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Abstract

Nonlinear system identification and prediction is a complex task, and often non-parametric
models such as neural networks are used in place of intricate mathematics. To that cause,
recently an improved approach to nonlinear system identification using neural networks was
presented in Gupta and Sinha (J. Franklin Inst. 336 (1999) 721). Therein a learning algorithm
was proposed in which both the slope of the activation function at a neuron, f§, and the
learning rate, u, were made adaptive. The proposed algorithm assumes that n and S are
independent variables. Here, we show that the slope and the learning rate are not independent
in a general dynamical neural nétwork, and this should be taken into account when designing
a learning algorithm. Further, relationships between 1 and f are developed which helps reduce
the number of degrees of freedom and computational complexity in an optimisation task of
training a fully adaptive neural network. Simulation results based on Gupta and Sinha (1999)
and the proposed approach support the analysis.
© 2003 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The backpropagation (BP) algorithm is the most widely used learning algorithm
for multilayer feedforward neural networks. It is known that the convergence rate of
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the BP algorithm is slow and the algorithm is susceptible to local minima.
Furthermore, for convergence, the learning rate parameter #, in the gradient
descent-based algorithm must be constrained according to the eigenanalysis of the
correlation matrix of the input signal [1]. To this cause, optimization techniques have
been developed that aim to increase the convergence rate and transform the learning
algorithm so as to reduce the risk of local minima. Such adaptive algorithms include
the momentum algorithm [2], normalised nonlinear gradient adaptive algorithms [3],
adaptive slopes in the activation function [4] and various gradient adaptive learning
rates [5-7]. Apart from the weights, the two parameters most often chosen to be
adaptive are the learning rate, # and the slope of the nonlinear activation function, f.

This paper follows the approach given in [8], and provides an insight into the
dependence relationship between the learning rate, #, and the slope of the activation
function, f, within the framework of [9], thus reducing the number of degrees of
freedom in the model. It is shown that it suffices to adapt only one of the two
proposed parameters without any degradation in performance of the algorithm.
Experimental results that employ an adaptive f confirm the analysis.

2. The delta-bar-delta with adaptive slope algorithm
Recently, a learning algorithm that uses the delta-bar-delta rule and an adaptive

gain, f3, in the activation function was proposed [9]. The adaptive learning rate, #, is
calculated using Jacob’s heuristics [10] to give

K if Stk —1)D(k) >0,
An(k) =< —ynlk — 1) if Stk — 1)D(k) <0, (1)
0 otherwise,
where
oJ(k
D) =50 ®)
and
S(k) = (1 = &D(k) + ¢Sk — 1), 3)

where ¢ and y are small positive constants and J(k) = 1/N Y e*(k), denotes the
objective function calculated as the mean squared error. The learning rate update
term is increased by a constant, x or decreased exponentially by a term controlled by
y. This algorithm effectively belongs to the class of sign algorithms [1].

The gain in the activation function in [9] is also being adapted according to a
gradient descent-based approach as

oJ(k
AB(k + 1) = —nﬁ%

_ ngo(kyulk)
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where 7, denotes the step size of the slope adaptation algorithm, d(k) the local
gradient and v(k) the input to the nonlinear activation function. Here, notice that
both # and f are being adapted. The algorithm proposed in [9] provides important
results, as the learning rate for each synaptic weight is adapted according to a variant
of the sign algorithm, and the slope of the activation function is adapted using a
gradient descent-based approach. This does not provide consistency in the model but
helps with the sensitivity of the algorithm compared to the original delta-bar-delta
which employs a gradient adaptive-based approach [1]. The proposed algorithm
indicates that the two adaptive parameters # and f are independent, which we
address here.

The purpose of this paper is to show that the two parameters in [9] that have been
made adaptive and assumed to be independent are connected by (for a
comprehensive proof, consult Appendix A) [§]

n® = np, Q)

where #R is the learning rate in a referent network for R = 1. The fully adaptive
algorithm proposed in [9] is a rigorous algorithm, as the experimental results in the
paper clearly show. However, the system is dependent on two initial conditions, 7,
and f,. Reducing the number of degrees of freedom from the model will result in
some drift in performance due to the truncation of learning rates at each neuron. It is
obvious that the relationship between # and f is strong for models with a single
learning rate and gain at every neuron. However in the delta-bar-delta algorithm,
each synaptic weight has its own learning rate increasing computation complexity,
and sensitivity [1].

3. Sensitivity analysis and discussion

The proposed algorithm in [2] improves on the previously derived gradient
adaptive delta-bar-delta algorithm, which is sensitive in the transient state, by
adopting a sign variant alternative for the adaptation of the learning rate #.
However, a learning rate at each weight within the neural network still results in a
sensitive model that is computationally expensive. This paper shows that the
proposed algorithm in [9] can be reduced in complexity by adopting the adaptive
slope in the activation function as defined in Eq. (4) without a noticeable decrease in
performance. However, we have highlighted the relationship between the learning
rate, 1, and the slope of the activation function, f8. It can also be shown that adopting
an adaptive learning rate results in a less sensitive neural network. To demonstrate
this, consider a simple dynamical neuron where @(-) denotes the nonlinearity at the
neuron and x(k) = [x1(k), x2(k), ..., xy(k)]" the input to the neuron for which the
weight update algorithm is given by

w(k + 1) = w(k) + ne(k) B2 (Bx" (kyw(k))x (k). (6)
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Therefore, for small #, the sensitivity of the weight update Aw(k) to n can be
expressed as

OAw(k
> W) _ petya (pxT yw(k)x(k), ™
whereas the sensitivity of Aw(k) to f§ is given by
Aw(k
0 g; ) ne(lx (@ (Bxw(k)) + B8 (BT (w(k)x T (w(o)] ®)

From Egs. (7) and (8) it is clear that changing either the learning rate or the slope of
the activation function has a direct effect on the other. Generally, for reasonable
ranges of ff and 5 the weight update algorithm is less sensitive if we choose to update
the learning rate.

4. Experimental results

To show the relationship between the learning rate, n and gain [ the same
experiment was performed on two different feedforward neural networks. The task
involves prediction of a speech signal, shown in Fig. 1. The first neural network was
initialised with § = 1, wy, and = 0.3 and the second neural network was initialised
with =2, wo/f, and n = 0.075, preserving dynamical relationship in Eq. (5).
Fig. 2(a) shows the prediction error for the first neural network, and Fig. 2(b) shows
the prediction error for the second neural network. Careful examination shows that
both the prediction errors are identical at the same time instant, thus confirming the
relationship between # and f.
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Fig. 1. Speech signal.
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Fig. 3. Comparison of adaptive algorithms.
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The second experiment was prediction of a known input signal, u(k), defined by
u(k) = sin(2nk/250), 1<k<500 with the fully adaptive delta-bar-delta (FADBD)
algorithm given in [9] and the adaptive slope part of the FADBD algorithm as
defined by Eq. (4) with 3 =0.5, ¢ =0.7, 5y = 0.3, f =1 and x = 0.01. It is clear

from Fig. 3 that the performance of the backpropagation with adaptive slope

(BPAS) algorithm closely matches that of the FADBD algorithm in [9]
performance curves show some drift that is accounted for by the truncation of
learning rates in the BPAS algorithm, however the computation complexity is greatly

. The

120

Fig. 2. Prediction errors for (a) f = 1 and (b) f = 2. (a) Prediction error with = 1. (b) Prediction error



368 A.L Hanna, D.P. Mandic | Journal of the Franklin Institute 340 (2003) 363-370
5. Conclusions

The relationship between the learning rate, # and the slope of the activation
function f has been highlighted in the framework of the results from [9], which uses
an adaptive learning rate together with an adaptive slope in order to achieve better
identification of nonlinear systems. It has been shown that only either the learning
rate or the slope need be made adaptive thus reducing the number of degrees of
freedom and computational complexity. This way the sensitivity and stability of the
delta-bar-delta algorithm have been improved. Experimental results have shown the
performance of the proposed algorithm consistent with that in [9].

Appendix A

To show the relationship between 5 and f3, two isomorphic feedforward neural
networks are used with outputs y(k) and yR(k).! In the analysis it must be shown that

y(k) = yR(k) < d(net(k)) = dR(net®(k)), (A.1)

where  x(k) = [x;(k), x2(k), ..., xy(k)]"  denotes the tap input, w(k)=
[wi(k), wa(k), ..., wy(k)]" the weight vector, @(-) the nonlinearity at the activation
function and net(k) = x"(k)w(k). Following the approach in [8] we can show
that,

O(net(k)) = PR (ner®(k))
< OR(Bnet(k)) = OR(net® (k))
< Pnet(k) = net® (k)
< B(x! ()w(k)) = x" (k)w" (k)

< pw(k) = wR(k), (A.2)
leaving the term pw(k) = wR(k). Since w(k) = w(k — 1) + Aw(k — 1) it follows that,
BAW(k) = AwR(k). (A.3)

Knowing that Aw(k) = no(k)x(k), where d(k) denotes the local gradient, it can be
shown that

Préx(k) = n®o® (kyx(k)
< pnd(k) = n®o" (k)
< pno(k) = fno" (k)
< (k) = poR(k). (A4)
There are now two cases for d(k) = foR(k), the first is in the output layer and the
second is in the hidden layer. Letting the subscript (-); (k) denote parameters in the

'The superscript (-)® denotes the terms in the referent network where g* = 1.
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output layer and (-);(k) denote the parameters in the hidden layer we state,

oL(k) = @' (net(k))e(k), (A.5)
Nigy

81i(k) = ®'(net; (k) > Spe1, jWisr i js (A.6)
=1

J=

where N, denotes the number of neurons in layer / and wy; ; the weight connecting
neuron i in layer (/ — 1) to neuron j in layer /. For a neuron in the output layer, it
stands that,

BL@ (nett (k))e® (k) = @' (nety (k))e(k). (A7)
From Eq. (A.1) it follows that eR(k) = e(k) to give,
PL@ (nety (k) = @' (nety. (k)
< Lo (BLnet(k)) = @' (netr (k)
< OR(B net(k)) = D(nety (k)). (A.8)
For a neuron not in the output layer we obtain,
B0 (k) = 6,(k)

Niyi

< B @R (net () Y 55 (k)W) (k)
i=1
Nis

= P (net(k) > 1wy (k). (A.9)
i=1

We have already shown in Eq. (A.8) that B @'R(netR(k)) = @' (netr(k)) so we are left
with,

Nt Nig
> U () = S Uewi (k)
i=1 i=1
Nig Nigi
= > 00w =Y drR)w (), (A.10)
i=1 i=1

therefore 5}11(k)/3, +1 = 0+1(k). Returning to the weight update algorithm we get
wR(k) = wR(k) + AwR (k)
=wR(k) + pAw(k)
=wR(k) + pré(k)x(k)
= wR(k) + B (k)x(k)
=wR(k) + nRR (k)x(k). (A.11)

From the last two lines of Eq.(A.l11) it can be shown that two isomorphic
feedforward neural networks behave the same in the dynamic sense if

n® = np’ (A.12)
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thus the relationship of learning rate and gain in a feedforward neural network has
been established.
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