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Abstract. A backpropagation learning algorithm for feedforward neural networks with an adaptive
learning rate is derived. The algorithm is based upon minimising the instantaneous output error and
does not include any simplifications encountered in the corresponding Least Mean Square (LMS)
algorithms for linear adaptive filters. The backpropagation algorithm with an adaptive learning rate,
which is derived based upon the Taylor series expansion of the instantaneous output error, is shown
to exhibit behaviour similar to that of the Normalised LMS (NLMS) algorithm. Indeed, the derived
optimal adaptive learning rate of a neural network trained by backpropagation degenerates to the
learning rate of the NLMS for a linear activation function of a neuron. By continuity, the optimal
adaptive learning rate for neural networks imposes additional stabilisation effects to the traditional
backpropagation learning algorithm.
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1. Introduction

Algorithms based upon the recursive solution of the Wiener filter, have been heav-
ily used in both linear and nonlinear real-time applications. In the area of linear
adaptive filters, the most popular algorithm is the Least Mean Square (LMS) al-
gorithm. However, its inherent limitations have forced researchers to try to improve
its performance, through, for instance, the Normalised LMS (NLMS) [1, 2], a pos-
teriori LMS [2], or through an adaptive learning rate. The idea behind the variable
learning-rate LMS is that the algorithm runs with a large learning-rate (step-size),
when the algorithm is far from the optimal solution, thus having a large conver-
gence rate, whereas the algorithm runs with a small step-size when near the optimal
solution, so as to achieve a low level of misadjustment. The criteria which have
been proposed for the step-size adaptation are: squared instantaneous error [3];
sign changes of successive samples of the gradient [4]; reducing the squared error at
each instant [5]; cross correlation of input and error [6]; square of a time-averaging
estimate of the autocorrelation of two consecutive error terms [7]. However, the
use of the above algorithms is rather application oriented, and generally limited to
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only time-invariant, stationary systems. In addition, these algorithms are sensitive
to noise [7]. Stabilisation for LMS has been achieved through the NLMS algorithm,
but its derivation is rather involved, and requires the use of the Lagrange Multipliers
method [8].

In the area of nonlinear adaptive processors, backpropagation is the most widely
used gradient based algorithm. However, the analysis of adaptive learning rate
in backpropagation has received little attention. The most popular algorithm for
backpropagation with an adaptive learning rate is the delta-bar-delta rule [9], which
also suffers from sensitivity to noise and relative instability [10, 11]. A further
attempt to improve backpropagation-based algorithms wasptigteriorigradient
algorithms for neural networks [12].

Here, we derive the optimal time-varying learning rate for a nonlinear adaptive
neural network based upon backpropagation, which rests upon the value of instant-
aneous error, rather than on some statistical, or some empirical approach, as in the
linear adaptive case.

2. The Optimal Step Size for a Single Neuron Neural Network

The equations that define the adaptation in backpropagation neural networks with
one neuron are

e(k) = d(k) — @ (W' (k)X (k) (1)
W(k + 1) = W(k) — n Ve (k) 2)

wheree(k) is the instantaneous error at the output neuebi) is some teach-
ing (desired) signalw(k) = [w1(k), ..., wy(k)]” is the weight vectorX(k) =
[x1(k), ..., xy(k)]" is the input vector, and-)” denotes the vector transpose.
The learning ratey is supposed to be a small positive real number. The nonlinear
activation function of a neuron is denoted &y

Equation (2) can be rewritten as

W(k 4+ 1) = w(k) + 2n®’ (W' (k)X (k)) e(k)X (k) (3)

By expanding the error term (1) with a Taylor series, we obtain

k4D = e+ ae((k))Aw,(k)
=1 o (a)

1 aZe(k)
+2121:/2;8w(k)8 0 Aw;(k)Aw; (k) + - - -

where only the first two terms will be considered.
From (1), the first partial derivatives can be obtained as
de(k)

= - (W ()X(k))x;(k) i=1,2,...,N (5)
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and from (3), the weight correction is obtained by
= 2n®" (WI (k)X (k) e(k)x;(k) i=1,2,...,N

Now, combining (4), (5), and (6), we obtain

N
ek +1) = e(k) — 27 [® (W ()X(0)]"e() Y x2(k) @)

The instantaneous squared error is therefore given by

?(k +1) = e*(k) [1 2n[@ (W ()X (0))] sz(k):| (8)

In order to obtain the minimum of (8), we differentiate with respecttand
obtain the optimal value of learning rate »r (k) for a backpropagation trained
perceptron as

1
k) = 9
nopr (k) 2[d>’ (WT(k)X(k))]ZZlNl 20 9)

Denoting the termw’ (k)X (k) by net(k), and recognising thazfvzlxl?(k) =||
X (k) ||?, we obtain the following final expression fop p7 (k)
1

= l
101 ®) = e et G | X (O 2 (10)

Notice that this relationship is closely related to the learning rate in the NLMS
algorithm for linear adaptive filters. Indeed, for a linear activation function of a
neuron, the adaptive learning rate from (9) becomes exactly the learning rate in the
NLMS algorithm. For a nonlinear activation function of a neuron, the learning rate
becomes normalised by the tap input power of the input signal to a perceptron,
multiplied by the squared derivative of the nonlinear activation function at the
current pointrer (k). Hence, we will refer to the result from (9) and (10) as the
Normalised Backpropagation (NBP) algorithm for neural networks consisting of a
single perceptron.

3. The Adaptive Step Size Algorithm for a Multilayer Backpropagation
Network

The NBP algorithm for a general feedforward neural network trained by back-
propagation can be derived from the corresponding algorithm for a single per-
ceptron. For simplicity, we consider a general feedforward network with an ar-
bitrary number of hidden layers, and corresponding neurons, and with only one
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output neuron. The notion of local gradienis introduced [10] such that the local
gradients{" (k) for the neuron in thé/th (output) layerLt,, is

5 (k) = @' (net{””(k)) e(k) (11)
whereas for théth neuron in thgl — 1)th hidden layett,_4, the local gradient is

5/ P (k) = @' (nez,.”*”(k)) Y wi ks 1<i<M, iedLiy (12)

JjeLy

Here, the activation of a neurolf ™ (k) given byy" . w{';V(k)y{~? (k) is denoted

by netl.(l_l) (k). Then, at the time instarit, the correction to the weight connecting
the ith neuron in the(l — 1L)th layer and thejth neuron in the(l — 2)nd layer
Aw{' 7P (k) becomes (9)

Aw TP (k) = 20z, (k)8 (k) (13)
where the input signal to theh neuron in thel — 1)th layer is

x;(k), neuroni in the first layer

yj(k), neuroniinlayerl, 1<l <M (14)

zj(k) = {
Notice that due to (11)—(13), all the local gradients in a general network, and
therefore all the weight corrections in the network at the time instatiecome
multiplied by the instantaneous output eregk). Now, recognising the connection

between the termaw,’; ¥ (k) and - ?ff’l‘f(k), and undertaking the same procedure

L]

as for the case of a single perceptron, we obtain

norr (k) =
1

M 2
2 |:<D/ (neti )(k)> ZiEiM_l le(k)+ : '+Zm€£1 831 (k) Zne£0 xi%(k):|

(15)

Although straightforward, the backpropagation algorithm with the optimal adapt-
ive learning rate for a general multilayer feedforward network depends on the size
and topology of a particular network, and its mathematical expression can be rather
clumsy. However, the learning rateis again normalised by the sums of total tap
input power to every neuron in the network, multiplied again by the square of
appropriate local gradienss

4. Conclusions

We have derived the Normalised Backpropagation algorithm (NBP) for a class
of feedforward neural networks. The algorithm runs with an adaptive learning
rate which is based upon thé&, norm of the appropriate input vector and local
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gradient at the neuron. The algorithm is derived from the instantaneous output
error of the network, based upon the Taylor series expansion of the output error.
No ad hoc rules, such as in the frequently considered Least Mean Square (LMS)
algorithm with an adaptive step size, are included. The algorithm shows behaviour
correspondent to that of the Normalised Least Mean Square (NLMS) algorithm,
and by continuity, imposes additional stability on the backpropagation algorithm.
This makes the NBP algorithm likely to be very useful in real time applications,
such as nonlinear prediction of statistically nonstationary signals.
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