via the tail biting operation, only one cyclic prefix
(CP) is used for each GFDM block that consists of a number
of subcarriers and subsymbols, making it particularly attractive
for short burst transmission. Therefore, in recent years, GFDM
has received much attention, including low complexity imple-
mentations [3], [5], [6], filter coefficient optimization designs
[7], [8], and combinations with Alamouti and multiple-input
multiple-output (MIMO) schemes [9], [10]. To satisfy the
requirements of next generation wireless networks, such as
commercially affordable and efficient wideband radio design
for terminals supporting various high data-rate scenarios,
direct-conversion transceivers have become a popular solution
due to their desirable characteristics, such as low cost, low
power and small size [11], [12]. However, one of the main
problems encountered by a direct-conversion structure is the
inherent inphase/quadrature (I/Q) imbalance. The imperfections
of analog front-end local oscillators (LO) in radio frequency
circuits cause the amplitudes of I/Q oscillators to be different
and/or the phase shift to deviate from the desired 90◦. This re-
sults in the so-called self-image interference which reduces the
modulation/demodulation accuracy of the transmission systems
and degrades the overall system performance considerably.

Various efforts have been made to reduce the I/Q distortions
in communication systems which can be classified into data-
assisted approaches [13]–[19] and blind ones [20]–[26]. Blind
adaptive approaches are particularly attractive due to their trade-
off between implementation complexities and I/Q compensa-
tion capabilities. These methods typically utilize the so-called
‘properness’ or ‘second order circularity’ characteristic inher-
ent to most modern constellation mappings in the sense that
I/Q distortions make the desired proper communication signals
improper (second order noncircular), which manifests itself in
a power mismatch (magnitude imbalance) and/or correlation
(phase imbalance) between the I and Q channels [27]–[31].
Therefore, the self-image interference introduced by I/Q
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imbalance can be mitigated by making the distorted signals
proper again. Based on this principle, a complex least mean
square (CLMS) adaptive I/Q compensation method was pro-
posed in [21], in which a pre-whitening scheme was imple-
mented to speed up its convergence. This idea has been extended
to calibrate frequency-dependent I/Q distortions in both trans-
mitters and receivers for OFDM systems [23], [25]. To perform
an intrinsic signal decorrelation within the stochastic weight
update process, a normalized complex LMS (NCLMS) adap-
tive I/Q imbalance compensator for OFDM direct-conversion
receivers has been developed in [22], and its theoretical self-
image attenuation performance has been justified via the stan-
dard variance analysis on its weight error coefficients. Although
many solutions have been reported for I/Q imbalance compen-
sation for OFDM systems, this task has just emerged in GFDM
systems [32], [33], and both a theoretical evaluation on its im-
pacts on GFDM receivers and a blind compensation solution are
still lacking in the literature.

To this end, we first quantify the performance deterioration,
resulting from I/Q distortions, on GFDM receivers, via a rig-
orous signal-to-interference plus noise ratio (SINR) analysis.
An NCLMS based blind adaptive I/Q imbalance compensator is
next proposed. In order to provide detailed intrinsic physics on
its compensation capability, we argue that the currently adopted
mean square (variance) analysis provides limited physical in-
sights into the statistical behavior of the compensator, since the
improperness of its weight error also arises due to that of the
I/Q imbalanced received signal, an issue that has been system-
atically omitted so far. Therefore, following on recent advances
in augmented complex statistics [34]–[36], a full second order
performance analysis is conducted to quantify the evolutions of
both the standard variance and complementary variance of the
weight error coefficient in the transient and steady state stages.
This makes it possible to also quantify the individual I/Q im-
balance compensation contributions theoretically, in terms of
image rejection ratio (IRR) from its I and Q channels. This
aspect is still missing in the literature and is not possible to
address by using the conventional variance analysis only. This
analysis also facilitates rigorous evaluations of SINR improve-
ments by NCLMS for GFDM receivers. Simulation results on
GFDM waveforms support the analysis.

Notation: Scalar quantities, column vectors and matrices are
denoted by normal letters, a, boldface lowercase letters, a, and
boldface uppercase letters, A, respectively. An N × N identity
matrix is denoted by IN . The superscripts (·)T , (·)∗ and (·)H

are respectively the transpose, complex conjugate and Hermi-
tian transpose operators. The symbol E[·] denotes the statistical
expectation. The subscripts (·)r and (·)j respectively extract the
real part and the imaginary part of its argument, and j =

√−1.
The symbol [A]l,p denotes the element at the lth row and the
pth column of matrix A.

II. SYSTEM MODEL

We consider a typical GFDM system with K subcar-
riers which transmit a zero-mean data vector of N 2L -
QAM modulated subsymbols s = [s(0), s(1), . . . , s(N − 1)]T ,

with a covariance matrix E[ssH ] = σ2
s IN , over a wire-

less multipath channel. Within the GFDM transmitter, the
data vector s is divided into K subvectors, so that, s =
[sT

0 , sT
1 , . . . , sT

K−1 ]
T . Each subvector sk contains M ele-

ments, that is, sk = [skM , skM +1 , . . . , skM +M −1 ]T , where k =
0, 1, . . . ,K − 1 and N = MK. In this way, data skM +m ,m =
0, . . . ,M − 1 refers to the mth subsymbol to be transmitted
on the kth subcarrier within the GFDM transmitter. It is then
upsampled by the factor of K, circularly convoluted with the
pulse shaping filter g(n) at time instant n, and up-converted to
the corresponding subcarrier frequency. The output samples of
all K subcarriers and M time slots are added together to give a
GFDM transmitting signal x(n) in the form [3], [8], [37]

x(n) =
K−1∑

k=0

M −1∑

m=0

skM +m g
(
(n − mK)N

)
ej 2 π k n

K ,

0 ≤ n ≤ N − 1, (1)

where (·)N is the modulo N operation. For compactness, this
transmission process can be described in a vector form as [38],

x = As, (2)

where x = [x(0), x(1), . . . , x(N − 1)]T is the transmitting data
vector, and the detailed expression for matrix A is given by

A =
[
a0,0 ,a1,0 , . . . ,aK−1,0︸ ︷︷ ︸

Time slot 1

|a0,1 ,a1,1 , . . . ,aK−1,1︸ ︷︷ ︸
Time slot 2

|

· · · |a0,M −1 ,a1,M −1 , . . . ,aK−1,M −1︸ ︷︷ ︸
Time slot M

]
, (3)

where ak,m = [ak,m (0), ak,m (1), . . . , ak,m (N − 1)]T and
ak,m (n) = g((n − mK)N )ej 2 π k n

K . In addition, when M = 1,
matrix A simplifies into an N -point unitary Dis-
crete Fourier Transform (DFT) matrix WN , where
[WN ]k,l = e−j 2 π k l

N , k, l = 0, 1, . . . , N − 1, and the GFDM
system reduces into an OFDM system with x = WN s [8]. The
cyclic prefix (CP) is added to x before transmission to elim-
inate the inter-symbol interference (ISI) caused by multipath
propagation. On the receiver side, after down-conversion and
CP removal, the ideal digital data vector r in the baseband is
given by

r = Hx + q = HAs + q, (4)

where r = [r(0), r(1), . . . , r(N − 1)]T , H represents the cir-
culant channel matrix and q is the zero-mean additive white
Gaussian noise with a covariance matrix E[qqH ] = σ2

q IN . The
wireless channel is considered to be static frequency-selective,
so that it can be modeled as a linear time invariant system and
the wide sense stationarity of the received data r is guaranteed.
However, the imperfections of the local oscillator within the re-
ceiver introduce I/Q mismatches, which results in a self-image
interference within r, so that the received data vector under I/Q
imbalance is in a widely linear form [16], [21], [22]

y = αr + βr∗, (5)
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where

α =
1 + (1 + ε)e−jθ

2
, (6)

β =
1 − (1 + ε)ejθ

2
, (7)

and ε and θ respectively denote the amplitude and phase mis-
matches; due to the underlying physics of the down-conversion
operation, we have α + β∗ = 1. Therefore, for the purpose of
blind I/Q imbalance compensation, it is equivalent to consider

y = z + λz∗, (8)

where z = αr is the I/Q imbalance-free received data vector and
λ = β

α∗ is the imbalance coefficient.

III. SINR ANALYSIS ON I/Q IMBALANCED GFDM RECEIVERS

We next investigate the impacts of I/Q imbalance on the trans-
mission quality of GFDM receivers via a rigorous SINR analy-
sis. Firstly, by substituting (4) into (5), the received data vector
y is expanded as

y = αHAs + βH∗A∗s∗ + αq + βq∗. (9)

By considering a zero forcing (ZF) equalization with a perfect
channel estimation in time domain, a detected data vector ŷ can
be expressed as

ŷ = H−1y = αAs + βH−1H∗A∗s∗ + αH−1q + βH−1q∗.
(10)

After equalization, by using a receiver filter matrix G ∈ CN ×N ,
the estimated symbol data ŝ under I/Q imbalance can be
obtained as

ŝ = Gŷ

= αGAs + βGH−1H∗A∗s∗ + αGH−1q + βGH−1q∗.
(11)

We consider two typical GFDM receivers, matched filter (MF)
receivers and zero forcing (ZF) ones, which either aim at max-
imizing the signal to noise ratio (SNR) or at eliminating the
interference caused by the non-orthogonality of GFDM [39].

A. Matched Filter (MF) Receiver

For an MF receiver, we have G = AH and the estimated
signal ŝ in (11) now becomes

ŝ = αAH As + βAH H−1H∗A∗s∗

+ αAH H−1q + βAH H−1q∗, (12)

After defining

B = H−1H∗A∗, (13)

and

q1 = αAH H−1q + βAH H−1q∗, (14)

from (12), we obtain the nth estimated subsymbol ŝ(n) as

ŝ(n) = α[AH A]n,ns(n) + α
N −1∑

p=0,p �=n

[AH A]n,ps(p)

+ β

N −1∑

p=0

[AH B]n,ps
∗(p) + q1(n), (15)

where q1(n) is the nth element of q1 . Now, using the GFDM
modulation matrix A in (3) and defining bp as the pth column
vector within matrix B, the estimated subsymbol ŝ(n) in (15)
simplifies into

ŝ(n) = αaH
n ans(n)︸ ︷︷ ︸
S (n)

+α

N −1∑

p=0,p �=n

aH
n aps(p)

︸ ︷︷ ︸
I (n)

+ β
N −1∑

p=0

aH
n bps

∗(p)

︸ ︷︷ ︸
P (n)

+q1(n), (16)

where an refers to ak,m , since n = mM + k. Note that on the
right hand side (RHS) of (16), the component S(n) contains
the desired signal s(n), I(n) represents the interference leaked
from other subsymbols due to the non-orthogonal property of
GFDM, and P (n) includes all the self images introduced by the
receiver I/Q imbalance. The average noise power aggregated
over a GFDM block can be evaluated as

N −1∑

n=0

E[|q1(n)|2 ]

= |α|2 tr
{
E[AH H−1q(AH H−1q)H ]

}

+ |β|2 tr
{
E[AH H−1q∗(AH H−1q∗)H ]

}

= (|α|2 + |β|2)σ2
q tr

{
AH H−1(AH H−1)H

}

= (|α|2 + |β|2)σ2
q

N −1∑

n=0

N −1∑

p=0

∣∣[AH H−1 ]n,p

∣∣2 , (17)

where tr{·} is the matrix trace operator. The SINR, defined as the
power ratio between the desired signal and all the interference
plus noise [37], [40], of an MF receiver over a whole GFDM
data block, is then given by

SINRMF

Δ=

N −1∑
n=0

E[|S(n)|2 ]
N −1∑
n=0

E[|I(n)|2 ] +
N −1∑
n=0

E[|P (n)|2 ] +
N −1∑
n=0

E[|q1(n)|2 ]
.

From (16) and (17) and after a few mathematical manip-
ulations, SINRMF can be mathematically reformulated as
in (18), shown at the bottom of the next page, where

SNR
Δ=E[|s(n)|2 ]/E[|q(n)|2 ] = σ2

s /σ2
q is the system SNR.



4704 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 66, NO. 17, SEPTEMBER 1, 2018

B. Zero Forcing (ZF) Receiver

For a ZF receiver we have G = A−1 , and from (11), the
estimated signal ŝ now becomes

ŝ = αs + βA−1H−1H∗A∗s∗ + αA−1H−1q + βA−1H−1q∗.
(19)

A comparison of the first terms on the RHS of (19) and (12)
shows that the interference from other subsymbols and subcarri-
ers has been removed due to the characteristics of ZF receivers.
Upon further defining

q2 = αA−1H−1q + βA−1H−1q∗, (20)

the estimate of the nth subsymbol ŝ(n) becomes

ŝ(n) = αs(n)︸ ︷︷ ︸
S (n)

+β
N −1∑

p=0

[A−1B]n,ps
∗(p)

︸ ︷︷ ︸
P (n)

+ q2(n),
(21)

where q2(n) is the nth element of q2 and its aggregated power
is given by

N −1∑

n=0

E[|q2(n)|2 ] = (|α|2 + |β|2)σ2
q

N −1∑

n=0

N −1∑

p=0

∣∣[A−1H−1 ]n,p

∣∣2 .

(22)

Based on (21), the SINR of a ZF receiver over the whole GFDM
block can be defined as

SINRZF Δ=

N −1∑
n=0

E[|S(n)|2 ]
N −1∑
n=0

E[|P (n)|2 ] +
N −1∑
n=0

E[|q2(n)|2 ]
,

and after some algebraic manipulations, the final expression of
SINRZF can be obtained as

SINRZF =

N

|λ|2
N −1∑
n=0

N −1∑
p=0

|[A−1B]n,p |2 +
1+|λ|2

SNR

N −1∑
n=0

N −1∑
p=0

∣∣[A−1H−1]n,p

∣∣2
.

(23)

Equations (18) and (23) now establish the closed-form ex-
planations on how I/Q imbalance deteriorates the SINR perfor-
mance of GFDM receivers via the imbalance coefficient λ. From
(14) and (20), also observe that due to the filtering process of
GFDM and the multipath channel effect, system noises in both
the MF and ZF receivers become colored.

IV. NORMALIZED COMPLEX LMS (NCLMS) ADAPTIVE I/Q
IMBALANCE COMPENSATOR

It is important to note that at time instant n, or equivalently, at
the nth subsymbol, based on (8), there exists a weight coefficient
w(n) which allows us to perform the signal transformation

y(n) − w∗(n)y∗(n)

= (1 − w∗(n)λ∗)z(n) + (λ − w∗(n))z∗(n). (24)

Now, the self-image component z∗(n), introduced by the I/Q
mismatches at the receiver, can be eliminated when the second
term on the RHS vanishes, or equivalently, w(n) → λ∗ as n →
∞. As discussed in [22], by treating z∗(n) as an additional noise
to the system, this can be achieved by building up an adaptive
noise canceller to minimize the instantaneous power J(n) of a
noise residual e(n), where

e(n) = y(n) − w∗(n)z∗(n), (25)

J(n) = e(n)e∗(n) = |e(n)|2 , (26)

and a global minimum of J(n) is guaranteed at w(n) = λ∗ only
[41]. Therefore, a fast weight update rule, e.g., the normalized
complex LMS (NCLMS), can be used for this minimization
problem, to give

w(n + 1) = w(n) + μ
z∗(n)e∗(n)
|z(n)|2 , (27)

where μ is the step-size.
However, in general, z(n) is unknown to the receiver side,

and a natural alternative is to use an estimate of z(n) in its place
in (27). First, observe that at time instant n, from (8) and its
complex conjugate, z(n) can be expressed as

z(n) =
y(n) − λy∗(n)

1 − |λ|2 . (28)

While, with an appropriate step-size, μ, the weight coeffi-
cient, w(n), asymptotically converges to λ∗ as time evolves.
Therefore, a sample estimate of z(n), that is, ẑ(n), can be
performed as

ẑ(n) =
y(n) − w∗(n)y∗(n)

1 − |w(n)|2 . (29)

Now, by taking ẑ(n) in place of z(n) in (25) and (27), we arrive
at the final weight update for NCLMS adaptive I/Q imbalance
compensator, given by [22]

w(n + 1) = w(n) + μ
ẑ∗(n)ê∗(n)
|ẑ(n)|2 , (30)

where

ê(n) = y(n) − w∗(n)ẑ∗(n). (31)

SINRMF =

N −1∑
n=0

|aH
n an |2

N −1∑
n=0

N −1∑
p=0,p �=n

|aH
n ap |2 + |λ|2

N −1∑
n=0

N −1∑
p=0

|aH
n bp |2 +

1 + |λ|2
SNR

N −1∑
n=0

N −1∑
p=0

∣∣[AH H−1 ]n,p

∣∣2
(18)
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V. FULL SECOND ORDER PERFORMANCE ANALYSIS OF THE

PROPOSED NCLMS COMPENSATOR

For most practical complex-valued constellation mappings,
e.g., 2L -QAM, the received signal without I/Q imbalance, that
is, z(n), is second order circular (proper), characterized by a
vanishing complementary variance σ̃2

z = E[z2(n)] = 0, and the
full second order statistics of z(n) are completely described by
its variance, σ2

z = E[|z(n)|2 ] [21]–[26]. On the other hand, as
shown in (8), the received signal under I/Q imbalance, that is,
y(n), admits a widely linear form on both z(n) and its self-image
z∗(n), and its complementary variance σ̃2

y can be evaluated from
(8) as σ̃2

y = E[y2(n)] = 2λσ2
z , which indicates a certain degree

of improperness [27]–[31]. Therefore, from the second order
statistical perspective, the idea behind the considered NCLMS
compensator is to iteratively calibrate the original improper sig-
nal to be proper again, i.e., for the improperness of ẑ(n) to
vanish after the compensation process.

A. Full Second Order Convergence Analysis

It is natural to investigate whether the so-introduced signal
improperness propagates into the compensator via (30) and (31)
during its convergence. To address this issue, we first define the
weight error coefficient ϕ(n) as

ϕ(n) = w(n) − λ∗, (32)

and introduce the complementary variance κ̃(n) = E[ϕ2(n)]
to justify its improperness [34]–[36]. From (30) and (31), the
update of weight error ϕ(n) is given by

ϕ(n + 1) = (1 − μ)ϕ(n) + μ
ẑ∗(n)e∗o(n)
|ẑ(n)|2 , (33)

where

eo(n) = y(n) − λẑ∗(n). (34)

Upon squaring both sides of (33) and taking the statistical ex-
pectation E[·], the evolution of the weight error complementary
variance, κ̃(n), is obtained as

κ̃(n + 1) = (1 − μ)2 κ̃(n) + μ2E

[(
ẑ∗(n)e∗o(n)
|ẑ(n)|2

)2
]

+ 2μ(1 − μ)E
[
ϕ(n)

ẑ∗(n)e∗o(n)
|ẑ(n)|2

]
, (35)

where, upon employing the standard assumption commonly
used in blind equalization analysis that the weight error ϕ(n)
is statistically independent of y(n) [42], [43], and a further in-
dependence assumption between ϕ(n) and ẑ(n), typically used
to ease the mathematical tractability of adaptive I/Q imbalance
compensator [22], [44], the third term on the RHS can be ap-
proximately evaluated as

E

[
ϕ(n)

ẑ∗(n)e∗o(n)
|ẑ(n)|2

]
≈ E [ϕ(n)] E

[
ẑ∗(n)e∗o(n)
|ẑ(n)|2

]
. (36)

Due to the asymptotically unbiased nature of NCLMS [22], this
term vanishes, together with E[ϕ(n)], as time evolves. This un-
biased nature also implies that eo(n) approaches ẑ(n) and ẑ(n)

approaches z(n) when n → ∞, thus facilitating an approximate
evaluation of the second term on the RHS of (35) in the form

E

[(
ẑ∗(n)e∗o(n)
|ẑ(n)|2

)2
]

≈ E

[(
ẑ∗(n)
|ẑ(n)|

)4
]
≈ E

[(
z∗(n)
|z(n)|

)4
]

≈ 0, (37)

The last step above stems from the strict circularity1 of
z(n)/|z(n)|. Therefore, the evolution of κ̃(n) in (35) now sim-
plifies into

κ̃(n + 1) = (1 − μ)2 κ̃(n). (38)

Correspondingly, the evolution of the standard weight error
variance κ(n), defined as κ(n) = E[|ϕ(n)|2 ], can be obtained
as [22]

κ(n + 1) = (1 − μ)2κ(n) + μ2 . (39)

Remark 1: Equations (38) and (39) together provide the full
second order statistical evolution of the weight error ϕ(n), from
which it can be verified that the unified bound on the step-
size μ to guarantee the convergence2 of both κ̃(n) and κ(n) is
0 < μ < 2.

B. Full Second Order Steady State Analysis

Suppose that μ is chosen such that the convergence of κ̃(n)
and κ(n) is guaranteed. Then, at the steady state, i.e., n → ∞,
from (38) and (39), we have

κ̃(∞) = 0, κ(∞) =
μ

2 − μ
, (40)

Remark 2: The improperness of the weight error ϕ(n) van-
ishes at the steady state, as evidenced by κ̃(∞) = 0, indepen-
dent of how its initialization, ϕ(0), is performed. Physically,
as a byproduct of the iterative calibration on the improperness
of the compensated signal ẑ(n), the improperness of ϕ(n) has
also been compensated for. On the other hand, for 0 < μ < 2,
the weight error variance κ(∞) is a monotonically increasing
function of the step-size μ.

An important application of the proposed full second order
statistical analysis lies in the fact that it also provides enough
degrees of freedom to quantify the second order performance
of the real (I) and imaginary (Q) channels within the proposed
NCLMS compensator, individually. This becomes clear when
ϕ(n) is rewritten in terms of its real and imaginary components

1When the underlying transmission scheme has a multi-carrier nature, the
second order circular variable z(n) is Gaussian distributed [45]. Therefore,
by defining a random variable z(n)/|z(n)| = ejφ (n ) , its phase φ(n) is uni-
formly distributed over [0, 2π) [46], indicating the strictly circular nature
of ejφ (n ) (equivalently, z(n)/|z(n)|). For a strictly circular random vari-
able z(n)/|z(n)|, we further have E [(z(n)/|z(n)|)4 ] = 0 [28], and hence,
E [(z∗(n)/|z(n)|)4 ] = 0.

2Strictly speaking, we are not able to talk about the convergence of a complex-
valued variable, like κ̃(n), since the complex domain is not ordered. However,
the real-valued nature of the transition coefficient (1 − μ)2 in (38) guarantees
that the real and imaginary parts of κ̃(n), that is, κ̃r (n) and κ̃j (n), converge
independently.
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as ϕ(n) = ϕr (n) + jϕj (n). Accordingly, its standard and com-
plementary variances become

κ(n) = E
[
ϕ2

r (n)
]
+ E

[
ϕ2

j (n)
]
, (41)

κ̃(n) = E
[
ϕ2

r (n)
] − E

[
ϕ2

j (n)
]
+ 2jE [ϕr (n)ϕj (n)] . (42)

Upon the inspection of both sides of (41) and (42), we have

E
[
ϕ2

r (n)
]

=
κ(n) + κ̃r (n)

2
, E

[
ϕ2

j (n)
]

=
κ(n) − κ̃r (n)

2
,

(43)

and

E [ϕr (n)ϕj (n)] =
κ̃j (n)

2j
. (44)

Now, a joint consideration of (38), (39), (43) and (44), enables
decoupling the convergence of the weight error variances in both
the I and Q channels within the compensator, that is, E[ϕ2

r (n)]
and E[ϕ2

j (n)], as well as their cross term E[ϕr (n)ϕj (n)]. Im-
portantly, this property cannot be achieved by using the conven-
tional real-valued variance analysis in [22], on the weight error
coefficient ϕ(n) only, due to its single degree of freedom.

In the steady state, i.e., n → ∞, by substituting (40) into (43)
and (44), we obtain

E
[
ϕ2

r (∞)
]

= E
[
ϕ2

j (∞)
]

=
κ(∞)

2
, (45)

and

E [ϕr (∞)ϕj (∞)] = 0. (46)

Remark 3: Equations (45) and (46) illustrate that the
NCLMS compensator equally assigns the total weight error
variance E[ϕ2(∞)] to its I and Q channels at the steady state
stage. Also both channels are uncorrelated, as a result of the
properness of ϕ(∞).

C. Steady State IRR Analysis

The conventional metric for the evaluation of an I/Q imbal-
ance compensation scheme is the so-called image rejection ratio
(IRR), defined as the power ratio between the desired signal and
its self-image interference [47]. According to (24), the IRR of
NCLMS at time instant n, denoted by IRR(n), is given by

IRR(n) Δ=
E[|(1 − w∗(n)λ∗)z(n)|2 ]
E[|(λ − w∗(n))z∗(n)|2 ]

=
E[|1 − w∗(n)λ∗|2 ]
E[|λ − w∗(n)|2 ] , (47)

where the last step is performed by considering the statisti-
cal independence between w(n) and z(n). Observe that, in the
steady state, according to (32), the denominator of IRR(∞) is
in fact κ(∞) from (40). Next, based on the asymptotically un-
biased nature of NCLMS, that is, E[ϕ(∞)] = 0, the numerator

of IRR(∞) can be further evaluated as

E[|1 − w∗(∞)λ∗|2 ]
= (1 − |λ|2)2 + |λ|2E[|ϕ(∞)|2 ]
− (1 − |λ|2)E[ϕ∗(∞)λ∗ + ϕ(∞)λ]

= (1 − |λ|2)2 + |λ|2κ(∞), (48)

and hence,

IRR(∞) =
(1 − |λ|2)2

κ(∞)
+ |λ|2 . (49)

Remark 4: A joint consideration of equations (45) and (49)
illustrates that although the overall self-image cancellation ca-
pability of the NCLMS compensator is dependent on the exact
amount of I/Q imbalance within the receiver, its I and Q channels
always yield identical contributions.

It is then natural to ask whether there exists a measurement
to provide more interpretable intrinsic physics of the I and Q
channels within an I/Q imbalanced receiver and the proposed
compensator. To address this issue, we first rewrite λ, w(n) and
z(n) on the RHS of (24) in terms of their real and imaginary
parts, and after a few manipulations, we have

y(n) − w∗(n)y∗(n)

= (1 + wj (n)λj − wr (n)λr + λr − wr (n))zr (n)

+ (λj + wj (n) − wr (n)λj − wj (n)λr )zj (n)

+ j(1 + wj (n)λj − wr (n)λr − λr + wr (n))zj (n)

+ j(λj + wj (n) + wr (n)λj + wj (n)λr )zr (n). (50)

Now, based on the physical meaning of image rejection ratio
(IRR) in (47), from (50), we are able to define individual IRRs
along I and Q channels of NCLMS respectively as

IRRI (n)

Δ=
E[((1 + wj (n)λj − wr (n)λr + λr − wr (n))zr (n))2 ]

E[((λj + wj (n) − wr (n)λj − wj (n)λr )zj (n))2 ]
,

(51)

IRRQ (n)

Δ=
E[((1 + wj (n)λj − wr (n)λr + wr (n) − λr )zj (n))2 ]

E[((λj + wj (n) + wr (n)λj + wj (n)λr )zr (n))2 ]
.

(52)

Considering both the statistical independence between w(n) and
z(n) and the properness of z(n), e.g., E[z2

r (n)] = E[z2
j (n)], we

can simplify (51) and (52) as

IRRI (n) =
E[(1 + wj (n)λj − wr (n)λr + λr − wr (n))2 ]

E[(λj + wj (n) − wr (n)λj − wj (n)λr )2 ]
,

(53)

IRRQ (n) =
E[(1 + wj (n)λj − wr (n)λr + wr (n) − λr )2 ]

E[(λj + wj (n) + wr (n)λj + wj (n)λr )2 ]
.

(54)

Therefore, before performing the considered blind I/Q im-
balance compensation procedure, i.e., wr (0) = wj (0) = 0, the
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IRRs of the I and Q channels within an I/Q imbalanced GFDM
receiver are respectively given by

IRRI (0) =
(1 + λr )2

λ2
j

, IRRQ (0) =
(1 − λr )2

λ2
j

. (55)

In order to investigate the situations in both channels after the
proposed I/Q imbalance compensation, that is for n → ∞, from
(32), we have

wr (∞) = ϕr (∞) + λr , wj (∞) = ϕj (∞) − λj . (56)

A substitution of (56) into (53) and (54) yields

IRRI (∞) =
E[(1 − |λ|2 − (1 + λr )ϕr (∞) + λjϕj (∞))2 ]

E[((1 − λr )ϕj (∞) − λjϕr (∞))2 ]
,

(57)

IRRQ (∞) =
E[(1 − |λ|2 +(1 − λr )ϕr (∞) + λjϕj (∞))2 ]

E[((1 + λr )ϕj (∞) + λjϕr (∞))2 ]
.

(58)

Observe that the term in the numerator of IRRI (∞) in (57) can
be further evaluated as

E[(1 − |λ|2 − (1 + λr )ϕr (∞) + λjϕj (∞))2 ]

= (1 − |λ|2)2 + (1 + λr )2E[ϕ2
r (∞)] + λ2

j E[ϕ2
j (∞)]

− 2(1 − |λ|2)(1 + λr )E[ϕr (∞)]

+ 2λj (1 − |λ|2)E[ϕj (∞)]

− 2λj (1 + λr )E[ϕr (∞)ϕj (∞)]

= (1 − |λ|2)2 +
(1 + 2λr + |λ|2)κ(∞)

2
, (59)

where the last step stems from the asymptotically unbiased na-
ture of NCLMS, i.e., E[ϕr (∞)] = E[ϕj (∞)] = 0, and the full
second order analysis results in (45) and (46).

In a similar way, after a few mathematical manipulations, we
have

E[((1 − λr )ϕj (∞) − λjϕr (∞))2 ]

=
(1 − 2λr + |λ|2)κ(∞)

2
, (60)

E[(1 − |λ|2 + (1 − λr )ϕr (∞) + λjϕj (∞))2 ]

= (1 − |λ|2)2 +
(1 − 2λr + |λ|2)κ(∞)

2
, (61)

E[((1 + λr )ϕj (∞) + λjϕr (∞))2 ]

=
(1 + 2λr + |λ|2)κ(∞)

2
. (62)

Upon substituting (59), (60), (61), and (62) back into (57) and
(58), the closed-form expressions of IRRI (∞) and IRRQ (∞)
are obtained as

IRRI (∞) =
2(1 − |λ|2)2 + (1 + 2λr + |λ|2)κ(∞)

(1 − 2λr + |λ|2)κ(∞)
, (63)

IRRQ (∞) =
2(1 − |λ|2)2 + (1 − 2λr + |λ|2)κ(∞)

(1 + 2λr + |λ|2)κ(∞)
. (64)

Remark 5: Both IRRI (∞) and IRRQ (∞) are monotonically
decreasing functions of κ(∞), and consequently, also the step-
size μ. This indicates that a smaller μ of NCLMS enables bet-
ter self-image attenuation along both the I and Q channels.
In general, the I/Q imbalance introduces unequal amounts of
self-interference components into I and Q channels, by com-
paring IRRI (0) and IRRQ (0) in (55). This situation still ex-
ists after performing the proposed compensation, as evidenced
by the different expressions for IRRI (∞) and IRRQ (∞), al-
though both channels contribute equally to the overall self-
image cancellation performance of NCLMS, as discussed in Re-
mark 4. However, a special class of I/Q mismatches with λr = 0
removes these inequalities, making IRRI (0) = IRRQ (0) and
IRRI (∞) = IRRQ (∞). Based on the analysis in Appendix A,
this occurs when the GFDM receiver suffers a certain amount of
phase mismatch, θ, only between its I and Q channels, without
any amplitude mismatch, i.e., ε = 0.

D. SINR Analysis of I/Q Imbalance Compensated GFDM
Receivers

We next evaluate the SINR performance of I/Q imbalance
compensated GFDM receivers, with the recovered data obtained
by performing the signal transformation in (24) on y in (9) and
its complex conjugate y∗ with w∗(∞) of NCLMS. After the
ZF equalization, the estimated data vector ŝ of a matched filter
(MF) receiver can be obtained as

ŝ = AH H−1(y − w∗(∞)y∗)

=(1−w∗(∞)λ∗)αAH As+(λ−w∗(∞))α∗AH H−1H∗A∗s∗

+ (1 − w∗(∞)λ∗)αAH H−1q+(λ−w∗(∞))α∗AH H−1q∗.
(65)

In analogy to its counterpart before compensation in (12), it is
straightforward to obtain the SINR of a GFDM MF receiver over
a compensated data block by taking the terms (1 − w∗(∞)λ∗)α
and (λ − w∗(∞))α∗ in the place of α and β respectively in (18);
the final expression is given in (66) shown at the bottom of
the page.

SINRMF =

N −1∑
n=0

|aH
n an |2

N −1∑
n=0

N −1∑
p=0,p �=n

|aH
n ap |2 +

1
IRR(∞)

N −1∑
n=0

N −1∑
p=0

|aH
n bp |2 +

(
1 +

1
IRR(∞)

)
1

SNR

N −1∑
n=0

N −1∑
p=0

∣∣[AH H−1 ]n,p

∣∣2
. (66)
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In a similar way, for a compensated ZF receiver, we have

ŝ = A−1H−1(y − w∗(∞)y∗)

= (1 − w∗(∞)λ∗)αs + (λ − w∗(∞))α∗A−1H−1H∗A∗s∗

+ (1 − w∗(∞)λ∗)αA−1H−1q

+ (λ − w∗(∞))α∗A−1H−1q∗. (67)

and hence, the corresponding SINR is obtained as

SINRZF =

N · IRR(∞)
N −1∑
n=0

N −1∑
p=0

|[A−1B]n,p |2 +
1+IRR(∞)

SNR

N −1∑
n=0

N −1∑
p=0

∣∣[A−1H−1]n,p

∣∣2
.

(68)

In order to guarantee SINR improvements in GFDM MF
and ZF receivers after the proposed NCLMS based I/Q imbal-
ance compensation, by comparing (18) and (23) with (66) and
(68) respectively, we need IRR(∞) > 1/|λ|2 . Note that this is
also the case which leads to an efficient self-image attenuation
by NCLMS, since 1/|λ|2 is in fact IRR(0), according to (47).
Therefore, based on the analysis in Appendix B, to make this
condition valid, the step-size μ must satisfy

0 < μ <
2|λ|2(1 − |λ|2)
1 + 2|λ|2 − |λ|4 . (69)

Remark 6: It is easy to verify that the upper bound on the
step-size μ in (69) is a monotonically increasing function of |λ|2
for 0 < |λ|2 <

√
2 − 1. This range covers typical I/Q imbalance

situations in receivers, e.q., |λ|2 ≤ 0.0104 for |ε| ≤ 0.1 and
|θ| ≤ 10◦. In other words, the maximum step-size, μmax, for
practical use is roughly 0.02. On the other hand, both the SINR
performance of compensated MF and ZF receivers in (66) and
(68) are monotonically increasing functions of IRR(∞), and
hence, monotonically decreasing functions of the step-size, μ,
based on (40) and (49). Therefore, these SINR improvements
are more pronounced when a smaller step-size μ is employed
by NCLMS, and the ideal SINR situation exists only when μ is
infinitely small.

VI. NUMERICAL SIMULATIONS

In order to verify the analytical performance evaluations of the
proposed NCLMS based blind I/Q imbalance compensation for
GFDM receivers, computer simulations were conducted based
on GFDM transmission systems with K = 128 subcarriers and
M = 5 subsymbols in the data block. A root raised-cosine filter
with a roll-off factor at 0.1 was used as the prototype filter of
GFDM [3], [4], [37]. The constellation used for symbol map-
ping was the 16-QAM and the length of CP was 32. A 9-tap
static Rayleigh channel was chosen, whose power-delay-profile
is given in [6], and white Gaussian noise was added to give a
signal-to-noise ratio (SNR) at 20 dB. All the simulation results
were obtained by averaging over 1000 independent trials.

We first considered a severely I/Q distorted GFDM receiver
with an amplitude mismatch of ε = 0.1 and a phase mis-
match of θ = 10◦. Fig. 1 shows the theoretical and simulated

Fig. 1. Comparison of the theoretical and simulated learning curves for the
weight error variances in both the I and Q channels, that is, ϕ2

r (n) and ϕ2
j (n),

of the proposed NCLMS compensator, with step-sizes μ = {0.005, 0.015}.

Fig. 2. Steady-state weight error variances in both I and Q channels of the
proposed NCLMS compensator, that is, ϕ2

r (∞) and ϕ2
j (∞), against different

step-sizes μ.

convergence behaviors of weight error variances in the I and
Q channels, that is, ϕ2

r (n) and ϕ2
i (n), within the NCLMS

compensator, and the effects of different step-sizes, μ. The
theoretical results were obtained by using the proposed full
second order performance analysis in (38) and (39) and based
on the duality of second order signal statistics between the
bivariate real and complex domains in (43). A remarkable
agreement was observed between the analytical and simulated
results during the entire convergence. The simulation results
are in line with Remark 2, which states that the improperness
of the weight error ϕ(n) is iteratively calibrated during the
I/Q imbalance compensation process. This is evidenced by its
variance discrepancies (emphasized by the ellipses) in the I
and Q channels becoming closer during the convergence. As
discussed in Remark 3, when NCLMS arrives at its steady-state
stage, the weight error ϕ(∞) becomes purely proper, in theory.
As a result, the weight error variances in the I and Q channels,
that is, ϕ2

r (∞) and ϕ2
j (∞), become identical. In other words,

both channels make equal contribution to the self-image cancel-
lation capability of the compensator, according to (45) and (49).
This analysis is supported by Fig. 2, where the steady states for
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Fig. 3. Comparison of the theoretical and simulated steady-state IRR in both the I and Q channels, that is, IRRI (∞) and IRRQ (∞), of NCLMS with different
step-sizes μ. (a) λr = −0.0245, and (b) λr = 0.

TABLE I
COMPARISON OF THEORETICAL AND SIMULATED SINR (DB) OF AN MF RECEIVER BEFORE AND AFTER THE PROPOSED NCLMS BASED I/Q IMBALANCE

COMPENSATION, WITH DIFFERENT VALUES OF μ, ε AND θ. THE IDEAL SINR IS 18.57 DB

the I and Q channels, ϕ2
r (∞) and ϕ2

j (∞), are plotted against
different step-sizes, μ, from 0.0001 to 0.02. The close match
between the analytical and empirical results was observed.

The proposed full second order performance analysis also
enables us to decouple and subsequently to quantify the impacts
of self-image interference introduced by amplitude and phase
mismatches on the I and Q channels, both before and after
the proposed compensation. This is demonstrated in Fig. 3(a),
where the steady-state IRRs of both the I and Q channels, that is,
IRRI (∞) and IRRQ (∞), achieved by NCLMS and evaluated
by (63) and (64), were compared with their simulated coun-
terparts for different step-sizes μ. Their initializations IRRI (0)
and IRRQ (0), calculated by (55), are also provided, serving as
benchmarks. The considered I/Q imbalanced GFDM receiver
was with ε = 0.05, θ = 8◦, and consequently, λr = −0.0245.
The simulations in Fig. 3(a) conform with our analysis in Re-
mark 5 which states that between the I and Q channels, the
difference of the power ratio between the desired signal and its
image interference component does exist, no matter before or af-
ter the compensation. This physical property of I/Q imbalanced
receivers is introduced by a nonzero λr , and hence, vanishes
only when λr = 0, as shown in Fig. 3(b). Both Fig. 3(a) and
Fig. 3(b) validate our proposed IRR evaluations in both the I
and Q channels and against different step-sizes; we also observe
that NCLMS achieved enhanced image attenuations in both the
I and Q channels, especially when a smaller step-size μ was
employed, although at a cost in convergence properties.

In the next stage, the self-image attenuation capability of the
NCLMS compensator was further evaluated in terms of SINR
of GFDM receivers. Theoretically, due to insufficient degrees
of freedom, blind methods cannot decouple the channel effects
from the exact I/Q imbalance amount of the receiver. Therefore,
in this experiment, perfect channel information was assumed to
be known. Table I and Table II illustrate that considerable SINR
improvements in both MF and ZF receivers were achieved by
NCLMS, especially with a small step-size μ. Those improve-
ments were robust over different I/Q mismatches, while due
to the underlying physics, ZF receivers inherently had better
immunity to self-interference than their MF counterparts for
identical I/Q imbalance situations. Again, the theoretical SINR
evaluation of both MF and ZF receivers by using (66) and (68)
accurately described their simulated SINRs in different I/Q im-
balance scenarios.

In the last set of simulations, we investigated the robust-
ness of the proposed I/Q imbalance compensator when inte-
grated with GFDM receivers in terms of uncoded bit error rate
(BER). The simulated MF and ZF receivers were contaminated
by identical I/Q mismatches with ε = 0.1 and θ = −8◦. Their
compensated and equalized GFDM data were respectively ob-
tained by using (65) and (67), and were further used for the
BER evaluation. The BER results of both receivers before and
after the proposed compensation are plotted in Fig. 4(a) and (b)
as functions of the SNR and the step-size μ. Several interest-
ing phenomena can be observed from Fig. 4(a). First, before
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TABLE II
COMPARISON OF THEORETICAL AND SIMULATED SINR (DB) OF A ZF RECEIVER BEFORE AND AFTER THE PROPOSED NCLMS BASED I/Q IMBALANCE

COMPENSATION, WITH DIFFERENT VALUES OF μ, ε AND θ. THE IDEAL SINR IS 30.01 DB

Fig. 4. BER performance of MF and ZF receivers before and after I/Q imbalance compensation against (a) different SNRs and (b) different step-sizes μ.

the compensation, unlike the ideal situation, the I/Q imbalance
made no obvious BER difference between MF and ZF receivers.
Second, their BERs became nearly saturated in the high SNR
region, e.g., SNR > 25 dB, so that even increasing the operating
SNR did not bring obvious performance improvements. This
is because the self-interference introduced by I/Q imbalance
was dominant, as compared with the additive channel noise.
On the other hand, after applying the proposed NCLMS based
I/Q imbalance compensator, the immunities of MF and ZF re-
ceivers to bit error were greatly improved. As expected, a smaller
step-size μ enabled the proposed compensator a more accurate
data recovery in both MF and ZF receivers, as demonstrated
by Fig. 4(b).

VII. CONCLUSION

In order to alleviate the performance deterioration introduced
by I/Q imbalance on generalized frequency division multiplex-
ing (GFDM) direct-conversion receivers, a normalized com-
plex least mean square (NCLMS) based blind compensator has
been proposed, together with a novel full second order perfor-
mance analysis, established by investigating the evolutions of
the weight error covariance and complementary covariance in
both the transient and steady-state stages. In this way, we have
conducted an accurate evaluation of its excellent self-image at-
tenuation capability via a rigorous image rejection ratio (IRR)

analysis, and have provided intrinsic physical insights underly-
ing the proposed NCLMS compensator. We have also shown
that, as a byproduct of its adaptive I/Q imbalance compensation
process, the weight error coefficient becomes purely proper in
theory. An important finding is that, after the compensation, the
I and Q channels contribute equally to the overall self-image
attenuation performance, although the individual IRR situations
along I and Q channels are in general different. In addition,
the proposed full second order performance analysis has facil-
itated closed-form relationships between the improvements in
both IRR and signal-to-interference plus noise ratio (SINR) by
NCLMS and its step-size for GFDM matched filter (MF) and
zero forcing (ZF) receivers. Simulations using GFDM wave-
forms support the analysis.

APPENDIX A
DETAILED DERIVATION OF λr = 0

According to the definition of the imbalance coefficient λ,

λ
Δ=

β

α∗ =
βr + jβj

αr − jαj

=
αrβr − αjβj + j(αjβr + αrβj )

α2
r + α2

j

, (70)
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where,

λr =
αrβr − αjβj

α2
r + α2

j

. (71)

Based on (6) and (7), we obtain

αr =
1 + (1 + ε) cos(θ)

2
, (72)

βr =
1 − (1 + ε) cos(θ)

2
, (73)

αj = βj = − (1 + ε) sin(θ)
2

. (74)

A substitution of (72), (73) and (74) into (71) yields

λr =
1 − (1 + ε)2

1 + (1 + ε)2 + 2(1 + ε) cos(θ)
. (75)

It is then straightforward to see that λr = 0 occurs when the
amplitude mismatch ε = 0 or ε = −2, however, the latter is not
physically reasonable for practical I/Q imbalance modeling.

APPENDIX B
BOUND ON THE STEP-SIZE μ FOR AN EFFICIENT I/Q

IMBALANCE COMPENSATION

In order to achieve IRR(∞) > 1/|λ|2 , based on (49), we have

(1 − |λ|2)2

κ(∞)
+ |λ|2 >

1
|λ|2 , (76)

and after a few mathematical manipulations, this is equivalent
to considering

κ(∞) <
|λ|2(1 − |λ|2)

1 + |λ|2 . (77)

Now, a substitution of (40) into (77) yields (69).
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