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ABSTRACT

A Quaternion Least Mean Phase (QLMP) algorithm is intro-
duced for phase-only adaptive filtering of quaternion-valued
signals. This is achieved by first defining the notion of phase
in the quaternion domain based on the exponential representa-
tion of quaternion random variables, and then using the HIR-
calculus to derive a steepest-decent weight update. The ad-
vantages of this adaptive algorithm are illustrated in a bear-
ings only tracking scenario, where the QLMP is shown to
outperform the amplitude-phase based quaternion Least Mean
Square (QLMS).

Index Terms— Quaternions, adaptive signal processing,
phase estimation, bearings only tracking.

1. INTRODUCTION

Recent advances in technology have brought to light new
three- and four-dimensional sensors, such as inertial body
sensors and three-dimensional anemometers. To fully exploit
the multidimensional statistics of such data, signals from
such sensors should be processed in the multidimensional
domain where they reside [1,2]. Quaternions provide a nat-
ural representation for three- and four-dimensional data, and
they have become a platform for developing signal process-
ing algorithms for such data sources [3,4]. Applications
include computer graphics, satellite navigation, and aeronau-
tics (see [1-5]).

When dealing with three- and four-dimensional signals,
phase becomes particularly interesting, especially in applica-
tions where the amplitude information is either not important
or is corrupted. Quaternions provide a straightforward repre-
sentation of rotation and orientation in three dimensions, as in
comparison toother methods, such as Euler angles and matrix
transformations, quaternion representation is more compact,
accurate and helps to avoid gimbal lock [6,7]. Since for
describing rotation and orientation only unit quaternions are
needed, the amplitude does not carry any information, and
therefore the performance of any estimation method in such a
scenario can be assessed based on the error in the phase only.

The Mean Square Error (MSE) is the most frequently
used error measure for signal processing algorithms. It forms
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the basis of mainstream adaptive filtering algorithms, such
as the Least Mean Square (LMS). Originally, the LMS was
introduced for real-valued signals and was extended to the
complex domain in [8]. A quaternion LMS (QLMS) has been
introduced only recently in [9] for unified filtering of three-
and four-dimensional data, and has been shown to converge
faster and to have enhanced stability compared to the multi-
channel LMS.

In the complex domain, the Least Mean Phase (LMP)
adaptive filtering algorithm introduced in [10] was developed
based on the phase error of complex variables. Within the
cost function designed from the phase error, both the gradient
of the squared error and the gradient of the phase error were
used to update the filter weights. The algorithm was tested
for channel estimation in communications. The Least Mean
Magnitude Phase (LMMP) algorithm introduced in [11] de-
composes the squared error cost function into two parts: error
of the amplitude and a function related to the phase error.
The gradient of each part is calculated individually, and sepa-
rate step sizes are used for the respective weight updates. The
LMMP was validated for channel equalization in the presence
of Doppler shift due to physical motion and in array process-
ing, outperforming the complex LMS in both scenarios.

Unlike the complex domain, there is no straightforward
definition of phase in the quaternion domain, yet phase-based
filtering is very natural for quaternion data. To address this,
we first give a brief background on quaternion algebra and
the HR-calculus. Then a notion of phase in the quaternion
domain is introduced, in order to define a cost function based
on the phase of quaternion random variables. Using the gra-
dient of this cost function we develop the Quaternion Least
Mean Phase (QLMP) adaptive filter. The performance of this
adaptive filter is verified using both synthetic data and in a
bearings only tracking scenario, where the proposed QLMP
outperforms the QLMS.

2. BACKGROUND

A quaternion variable ¢ € H consist of a real part t(q) = qo,
also referred to as the scalar part or S, and a vector part V,
called a pure quaternion (q) = iq1 + jgo + kqs [12]. The
vector part comprises of three orthogonal imaginary units ¢, j

6419



and k. An arbitrary quaternion ¢ can be expressed as
g =R(q) +3(q) = qo +iq1 + jgz + kas (M

where qo, q1, g2, g3 € R. The three form an orthogonal basis
and follow the multiplication rules

ij =k jk=iki=jijk=i*=k>=j2=—-1. (2)

Observe that, as a result, quaternion multiplication is not com-
mutative (ab # ba).

The quaternion conjugate, ¢* is given by ¢* = qo — iq1 —
jq2 — kqs, while the norm of ¢ is given by

lall=vag* = \/Q§+q?+q§+qi

and corresponds to the Euclidean distance from the origin.
For ¢, u € H, the involution of ¢ around  is defined as

¢" = pgp? ©)

The geometric interpretation of involution is a rotation
of the imaginary part of ¢ around p by 20, where p =
1 (cos(@) + ‘Jg”g‘ sin(@ )) [5]. Of special interest are invo-
lutions for i = 14, j, k which are given by

q' = —iqi = qo +iq1 — jg2 — kqs

¢' = —jqj =qo —iq1 + jg2 — kg3 C))

" = —kgk = g0 —iq1 — jgo + ka3

where qo, q1, q2, q3 are the real and imaginary parts of ¢ de-
fined in (1). These rotations can be used to extract each com-
ponent of a quaternion as follows

—¢ —q")
(5)

1 o ,
qOZZ(q+ql+q"+q’“), a=—=(¢g+q

(a—d"— ¢+

N RN

1 .
¢ =701 +q¢—q"), ¢s=

To perform optimization or adaptive filtering in the
quaternion domain, the gradient or the stochastic gradient
of a cost function must be obtained; however, the Cauchy-
Riemann Feuter (CRF) conditions for quaternion analytic-
ity [13]

Origntf _ l( + of ; i+ of Of 1y —
: Jj+5=-k)=0
{ﬁﬂ f 4 aqo Iq1 qu 6‘q3 (6)

1 fird
i = (5L +igh v gk +kgt) =0

impose severe limitations on the range of analytic functions
possible. For example, cost functions are real functions of
quaternion variables and are not analytic and thus not dif-
ferentiable in H. Using the equations in (5) and establish-
ing a duality between R* and H], a framework for calculat-
ing derivatives of quaternion functions, whether analytic or
not, has been presented in [4, 14], and was termed the HR-
calculus. Within the HR-calculus it was established that the

direction of steepest decent is given by — of
One of the most important functions in signal processing
is the exponential function. Generally, the exponential of any

number can be represented by the sum

X n
4

n!’
n=0

)

el =

This also applies to quaternions and this expansion is conver-
gent in the norm for all quaternions [15].

For any quaternion with a non-vanishing imaginary part,
the following holds: 32%(q) = —|S(q)|?. Thus, the ratio
3(q)/|S(q)| is a square root of —1, and for any quaternion
q we can write

q=|q| (cos(0) + Csin(0)) =| q | e’ ®)
where ¢ = qui‘ and 0 = arctan(l‘mfgggl ). This formula al-

lows for a 51mple description of rotation in H.

Consider the polar representation of ¢ given in (8), where
¢ is a normalized projection of ¢ on the vector part of H.
Given that (2 = —1, ¢ and the real axis define a two-
dimensional plane in H, which is isomorphic to the complex
domain and contains ¢. In this subspace, 6 denotes the angle
between the real axis and ¢, so that we can consider (6 to be
the phase of ¢, as it uniquely describes the orientation of q.

3. QUATERNION LEAST MEAN PHASE
ESTIMATION (QLMP)

Consider the linear estimator y = th, where h is the weight
vector, q is the observation vector, and y is the estimation of
the desired signal d in terms of q. The phase error of the
estimation at time instant £ is given by

€ = Cdk edk - Cyk eyk (9)

Based on the phase error, we can now introduce the following
cost function

J¢>(h/€) = eke;; = ‘Cdkedk - C"Ikeyk|2 (10)

Our objective is to develop an adaptive algorithm that min-
imizes J, by implementing a steepest-decent weight vector
update, to give the update in the form

hk+1 = hk — uvh* J¢(hk) (11)
where p is the step size and V,+ J; (hy,) is the quaternion gra-
dient of the phase only cost function Jy(hy).

3.1. Stochastic Gradient Derivation

Observe from (9) that the phase error ey, is a pure quaternion,
and thus e}, = ek, so that the cost function can be written
as Jy(hy) = —e?. For simplicity of presentation, we shall
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ignore time indices in this section.

The cost function is a real-valued function of quaternion
variables, thus by using the HIR-calculus the gradient of J, =
—e?is Vp+Jy = —(Vp=e)e — e(Vp-€e) where the term

Ve = (Vip=(y)by + Cy(Vh-y) (12)

Note that the gradient Vp-e is a quaternion, and because
quaternions are not commutative (Vy-e)e # e(Vj+e), and
the only gradients that need to be calculated are V-, and
V0.

We start by calculating V- 3(y) and V,«R(y) using the
quaternion conjugate, to give

1 1

1
L = _Vi(y—yS)=—-Zg—= =g* 1
Vi S(y) = 5Va-(y —y7) 197 54 13)
1 " 1 1,
Vi R(y) = §Vh* (y+y*) = L + 54 (14)
Since V- 3(y) = — V-3 (y), by using [S(y)| = /[S(v) /2,
the term V5« |S(y)| now becomes

where

Vi (S®)S"(1) = (VarS(1)) 3" (1) + 3(») (Vi (37 (1))

and the terms V- S$(y) and Vj-$*(y) are given in (13). In
order to find V-6, keeping in mind that |3(y)|/R(y) € R
and using the HR-calculus, we have

. 1S)|
Y)

R(
Vs (y)| S *L
) ( R WY 8?(y)>

(16
ER(U)T Vi=R(y), and V5, |S(y)] is given in

/13l

Vi-S(y)

Vel =

where Vi« os
(15). Since Cy =

1

1
1) S(y)l )
where vh* m |\S(y)|2 vh* ‘\9( )|’ and vh* S(y)‘ is
given in (15). Finally, inserting (16) and (17) into (12) gives
the gradient of the cost function of the proposed Least Mean
Phase (QLMP) adaptive filtering algorithm in the form

Ve Jy =
[
~| (5t ‘“(y)w< >(2)|)9 s

while the weight update equation is given in (11).

3.2. Stability Analysis

Consider the priori and the posteriori estimation errors re-
spectively given by

p(hrar) (18)

er = p(di) — p(hi+1qr) (19)
where p(-) denotes the phase. To calculate the range of u for
which |éx|? < |éx|? thus ensuring convergence in the mean
square sense, we consider the first order Taylor series expan-
sion (TSE) of |éx|? around |é,|? is given by
(Ve |éx|?, Ahy) (20)
where the symbol (-, -) denotes the inner product and Ahy =
hi+1 — hg. From (11) we have Ahy, = —pVp=Jy(hy) =
—uVp+|éx]?, and by replacing into (20) we have |ex|? =
lex]? — u(Vp|éx|?, Vi«|éx|?). Furthermore, considering
that (Vh* ‘ék|2, Vi€ 2> = (Vh* |ék|2)(Vh* 2)* and
Vi J¢ = —(Vh*ék)ék — ék(Vh*ék) the term |ék|2 in (20)
can be written as

lex]” =lex]* = u(Va-lex|*)( )

= |éxl” — pl(Vh=ér)ér + en(Vi-ér)|?

éx = p(dy) —

lexl” = léxl* +

21

By expanding |(V+éx)éx + éx(Vi+éx)|? and using the tri-
angle inequality |(Vp«éx)éx|? < [(Vh-ér)|?|éx|? we have

< ew*(1 — 4p|Vieéxl?)

Thus, to ensure |e;|? < |éx|? it is sufficient to guarantee

ex|?

-

giving the stability bound

O<pu< ——=———
PSSV penl

where Vj«€ was calculated in the previous section and is

given by (12)

4. SIMULATIONS

The performance of the proposed algorithm was first vali-
dated for a synthetic signal with unit amplitude. The signal
was set to oscillate in the % axis in a sinusoidal fashion in the
range of f = 45 — 55 Hz, as shown in Fig. 1. The signal was
corrupted by Additive White Gaussian Noise (AWGN) with
Signal to Noise Ratio (SNR) of 35 dB. The QLMP and QLMS
were implemented in a one step prediction setting, where the
phase of the weight represents the frequency. The learning
rates for both algorithms were set to ;1 = 1073, In this exper-
iment the gradients were normalized to provide a fair com-
parison between the direction of decent in QLMS and QLMP.
Fig. 1 shows the results of the frequency estimation, with the
squared error averaged over 20 realizations shown in Fig. 2.
Observe that the QLMP both outperformed the QLMS and
also converged faster.
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Fig. 1: Frequency estimation of FM-modulated test signal us-
ing QLMS and QLMP.
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Fig. 2: Squared error of the frequency estimation.

4.1. Bearings Only Tracking (BOT)

Bearings Only Tracking (BOT) tracks the bearing of an ob-
ject in a three-dimensional space, and is used when reliable
information about distances is not available or has been cor-
rupted by noise. Expressing rotations in the Cartesian and po-
lar domains requires nine real-valued coefficients, while only
four real-valued parameters (one quaternion) are needed in
the quaternion domain.

In a three-dimensional space any point can be uniquely
described by a set of Cartesian coordinates (z,y,z). The
Cartesian coordinates can be transformed to spherical coor-
dinates (r, 0, \) where, r, 6 and X are the radius, polar, and
azimuthal angle respectively. The coordinates can be trans-
formed into a quaternion as (see [3] and references therein)

g = r(sin(8)cos(A) + icos(d)sin(A)

22
+ jsin(0)sin(X) + kcos(8)cos(A)) 22

As we are interested in bearings estimation, we normalized
the data allowing us to express the trajectory of an object trav-
eling in three-dimensions as a quaternion.

We assumed the bearing measurements to be taken by a
sensor located at the origin, which measures the bearings of
an object in the three-dimensional space every second. The
target was moving at an altitude of 5 km traveling from the
bearing of (—50 km, 3 km) to (50 km, 3 km) at a constant
speed of 600 km/h. The measurements were corrupted by
AWGN to give the SNR of 10 dB. Both filters were initiated
at zero altitude and bearing of (1,0). The bearings of the
target and QLMP and QLMS estimates are plotted on a unit

08
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N
04 —Bearing
02 o QLMS
-- QLMP

Fig. 3: Bearings only tracking .
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Fig. 4: Squared bearings error (dB).

sphere in Fig. 3. While both QLMP and QLMS performed
well, the QLMP exhibited lower bearings error, as shown in
Fig. 4.

The differences in bearings errors between QLMP and
QLMS were largest for samples in the regions (1 — 200) and
(400 — 500) which corresponds to the target approaching and
leaving the sensor location. The samples in the region of
(200 — 400) correspond to the target passing directly in front
of the sensor. In this region the phase changed rapidly causing
an increase in bearings error for both the QLMP and QLMS;
however, the QLMP still performed better than the QLMS.

5. CONCLUSIONS

We have explored the phase in the quaternion domain in or-
der to define a cost function based on the phase error that
is suitable for developing adaptive filtering algorithms. The
Quaternion Least Mean Phase (QLMP) algorithm has been
derived based on the gradient of such a phase-only cost func-
tion, and analysis was carried out to find a range for the step
size where the adaptive filter remains stable. The performance
of the QLMP has been verified using both synthetic data and
in a bearings only tracking scenario and was benchmarked
against the magnitude-phase based QLMS.
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