Signal Processing 160 (2019) 316-327

journal homepage: www.elsevier.com/locate/sigpro

Contents lists available at ScienceDirect

Signal Processing

SIGNAL

PROCESSING

A class of multidimensional NIPALS algorithms for quaternion and n

tensor partial least squares regression

Check for
updates

Alexander E. Stott*, Bruno Scalzo Dees, Ilia Kisil, Danilo P. Mandic

Department of Electrical and Electronic Engineering, Imperial College London, London SW7 2AZ, UK

ARTICLE INFO ABSTRACT

Article history:

Received 24 October 2018
Revised 8 February 2019
Accepted 3 March 2019
Available online 4 March 2019

Keywords:

Multidimensional signal processing
Partial least squares

Component analysis

Latent variables

Matrix factorisation

Quaternion and tensor-based signal processing benefits from exploiting higher dimensional structure
in data to outperform the corresponding approaches using multivariate real algebras. Along with the
extended range of processing options, these methods produce opportunities for a physically-meaningful
interpretation. In this paper, we propose a class of novel partial least squares (PLS) algorithms for tensor-
and quaternion-valued data, the widely linear quaternion PLS (WL-QPLS), the higher order nonlinear
iterative PLS (HONIPALS) and the generalised higher order PLS (GHOPLS). This enables a regularised
regression solution along with a latent variable decomposition of the original data based on the mutual
information in the input and output block. The performance of the proposed algorithms is verified
through analysis, together with a detailed comparison between quaternions and tensors and their
application for image classification.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Multidimensional signal processing deals with higher dimen-
sion variables. The rich structure in direct multidimensional pro-
cessing offers a better treatment for many types of recorded data
compared to interpreting them as separate variables in a multi-
variate system. Two such techniques are given by quaternions and
tensors. The quaternion number system offers a 4D algebra with
which to treat data, whereas tensors consider a generic, multilin-
ear approach. Each technology has arose separately, whereby the
quaternions are an extension of complex numbers and tensors are
an extension of linear algebra concepts. However, there are clear
links between the two, a concept we explore in this paper. So far,
these methods have found many applications, such as: (i) power
grid frequency estimation [1,2], (ii) image classification [3,4] and
(iii) sensor network data [5,6]. These types of application are be-
coming more prevalent due to recent technological advances [7].

One such application, at the core of many data science and sig-
nal processing applications, is that of estimation. Specifically, it is
desired to predict one dataset from another. In the case of linear
regression, the problem is to predict the dependent variables (re-
sponses) as a linear combination of the independent variables (pre-
dictors). For an extension of this concept with tensor-variate and
quaternion-valued data it is necessary to account for the degrees
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of freedom in the prediction. In this work, this has been achieved
through the tensor formalism [8] and by using the widely lin-
ear regression for quaternions, which caters for full second-order
statistics of a quaternion-valued variable [9].

The standard solution for linear regression, ordinary least
squares (OLS), requires that the measured independent variables
are full-rank in order to calculate the regression coefficients. Al-
though it is extremely powerful, this is especially problematic for
modern problems where data are collected from highly correlated
or colinear data channels [7].

The method of partial least squares (PLS) has been developed
to tackle the issues of ill-posedness in linear regression, with the
nonlinear iterative PLS (NIPALS) algorithm proposed in [10]. This
approach implements a dimensionality reduction framework which
expresses the independent variables in an orthogonal basis which
renders the problem tractable [11]. In contrast to other component
analysis methods such as principal component regression (PCR)
[12], the decomposition performed through the PLS algorithm is
based on the maximal cross-covariance between the input and out-
put blocks [12]. The result, therefore, takes advantage of the nat-
ural structure within the data and can be used for further data
analysis. These properties have found several applications [13] and
recent developments have extended the idea for online data [14].

The PLS has already been extended for multidimensional do-
mains including complex data [15] and tensors [16,17]. These de-
velopments have led to new applications in power grid frequency
estimation [15], and the processing of batch data [18].
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In this paper, we re-examine PLS-regression for multidimen-
sional data. This is achieved through a critical account of tensor
and quaternion signal processing methods for each step of the
NIPALS algorithm. The required background on PLS-regression,
tensors and quaternion algebra is described in Section 2. This is
followed by the introduction of the higher order NIPALS (HONI-
PALS) and the generalised higher order PLS (GHOPLS) algorithms
for tensor-variate data and the widely linear quaternion PLS
(WL-QPLS) algorithm for quaternion-valued data in Section 3.
The comparison and analysis of these algorithms is given in
Section 4 using a derived isomorphism between the quaternion
and tensor domains and by contrasting the cross-covariance data
structures used in each algorithm. In Section 5 the proposed
algorithms are implemented for a regression simulation on syn-
thetic data. The WL-QPLS is then shown to be applicable for
the problem of quaternion covariance matrix diagonalisation.
Finally, the utility of the introduced class of multidimensional PLS
(MD-PLS) algorithms is demonstrated through an application for
image classification in Section 5.3, which shows their usefulness
for subspace identification beyond classical regression applications.

Unless stated otherwise, we use uppercase boldface calligraphic
letters for tensors, X, uppercase and lowercase boldface letters for
matrices, X, and vectors, X, and lightface, lowercase italic letters, x,
for scalars.

2. Background: PLS-regression and multidimensional methods
2.1. Linear regression

Linear regression is a common paradigm in signal processing
and can be described by
Y=XB (1)
where ¥ € RV*P denotes an estimate of the output data matrix, Y e
RNxP_ which is formed from a linear combination of the columns
of the input data matrix X € RN*™ and is determined by the re-
gression coefficients B € R™*P, Note that the data matrices X and
Y consist of N samples of a vector variate process. The task is then
to find the matrix B, and the solution is given by

B=X'Y (2)

where ()™ denotes the matrix pseudoinverse. The solution is typ-
ically obtained through the ordinary least squares as

Xt =X"X)"1X" (3)

which aims to minimise the squared error between the predicted
output variables, Y, and the original output matrix Y. Note that
this requires the inverse of the input covariance matrix X' X.

2.2. The two-way NIPALS algorithm

The OLS solution (3) encounters a problem when the data ma-
trix X is sub-rank and so the matrix inverse (XTX)~! cannot be
calculated. To address this issue, Wold et al. [10] introduced the
PLS algorithm which produces a regression solution for such ill-
posed cases. Specifically, the NIPALS algorithm counteracts the ill-
posedness of the OLS solution by representing the data matrix X
in a form such that a generalised inverse can straightforwardly be
obtained, owing to its factorised structure. This is achieved by cal-
culating successive rank-1 approximations of X as

X=tp' (4)

where t is a “score” vector component of X and p is its regression
back to the inputs, X, known as the “loadings”. This component is

selected by first calculating the maximal projection of the cross-
covariance matrix X'Y summarised by the optimisation problem

w = argmax ||w'X"Y||3 (5)
[lw]|=1

The resultant vector, w, is then used to find the score, t, as
t=Xw

As a result, the PLS algorithm determines a basis (described by the
vector w) that describes the most significant cross-covariance com-
ponents between the inputs, X, and the outputs, Y, denoted by the
vector t [19]. As such, it is suitable to also give a rank-1 approxi-
mation for Y as

Y=tc" (6)

which is known as the “inner-relation” where c is the regression
of t to Y. An analogous score vector in Y can be found

u=Yc
This leads to a further rank-1 approximation of Y as
Y=uq" (7)

At the end of the iteration the impact of the current score, t, is
removed (known as deflation) as

Xi+l = X,- — t,plT Yi+l = Y,’ — tiC?— (8)

where i indicates the number of iterations. This means that the
score computed on the following iteration, t; 1, will be orthogonal
to that obtained on the current iteration, t;. This form is known as
PLS2. It is also possible to use the relation Y = uq" to deflate the
data matrix Y which is known as PLS Mode-A. However, in this
form the scores are not generally orthogonal [19].

At the completion of the iteration the vectors, t, u, p, ¢ and q
are stored into the respective columns of the matrices, T € RN*T,
U e RN*T P e R™T CeRP* and Q € RPX" where r is the number
of iterations to be computed. The value of r for a given implemen-
tation is obtained through experimental cross-validation.

The data matrices are now expressed with the PLS approxima-
tion as

X=TPT Y=1C" (9)

Furthermore, the input block X can be approximated as
X=TP"W)W"

where T is orthogonal, PTW is upper-triangular and W is also or-
thogonal. Therefore, the calculation of X* is straightforward and
gives a regularised regression solution (2) as

Bps = XY =WEP™W)'TTY (10)
The full NIPALS PLS is summarised in Algorithm 1.

2.3. Tensor notation and preliminaries

A tensor is a multi-dimensional array that is a natural extension
of a two-way matrix to a general M-way case, e.g. X € Rl <lx-xIm
where M specifies the number of its dimensions, also known as
modes, and is referred to as the order of a tensor. Consequently,
each element of X has M indices. For instance, the third-order ten-
sor X € RP>K is composed of scalars x;.. By fixing all but two in-
dices in X, we obtain a matrix substructure that is called a slice,
e.g., X (.. = Xk Likewise, a vector substructure, or fibre, requires
fixing all but one index, e.g., for a third-order tensor is extracted
as X(. i) = X.ji- An operation called mode-n unfolding can be used
to reshape a tensor into a matrix. This is performed by grouping
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Algorithm 1 The two-way NIPALS algorithm [10].

1: Input: X, Y, r

2. fori=1,...,rdo

3: S,‘ = X;FY,

4:  w; = first left singular vector of §;
5: ti = XiWi

6:  pi=Xty/tlt;

7 ¢ =Ytytlt;

8: u; = YC;

9 q=Yu/uly

10: X =X —t;p}

11: Yi+] = Yj — t,vciT

12: Store t;, p;, €;, W;, q; and w;
13: end for

mode-n fibres of a tensor X as the columns of the unfolded ver-
sion X(,). For example, the mode-n unfoldings of a third order ten-
sor X e RPYXK are given as

Xy =[X¢11) Xein Xein - Xeuol
Xoy=[Xa.1) Xa.n - Xa.o Xa.pl (11)
Xy =[Xa1y Xazy- Xagy- Xaol

Mode-n unfolding permits the multiplication between a tensor X
and a matrix A. This operation is called a mode-n product and is
defined as follows

A tensor by tensor type product is performed by the mode-n
to mode-q contraction product. For the tensors X e Rltxkx-xInx-xly
and Y e RIvd2xxJox-xJp this is defined as

S:<Xsy){n,q}v (]3)

where 8 e Riv-xI-rxlnprxxyxjixxJg_1xJgr1x-xJp has the en-
tries

RICNR MR SR 5 JO ATS HOT 5 (14)

in=1

Note that I = J;.

Another kind of unfolding operation is given by the canonical
matrix unfolding of a tensor X e Rh<xlhxxlu_This is denoted as
X(ny € Ril2hxlnir--lv which has entries' [7,20]

Xin) =X (i, iyivg)- (15)

(iniy-in,iny1--im)

Note that this is not equivalent to the mode-n unfolding in (11).

2.3.1. Tucker decomposition
The Tucker decomposition of an order M tensor X e R x2x-xIu
is defined as

X =G x1AY 53 AD x5 xy AW (16)

where G € RIiJ2xxu is the core tensor and A® e Ri*Ji are the
factor matrices [21]. This gives rise to a new form of rank for ten-
sors known as the multilinear rank. The Tucker decomposition de-
composes a tensor into a low multilinear rank form, for the exam-
ple above this is given as the M-tuple rank-(J1,J5,...,Ju), where
each entry is defined as the number of non-zero eigenvalues in
each factor matrix. This decomposition provides a compression of
the original tensor into a smaller core tensor and can be computed

1 This uses a little endian ordering where the index iyiy---iy =i + (iy — 1)} +
(i3 =Dhl---(in =Dl - Iy [7].

Table 1
Quaternion multiplication.
x 1 i j k
1 1 i j k
i i -1 k —j
j j -k -1 i
k k j —i -1

by several algorithms, including the higher order SVD (HOSVD) and
higher order orthogonal iteration (HOOI) [21].

The mode-n unfolding for a Tucker decomposition is expressed
in terms of the core tensor and factor matrices as

X = A(”)G(n) AM @ AM-D g ... AD g A-D g ... 0 ADHT
(17)

Observe that this unfolding has a Kronecker product structure
which is an important constraint of tensor decompositions.

2.3.2. Tensor regression
A tensor regression can be expressed [8]

y=[f(x:8) (18)

where the input X € RNV<hxkx-xIv and output Y e RNJ1>J2xlp
tensors are related through a tensor B e Rit<kx-—xhoxdixlzx-xJp [8],
Note that the tensors X and Y are considered to be N samples
of the tensor variate processes. To predict a single, scalar, reali-
sation y from a single tensor observation X the function f{-; -)
is given in the form of an inner product (X, B) computed as y =
vec' (X)vec(B). The general tensor-variate regression (where the
output is a tensor) is then expressed compactly through a mode-1
matrix unfolding of the tensors as

Ya) =X1)Bw, (19)
The regression coefficients, By, are computed through
By =X{)Ya) (20)

which is akin to two-way multivariate regression in (2) and re-
quires the generalised inverse of X). The resultant matrices are
then folded back into their tensor form.

2.4. Quaternion algebra and notation

Quaternions, H, are both a skew-field over the real numbers,
R, whereby every element g € H is a quadrivariate vector and an
ordered pair of two complex numbers [22,23]. A quaternion scalar,
X € H, is represented as

X =X + X;i + X;j + x¢k
Re(x) =x;
Im(x) =xi+x;j+xck

where i, j and k are the imaginary units governed by the multipli-
cation scheme in Table 1. Observe that ij =k # ji = —k, and as a
result, the multiplication of two quaternion numbers, x and y, is in
general not commutative, that is

Xy # yx

The modulus of a quaternion, x, is defined as

|x] = /x?-&-xiz-&-sz.-&-xﬁ

The quaternion conjugate operator negates the imaginary compo-
nents

X =X+ Xi+Xjj+xek Xt =X —Xi— X — x¢k
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analogous to the complex conjugate operator. The involution oper-
ators are unique to quaternions and are described as x¥ = —axo
which represents a rotation by 7 of x around «, where « is a pure
unit quaternion, that is, a three-dimensional quaternion with a unit
norm and has no real component [24]. These involutions have the
property (x*)%* = x. Special instances of the quaternion involution
around the imaginary axes, where « {i, j, k}, are given as

X =X+ X+ X;] + Xk X!
x| =X —xi+xjj —xek xk

=Xr 4+ X;i — Xjj — x¢k

=Xy — Xl — X;j + Xk

and are referred to as i-, j- and k-involutions. These lead to the
o-conjugate operations frequently used in quaternion augmented
statistics [22].

X =X+ X+ X))+ xk xi*
X =X+ xii— X+ xek Xk

=Xr — Xil + Xjj + Xk
=Xr + Xl +Xj] — X

The complete second-order statistics of a real vector-variate
random process, X € R™, are captured by its mean, E[X], and its
covariance matrix, E[xx"]. However, the mean and the direct
extension of the covariance matrix, E[xx"], are not sufficient for a
full second-order description of a quaternion-valued vector-variate
random process, X € H™ [22,23]. Instead, the consideration of the
i-, j- and k-complementary covariance matrices E[xx"], E[xx/H]
and E[xx*H] is also required in order to capture the full augmented
quaternion statistics. This is an extension of augmented statistics
for complex-valued data (where the complementary pseudoco-
variance matrix E[xx'] is required in addition to the standard
covariance) which is now well understood in the literature [25].
In order to conveniently account for the full second-order statis-
tics, a quaternion-valued vector process can be represented in
augmented form as

x =[x x\, x/, x¥] (21)

An important feature of Quaternion statistics is the notion of
circularity which indicates whether all the four components are in-
dependent and have balanced powers [22]. Quaternion propriety
specifically accounts for up to second-order moments/circularity
[23]. The degree of properness is then given by the three circu-
larity measures [26]

_ E[xx*]  E[xx)*]  E[xxk]

T E[xx*] 77 E[xx*] k= Elxx*]
which are generalisations of the circularity quotient for complex-
valued data [27].

(22)

2.4.1. Quaternion widely linear estimation

In quaternion estimation, it is desired to estimate the output
Y € HV*P from the input X € HN*™ in the same way as the real-
valued estimation problem in (1). For the quaternion case, how-
ever, the minimum mean square error (MMSE) estimate of the pro-
cess in Y is instead linear in terms of X, X!, X/ and X expressed as
[22]

Y = XG; + X'G, + X/G; + X*G,4 (23)

In this way full second-order statistics are described. The above
model is referred to as widely linear quaternion regression [23].

A compact form of the widely linear estimation in (23) can be
obtained by representing the quaternion variable X in augmented
form, X € HN*4™m which yields

Y=XB (24)

where B € H*™*P is the vector of the regression coefficients. This
enables the calculation of the regression coefficients analogously
to the real-valued case in (2) as

B=X"Y

Note that if the data are circular then only the covariance ma-
trix, E[xx"], needs to be considered for processing and so the esti-
mation (23) degenerates to the strictly linear form Y = XB.

2.4.2. The isomorphism between quaternion and R*

A quaternion data matrix, X € HN*™ is described as X = X; +
iX; + jX; + kX, where X, € RN*m 5 — {r.1, j, k}. The isomorphism
between the quaternion domain and a four-dimensional real vec-
tor space has been established, given through the transform matrix
[22,23]

R O

_ Irn ilm _jlm _klm 4mx4m
m=11 il jl, ki, | €H (25)
In, —ilp  —jly kI

which provides a link between the augmented data matrix,
X=[X X X/ XK eHNV*4m and the real-valued matrix Xg, =
[Xr. X;. X, X, ] € RN*4™ given by the relations

1
Xge = Zlgr;;,, X = XgeI'J. (26)
This transform is, hence, invertible and is unitary up to a scale fac-
tor of 4.

2.4.3. Processing quaternion data in R4

The transform in (26) converts an augmented quaternion vari-
able to a real-valued representation in R*. A general matrix prod-
uct for a row vector X = [xr, X;, X}, X | € R4 is given by

Wr Yi. ¥j. ¥il =[x, xi, %, x; JH.

where the entries of the matrix H € R**# can take any real value.
The vector [y, x;, X;, X;] is equivalently represented as a quaternion
scalar x, however, the quaternion product y = xh represented in the
real-domain is a special case of the matrix equation, y = xH, where
the matrix, H, is restricted to the form [9]

he h hy o hy
—hi  h  —R h
~hj he  h  —h
—hy —h; hi R

where [hr, h;, h;, hy] are the real and imaginary components of the
quaternion number h.

H= (27)

Remark 1. An augmented quaternion variable can be equivalently
processed in the real-domain, with both representations having
the same degrees of freedom for processing. The quaternion al-
gebra can therefore be viewed as a constrained matrix product
in the real-domain indicating that the structure of a quaternion-
valued estimation problem will be distinct from a generic real-
valued problem [28].

3. Multidimensional PLS-regression algorithms
3.1. A NIPALS algorithm for tensor-variate PLS regression

Tensor-based PLS algorithms have already been developed such
as Bro’s N-Way PLS [16] and the higher order PLS (HOPLS) of
Zhao et al. [17]. These produce a tensor regression between the
input data tensor X € RN*hixhx-xly and the output data tensor
Y e RNVJi<l2xxJp 35 introduced in Section 2.3.2. The HOPLS algo-
rithm decomposes X and Y into a sum of r rank-(1, K, K>, ..., Kyp)
and rank-(1, Lq, Ly, ..., Lp) components respectively. In accordance
with (16) we can write

.
X:Zgixlti X2 Pi(n X3 Pi(z) X4-~~XMP;M), (28)
i=1
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r
Y= Z'Di x1 8 x5 Q}l) X3 Q1(2) Xg - XPQ;P),
i=1

where G e RUKixKaxxKy apnd D e R1*xLi-xl2xxLp are the core
tensors of the Tucker and P™ e RKnxlh n=12 ... M QM ¢
RLnxJn n=1,2, ..., P are factor matrices. The derivation of the HO-
PLS algorithm is given in Appendix A. On the other hand, the N-
way PLS algorithm of Bro [16] produces a decomposition of the
tensors X and Y whereby each factor matrix is a vector.

Both current tensor-variate PLS algroithms impose strict rules
on the latent structure of the data. To that end, we introduce
a general tensor-variate NIPALS style PLS-regression algorithm for
the input data tensor, X € RN*/1xxxlu and the output data ten-
sor, Y € RN<Jixlx-xpwhich instead iteratively calculates any de-
sired low-rank approximation of the original data tensors.

The first step of each iteration of a PLS algorithm is to calculate
a cross-covariance structure. One method for tensor-variate data is
to calculate the contraction product in (13) along the first mode of
the input tensor, X, and the output tensor, ), to give the structure

S = (X, y){],]] c R11><IZ><~»><IM><]1 ><]2><~»»><]p. (29)

Alternatively, the data tensors can be unfolded along the first
mode, as is done in the HOSVD algorithm [21], which yields the
matrix cross-covariance structure
S = x-(r1)Y(l) e Rhb-txhifa-dp (30)

Note that the mode-wise variations are encoded explicitly in
the modes of the contraction product, S. However, for the matrix,
S, obtained from the unfolded data tensors, they implicitly inte-
grated.

The next step of the algorithm is to perform an eigen-type
decomposition of the cross-covariance data structures in order
to determine a spatial basis which describes the maximal cross-
covariance between the inputs and the outputs. For the tensor S
obtained from the cross-covariance structure given by the contrac-
tion product in (29), the eigen-type decomposition is then given
by a rank-(Kq, Ky, ..., Ky, Ly, Ly, ..., Lp) Tucker approximation

S =G x1 PD s PD sy sy PM sy 1 QW xpri2 QP xpys
—xpp QP (31)

This Tucker decomposition can be obtained using either the
HOOI or HOSVD algorithms [21]. When the input and output vari-
ables yield a matrix result from (29), the decomposition is instead
provided by an SVD.

Now consider the alternative case where the unfolded cross-
covariance structure, Sg, is implemented. The corresponding
eigen-problem is then defined as
w = argmax ||w'X{} Y[ [3. (32)

[lwl|=1

The result is obtained from the leading eigenvector of the ma-

trix SST, that is, from the SVD of S in the form

S=WzV". (33)

The resulting PLS scores produced from either the decomposi-
tion of (29) or (30) can be represented as a matrix, T(j, € RV<K
where K is the desired number of first mode fibres, given by

Ta) = XyWq) € RV (34)

For the unfolded cross-covariance data structure, S in (30), the
matrix Wy e Rhl2-In<K s given by the first K left singular vec-
tors of S from (33). On the other hand, to compute the scores from
the cross-covariance structure S in (29), the matrix, W(;), takes the
form

w(]) — (P(M)T ® P(M—l)T Q- ® P(UT)T, (35)

which is the Kronecker product unfolded form of the factor ma-
trices obtained from the Tucker decomposition in (31), where K =
KKy .. Ky

Remark 2. The tensor PLS scores are calculated as the mode-1 fac-
tor matrix, T(y), for both choices of cross-covariance structure and
their corresponding decompositions. This means that the choice of
the structure of the score tensor 7 (from the folding of the mode-
1 factor matrix T(y)) is flexible and depends on the form suggested
by the data. For example, when the scores are calculated from the
Tucker decomposition of the contraction product, S in (31), the
rank of the decomposition gives the dimensions of the score tensor
T e RNxKixKx-xKu Qn the other hand, when the scores are calcu-
lated from the SVD in (33), the choice of folding is not intrinsic to
the calculation.

The score tensor, 7, is now regressed to the data tensors, X
and Y, through the parameters G and D respectively, to give the
relations

X =f(T:9), Y =f(T;D), (36)
where the parameters G and D are calculated
(}:Xx1 TG), D:yX] T(+l) (37)

Prior to the next iteration, the impact of the score tensor is re-
moved through the deflation process

X =Xi-Gix1Twy, Vii1 =Yi—Dix1 Ty, (38)

where i denotes the current iteration and the tensors X;,; and
Vi, are used in place of X; and Y; in the next iteration. The sum
of these tensor regressions provides the tensor version of the low-
rank PLS approximations, akin to (4) and (6) in the two-way solu-
tion.

Notice that the factor matrices for the Tucker decomposition
of the latent variable regression tensors G and D are not com-
puted inherently as in HOPLS, where they are obtained from the
decomposition of S, and are not required for computation. Here,
they are instead obtained by computing a Tucker decomposition
(i.e. the HOSVD) for each regression tensor, G and D obtained in
(37), to give the factor matrices? Pi(”) eRknxlh p =12 ... M and
C,.(") e RKnxJn n=1,2, ..., P respectively. This leads to the expres-
sions

X = g X1 T(]) X2 P(l) X3 P(Z) X4 XM+1 P(M), (39)
V=D x1 Ty x2 €D x3€? x4 xp g CP),

where G and D are now the core tensors within the Tucker de-
compositions and not the regression tensors. This is a more general
decomposition than the HOPLS form (28).

We next obtain a further decomposition of the output data ten-
sor Y that is analogous to the two-way PLS expression in (7). In
this case, the impact of the unfolded latent variables T(;) in the
data tensor Y is found as

These derived latent variables are related to Y through the re-
gression tensor, £, calculated as

£=y><1 U?—])

As is the case for tensors, G and D in the latent variable re-
gressions in (36), the tensor £ is decomposed using the HOSVD to
give the factor matrices Qi(”) e Rk n=1,2,..., P leading to the
relation

Y=Ex1Uq) x2Q" x3Q% x4 xpy1 QP (40)

2 Note that these matrices are not the same as in (31).
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This process allows the introduction of two algorithms: (i) The
Higher Order NIPALS (HONIPALS) and (ii) The Generalised HOPLS
(GHOPLS), summarised in Algorithms 2 and 3, respectively. The

Algorithm 2 The HONIPALS algorithm.

1: Input: X, Y, r, K

2:. fori=1,...,rdo

3 Sayi=X(y Y
W q); = first K left singular vectors of Sy ;
Tayi = X0 iWa

gi = Xi X1 T(+1)J'

7: Perform HOSVD on g; to find factor matrices P,.(") n=
1,2,....M

8: D,’ :yi X1Ta),i

9: Perform HOSVD on D; to find factor matrices Cf”) n=
1,2,...,P

10: Xy =Xi—Gix1Tq),;

1 Vi =Yi—-Dix1 Ty,

12: Store gi, Di‘ Ti and Wi

13: end for

AN AN

HONIPALS approach is based upon the unfolded cross-covariance
structure in (30) and its SVD, whereas the GHOPLS stems from the
contraction product in (29) and its Tucker decomposition. These al-
gorithms demonstrate the range of tensor-based options available
for each step of a NIPALS style PLS-regression algorithm. For each
algorithm, the number of iterations, r, is chosen as the number of
latent variable components required to well approximate the data
tensors X and Y, and this number is usually determined through
cross-validation.

Remark 3. The solution obtained from the HONIPALS
in Algorithm 2 degenerates to the two-way NIPALS in
Algorithm 1 when the input and ouptut data tensors X and
Y are given by the matrices X € RN*M and Y € RN*P and K = 1.

Remark 4. A symmetric Mode-A type PLS decomposition is also
possible for both the HONIPALS and GHOPLS algorithms. This is
achieved by replacing the approximation of ) in terms of the
scores, 7, used in the deflation step in (38) and instead using the
scores derived from the output ¢/ in (40).

Remark 5. The relations (36) are expressed in a general form of
tensor regression and are therefore direct extensions of the two-
way PLS relations (4) and (6). If desired, they can be expressed
as a mode-1 product of the unfolded matrix Ty and the respec-
tive core tensors. Furthermore, by Remark 4 both algorithms can
be used for different types of PLS, similarly to the two-way algo-
rithm. Therefore, the GHOPLS and HONIPALS are both generalisa-
tions of the original 2-way NIPALS algorithm harnessing the avail-
able tensor-based operations.

Remark 6. The proposed GHOPLS shares the first two steps with
the HOPLS algorithm of Zhao et. al. [17], that is, the calculation
of the cross-covariance data structure and its decomposition. How-
ever, the HOPLS algorithm then only selects a vector component
from this decomposition.

3.1.1. Calculation of the regularised tensor regression

The r approximations obtained in each iteration in (39) are
summed up to yield the final PLS approximations for the HONI-
PALS and GHOPLS algorithms in the form

r r
X~Yy 6T, Yx~) DixiT, (41)

i=1 i=1

where G and D result from the tensor regression in (37). This la-
tent variable decomposition can be used to produce a regularised
tensor regression solution to predict ' from X through a regres-
sion coefficient tensor B. To this end, their mode-1 unfolded ver-
sions are given as

Xy =I[Tay1. Tayz. - Ty AlGay 1. Gy ze - - Gyl

Yoy =[Tay1. Tayze - TayPay1. Dayas - Dyl

where Tj;); denotes the unfolded version of the ith score tensor 7.

Based on this, we can now obtain the prediction of ?(1) from X(])
as

Yoy =X1)[Gay1. Gy 2. - Gy 1T IDay 1. Dy 2 - - Dy T
(42)

which yields the unfolded regression coefficient tensor, B, in the
form

By = [G1)1. Gy 2. - Gy T T [Dy1. Dty 2s - . Dy T (43)

This is analogous to the two-way NIPALS result in (10).

3.2. The quaternion NIPALS algorithm

In this section an extension of the real-valued NIPALS
Algorithm 1 is introduced for quaternion-valued data. Previous
work on PLS for quaternion-valued data can be found in Via et.
al. [23] who shows that the PLS result should have a widely lin-
ear form. This PLS method is aimed at data block cross-correlation
analysis and is a generalisation of PLS-SB described in [19]. As a re-
sult, the obtained decomposition is useful for an analysis of the di-
rections of cross-covariance between the input and output blocks,
but the components may not be orthogonal and it is not the most
parsimonious for regression. The proposed extension of the NIPALS
PLS algorithm for quaternion-valued data, on the other hand, pro-
duces a regularised PLS solution for the quaternion widely linear
regression problem in (24) based on an orthogonal latent variable
decomposition.

The proposed quaternion widely linear PLS (WL-QPLS) algo-
rithm first calculates a vector component t e HY from the input
matrix X € HN*™ which represents the maximal cross-covariance
with the output matrix Y € HV*", The vector component t is given
as

t = Xw,

In order to find the vector, w, the augmented versions of the in-
put and output matrices are transformed to the real domain as
Xge € RN*4M and Yg, € RN*4™ through the isomorphism introduced
in (25). The real-valued vector, wg, € R4™, is found from the solu-
tion to the optimisation problem

Wge = arg max | [wg, X, Yre|[2. (44)
|IWgel|=1

which yields the leading eigenvector of X] Yg.Y},Xge. This is next
cast back into the quaternion-domain through the relation

W', w' W/ W™ = Tpwge. (45)

In this way, the component chosen at each iteration of the
WL-QPLS algorithm, t, represents maximal joint second-order in-
formation between the X and Y blocks. The computation of wg,
in the real domain does not affect the quaternion representation
[22,23] and is not equivalent to a real-valued NIPALS implemen-
tation, as was the case with the widely linear complex PLS (WL-
CPLS) [15].
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Following the calculation of the vector, t, its relation to the X
and Y blocks is found. This relationship is described by a quater-
nion widely linear regression given in augmented a form as

=tp", Y=tc", (46)
where the vectors p = [p1. P2, P3. P4] and € = [cq, ¢y, €3, ¢4] repre-
sent the widely linear regression coefficients and are calculated as
p= X"

To calculate the next PLS component, the matrices X and Y
must be deflated, in order to remove the impact of the current
score t. The deflation is performed as

X=X, —tp; . Y =Y -t (48)

c=(t'y)". (47)

where the subscript i represents the current iteration number. In
the next iteration the matrices X;,; and Y;,; are used in place of
X; and Y;. As such, the latent variables are mutually orthogonal
which leads to a parsimonious representation of the joint process
in the input and output blocks.

Algorithm 3 The GHOPLS algorithm.
1: ll'lpllt: X, ), K],Kz,...,KM, L],Lz, ...,Lp
2. fori=1,...,rdo
3 8= (XY
4: Perform rank-(K, K>, ...,
position to give S;=G¢ x4 Pl.(
QY xpi2 @ xpi3 o Xmep Qf”’
5 T(]) — X(])(p(M)T ® p(M T ® - ® P(I)T)T
6 g, X X1 T(l)l
7: D; =Y; xq T(l)z
8
9

KMv L] s Lz, Ce Lp) HOOI decom-
) X2 Pl.(z) X3+ XM P,.(M) X M1

X=X —Gix1 Ty
0 Vi =Yi—Dix1 Ty
10: Store G;, D;, T; and W;
11: end for

Algorithm 4 The NIPALS algorithm for widely linear quaternion
PLS (WL-QPLS).

1: Initialise: X; = [X, X!, X/, X], Y,
2: fori=1,...,r do

30 Xige =X;I'm, and Y; g, =Y,

=[Y, Y, ¥/, YK

4: WiRe = Eigmax {x;rReYi ReY, Rexz Re}
50 [w]wil, wa WK T = Traw; e
6 t=Xw, t=[t tht/ t
7= YN
8: pi= (t+ X)H

—H
o Xy =X —tp;, Yi =Y -t
10: Store tl, pL,, C; and w;
11: end for

The full WL-QPLS procedure is summarised in Algorithm 4. Af-
ter every iteration, the vectors t are stored into the columns of
the matrices T, while P and € are stored as P = [Py, P, P3, P4] and
C =[C;, Cy, C3, C4] which leads to the widely linear relationships

P, ¥Y=T1C. (49)

=TP

Therefore, the input X and output Y are both represented in
terms of the new latent variables T. This provides a natural rep-
resentation of the joint process and offers a useful decomposition
to calculate the regression coefficients, B, for the widely linear re-
gression

Y=XB. (50)

[»<e

This is achieved through
B=X'Y.

The calculation of the regression coefficients based on the WL-
QPLS model means that only shared information is included in the
calculation.

In addition to the relations (49), an equivalent version of the
real-valued PLS relationship (7) can be found, whereby the score
within the data block Y is calculated as

u = Yc; + Y, + Yies + Yoy,

with the respective loadings, from the augmented scores u, given
by

q=(u'y"
4. Analysis of the MD-PLS algorithms

Having introduced a class of MD-PLS algorithms, including two
tensor-variate and one quaternion-valued, this section provides a
comparative analysis to contrast each algorithm.

4.1. Analysis of the HONIPALS and GHOPLS cross-covariance
structures

The difference between the HONIPALS and GHOPLS algorithms
is in the respective cross-covariance structures and the subse-
quent deflations. In this section, we further elaborate on the con-
sequences of these alternative choices.

Consider the tensors X e Rlixkx-xhx-xly 3pnd ye
RIixl2xxJnx-xJp with I; =J;. The mode-1 contraction product
used by the GHOPLS algorithm is given as &= (X,¥)q )€
RExl3xxIyxlx-Jp On the other hand, the HONIPALS uses
the product of the mode-1 unfolded data tensors in the form
$ =X{,Y() € R25-w<ls-Je. Observe that these share the same
elements, that is

L

D KlivigosisdY i)
i=ji1=1
=Xls b2ds .. im] " Y)lz. J2ds - . Jpl-

as seen from the definition of the contraction product in (13). The
link is provided through the canonical matrix unfolding in (15),
whereby the mode-(M — 1) canonical unfolding of the tensor S
yields the matrix §_q, € Ri2l3-w>J2J3-Jr which is the same as the
matrix S = X<1)Y(1)~

As the two cross-covariance structures contain the same ele-
ments, intuitively, they share the same information. However, the
Tucker decomposition of the contraction product form will yield a
different result to the SVD of the unfolded cross-covariance matrix,
that is, the matrices, W), derived from each decomposition select
a different unfolded score matrix as T(;y = X1, Wq).

Proposition 1. Consider the tensors X € Rli<kx-xhx-xly gnd y
RAxS2xxJnxxJp with I; = J;. The mode-(M — 1) canonical unfolding
of the Tucker decomposition of the tensor 8 = (X,¥) 1) (obtained
from the mode-1 contraction product) does not yield the equivalent
result as the SVD of the matrix Sy_1y, obtained as S:X(T])Y(l) =

WXV,

Proof. The tensor given by S = ( admits a Tucker de-

composition
S=6x1AM x5, A® x5 ... X MaP—2

where G e RKvfaxxKuir2 and AD e RN*K with K =1, for
i<M and K; = J;;1 for i>M. The Tucker decomposition of the ten-
sor S is computed through the HOOI or HOSVD algorithms so that

X, V)1

AM+P-2)
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the factor matrices Al), and hence their Kronecker products, are
orthogonal. The mode-(M — 1) canonical unfolding is then given as
[20]

Sty =AMV AM-D g ... ADYGy_y)
(A(M+P—2) ®A(M+P—3) ® - ® A(M))T.

This yields the left and right multiplication of the unfolded core
tensor Gy_yy by two unitary matrices. However, the matrix G,_y)
is in general not diagonal which means that the result is not
generally equivalent to the SVD of the matrix Sy_q) = X(TUY(]) =

WXVT, where the matrix X is diagonal. O

Remark 7. The cross-covariance structures for the HONIPALS,
Sa) :X(Tl)Y(l), and GHOPLS, 8 =(X,Y); ), algorithms have
the same entries, linked by a canonical mode-1 unfolding, and
thus, they share the same information. However, according to
Proposition 1, the Tucker decomposition in (31) which is employed
within the GHOPLS algorithm is in general not equivalent to the
SVD in (33) used for HONIPALS. As a result, the unfolded score ma-

trices, Tqy in (34), will not be the same in both algorithms.
4.2. The duality between tensor and quaternion PLS

A quadrivariate random variable is readily represented by either
a tensor or quaternion data structure. In this section we show how
all proposed algorithms process such data equivalently, but in an
alternative manner. As a prerequisite, the link between a quater-
nion variable and its tensor counterpart is first formalised through
the derivation of an isomorphism.

4.2.1. The isomorphism between quaternions and tensors

Consider a matrix of quaternion variables, X, which can also be
represented as a tensor, X € RN*4xm where each mode-2 slice is
constructed as

X1 =X, Xan =X,

(1. r (5.2, i (51)
X3 =X, Xay =Xk
Hence, the frontal slices, X.. eRN*4 for m=1,2,...,m, are

matrices that contain the four components of a quaternion vector.
This can be regarded as an extension of the isomorphism in (25),
I'm, which yields a quaternion to tensor transform. To this end, we
shall re-write (26), Xg, = ;XTI as

Xy =XI"®, (52)

where X(;, € RN4™ indicates the mode-1 unfolding of the tensor
representation of the augmented quaternion-valued matrix X. The
matrix ® is a permutation matrix which re-orders the columns of
the matrix, Xge, to group the four quaternion vector components,
Xr, Xj, Xj, Xy, of each variable into consecutive columns, that is

X(1) = Xge ®. (53)

Through the right multiplication of (52) by an identity matrix Iy €
R4mx4m \which is also considered to be in a mode-1 unfolded state
we obtain the relation

X1 =X[®)l;, <« X=Tx X[*®), (54)

where T e R4mx4xm is constructed from the 4m x 4m dimensional
identity matrix folded such that each mode-3 slice has a 4 x4
identity matrix shifted down by 4 from the previous slice. The full
quaternion to tensor transform is then given by

X = A X1 X, (55)
where
A =T x; T*® c gAmaxm, (56)

is the complete transform.

The mapping back into the quaternion domain is performed as
X= X(UAH . (57)

4.2.2. WL-QPLS as a tensor-variate PLS

The link between a quaternion-valued and tensor-based PLS so-
lution is described through the quaternion to tensor transform in
(56). Consider the case where it is desired to calculate a PLS-
regression between the quaternion-valued input data matrix, X €
HN*M and the quaternion-valued output data matrix, Y € HN*P.
Using the transform .4 constructed in (56), we can express the ma-
trices, X and Y, as third order tensors

X=Anx1 X Y=A,x1Y, (58)

where X € RN*4xm and ) € RN*4xP. These data tensors can be
processed by the tensor-valued HOPLS or the proposed GHOPLS
and HONIPALS algorithms to compute an alternative PLS solution.

Each iteration of the WL-QPLS in Algorithm 4 computes a
widely linear regression between a vector score, t;, and the in-
put and output blocks X; and Y;. The equivalent regression (with
the same degrees of freedom) in the real-domain requires the
quaternion vector, t, to be represented as an N x 4 matrix, tg, =
[tr. t;. t;, t; ], produced by the transform (26). Therefore, the score
of an equivalent tensor PLS solution would also be an N x 4 ma-
trix. This score can be computed by the HONIPALS and GHOPLS in
Algorithm 2 (with M = 4) and Algorithm 3 (with K; =L; =4 and
K; = L, = 1) respectively, however, the HOPLS [17] cannot produce
an alternative solution as it only calculates a vector score com-
ponent. Therefore, for the same data represented as quaternion
or tensor-variate, which are related through the transform (58),
all the three algorithms, WL-QPLS, GHOPLS and HONIPALS, have
enough degrees of freedom to provide a comparable regression re-
sult.

4.2.3. Comparison of the WL-QPLS and HONIPALS cross-covariance
structures

The quaternion-valued data matrices X € HN*™ and Y € HN*P
can be transformed, through (58), to the data tensors, X e RNx4xm
and Y e RNx4xm whijch, as stated in Section 4.2.2, allow alterna-
tive PLS solutions using the WL-QPLS, HONIPALS and GHOPLS al-
gorithms. The data inputs are related as

X1) = Xge Px, Y = Yre Py,

where X(;y and Y(qy are the mode-1 unfolded data tensors, Xg,
and Yg, denote the transformed real-valued data matrices through
(26) and @4 and @y are the permutation matrices of the required
dimensions needed for the quaternion to tensor transform (56).

Observe that the WL-QPLS algorithm in (45) calculates the
cross-covariance structure in the real-domain, given by the matrix
XEQYRe, before transforming back to the quaternion-domain. On the
other hand, the HONIPALS algorithm creates the cross-covariance
structure from the mode-1 unfolded data tensors, as S = X(T])Y(U.
These cross-covariance structures are therefore related as

Sy = PxSre Py,

while the corresponding SVDs are related as

UZV" = Oy U XV, By.

The leading four left singular vectors are chosen for the basis of
the HONIPALS score vectors Ty in (34) when used to provide an
alternative to the quaternion-valued solution. This basis for the

HONIPALS algorithm is therefore the same as that calculated in the
real-domain for the WL-QPLS, as they are related by

Ty = Xee @x (®xUge)[:. 1: 4],

However, to calculate the quaternion-valued score vector, t, only
the first left singular vector, Ug,[:, 1], is transformed back into the
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Table 2
Comparison of the multidimensional PLS algorithms.
Algorithm Step WL-QPLS GHOPLS HONIPALS
Cross-covariance structure  S;ge = Xz, Yi e Si={(X.Y)un S = X(TMY(”_,- Unfolded
Transformed to the Tensor-based to matrices

real-domain

Wige = Eigmax{si,RESIRe}
Left singular vectors of
Si,Re

t; = X;w; The
projection of X;

Eigen-decomposition

Score calculation

Deflation

contraction product
HOOI/HOSVD
decomposition of S;

Tg) = Xq,PMT @
PM-DT g ... @ PMT)
The projection of
unfolded X;

X1 =Xi—Gix1 Ty

W(l)i = Eig[(—max {SlS,T}
First K left singular
vectors of S;

Ty = X(1)iW; The
projection of unfolded
X

Xip = Xi—Gix1 T,

Vi1 =Yi—Di x1 Ty Vi1 =Yi—Di x1 Ty

quaternion domain, to the vector w in (45). Moreover, to cast the
quaternion multiplication of the score computation, t = Xw, to the
real-domain, the constrained matrix multiplication (27) is required.

Remark 8. The cross-covariance structures for the proposed HONI-
PALS and WL-QPLS algorithms are linked through a permutation
matrix which means that they share the same eigendecomposition
computation. The HONIPALS uses the four leading singular vec-
tors to calculate the scores from the unfolded data matrix X;). On
the other hand, the WL-QPLS uses only the first singular vector of
the real-valued cross-covariance structure which is folded back to
the quaternion-domain prior to the calculation of the score vector.
This operation performed equivalently in the real-domain requires
a constrained matrix multiplication. As a result, the scores and the
subspace identified in every iteration of the WL-QPLS and HONI-
PALS algorithms are not the same.

4.3. Comparison of the core components of the multidimensional PLS
algorithms

The key characteristics of the NIPALS PLS in Algorithm 1 are
that it is iterative, eigenvector-centric and based on capturing the
joint second-order information. Each iteration consists of four ma-
jor steps:

1. Finding the cross-covariance structure,

2. The eigendecomposition of the cross-covariance structure,
3. The calculation of the score,

4. The latent variable decomposition and deflation.

The choice of how these steps are computed dictates the qual-
ities of the solution and therefore the goal of the implementa-
tion. For example, PLS Mode-A changes the deflation step to Y;,; =
Y; — uiqiT for use in correlation analysis applications.

It has been shown that the three algorithms WL-QPLS, GHO-
PLS and HONIPALS are generalisations of the two-way NIPALS algo-
rithm for performing PLS-regression on higher-order multidimen-
sional data. The choices of the core components with respect to
the NIPALS PLS, are summarised in Table 2.

5. Simulations and applications
5.1. Simulation of WL-QPLS and tensor-variate PLS

A simulation on synthetic data is now presented to further
examine the WL-QPLS, HONIPALS and GHOPLS algorithms for
multidimensional regression. An improper quaternion-valued data
matrix, X € HV*™ (N = 1000 and m = 10), was generated from a
mixture of r =5 independent improper sources. Each quaternion
axis gr, qi, qj, qx was an iid. source, sampled from the distri-
bution as gqn ~AN(0,1) for n=r,i, j k. The output data matrix,
Y € HV*P, was then calculated as Y = XB, where X € HV*4™ s in

the augmented form and B e H*"*P are the quaternion-valued
regression coefficients, where p = 10. A noise matrix, Ny € HNV*P,
was then created where each quaternion axis was sampled from
the distribution q, ~ A (0, 02) for n =r,i, j, k, while 0% was varied
to give a range of SNRs calculated as

Tr{E[Y"Y]}

The matrices X and Y were transformed to tensors using the
quaternion to tensor transform in (56) to give the data tensors
X e RN*4xm and ) ¢ RN*4%P, The widely linear and tensor regres-
sion estimates were calculated using the WL-QPLS, GHOPLS and
HONIPALS algorithms for the same data and for a range of com-
ponents. The tensor GHOPLS and HONIPALS, outlined respectively
in Algorithm 3 and Algorithm 2, were implemented to calculate
rank-(N, 4, 1) scores. The results were transformed back into the
quaternion domain to calculate the error as

lY - Y|

YO8 = Ty

(59)
where Y are the estimated dependent variables. The results are
shown in Fig. 1 for three different SNRs and include the results
for training data and the ensemble average of the estimate on
test data, for an ensemble with 50 members. The right hand plots
compare the MSE (on the training data) for each algorithm for
the range of SNR. For more than r =5 PLS components, the error
for the test data degraded for all the algorithms as they were
over-fitting. For a general application, the structure of the data
within this representation must be considered in order to indicate
the most appropriate algorithm.

5.2. Application for quaternion covariance matrix diagonalisation

Applications which invlove covariance matrix diagonalisation
are ubiquitous in real-valued signal processing [29]. To that end,
the WL-QPLS algorithm can be implemented as a tool for the di-
agonalisation of the quaternion empirical covariance matrices in
Section 2.4, X"X, XHX, XJ/HX and XKHX. This result is analogous
to that achieved by the WL-CPLS for complex-valued data [15].

In Section 2.4.1 it was shown that to fully cater for
quaternion-valued second-order statistics, the four covariance ma-
trices E[XHX], E[XHX], E[X/"X] and E[X¥"X] must be considered.
To that end, quaternion covariance matrix diagonalisation requires
all four matrices to be simultaneously diagonalised as well as the
traditional covariance matrix. An extension of PCA for quaternion-
valued data, QPCA, has been developed in [30,31], and was ob-
tained from the quaternion SVD of the quaternion covariance ma-
trix,

X"X =uxuH X =Tu",
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Fig. 1. The MSEs of widely linear and tensor regression estimates from the proposed MD-PLS algorithms, for a range of SNRs and different numbers of PLS components. The

MSE was calculated as a ratio of the power in the dependent variables.

as a direct extension of the real-valued PCA. However, in this way
the full augmented statistics are not considered and so the com-
ponents are not fully uncorrelated. Xiang et al. [32] show that an
extension of the complex-valued SUT for quaternions, the QUT, can
only diagonalise the quaternion covariance matrix and one comple-
mentary covariance matrix at a time. Furthermore, the quaternion
approximate uncorrelating transform (QAUT) can approximately di-
agonalise the covariance matrix along with the three complemen-
tary covariance matrices.

Owing to the ability of the WL-QPLS to calculate orthogonal
latent-variables, T, it consequently produces a decomposition of
the input variables, X, which has diagonalised all the quaternion
covariance matrices. To resolve this outstanding isssue, notice that
the WL-QPLS algorithm can be implemented with both the input
and output being the same matrix, X, with the aim of producing a
diagonalising transform. This diagonalisation is given by

T=XO",

where the transform matrix © takes the form

PHW)WH  (PHWH)WH  (PIPwywr (PERW)WH

PYW)WH  (PRWWH  (Pwywr (PERw)wH

~ | erwywr erwywe  etwywr eirwywH

P WWH  (PHWWH  (PFwwt (PRW)WH
(60)

Remark 9. The WL-QPLS in Algorithm 4 with the input and out-
put blocks given by the quaternion-valued matrix X yields a score
matrix T which is fully uncorrelated in terms of quaternion-valued
second-order statistics. The augmented covariance matrix, T"T, of

the WL-QPLS scores is now block diagonal which means that all
four covariance matrices are diagonalised.

Remark 10. If, in each iteration of the WL-QPLS Algorithm 4, the
score vector t is normalised, then the complementary covariance
matrices of the score matrix, T, will yield their circularity quotients
in (22).

5.3. Application of the MD-PLS algorithms for image classification

The GHOPLS, HONIPALS and WL-QPLS were implemented
for the real-world problem of colour image classification, a case
where the data are naturally mutlidimensional. To do so we
employed the quaternion-based framework developed by Risojevic
and Babic [33,34] and implemented the MD-PLS algorithms as an
alternative pre-processing step.

This methodology was applied to the Brazilian Coffee Scenes
dataset [35], a selection of satellite images in the near infrared
(NIR), red and green spectrum. Each image is categorised into ei-
ther an image of a coffee plantation (over 80% of pixels containing
coffee plants) or a non-coffee area. The image is then encoded into
a quaternion representation as

Qx.y) =iQnr(x,y) + jQr (X, ¥) + kQg(x. ¥).

As a first processing step, each image was converted into over-
lapping p x p pixel patches where p =5. The patches were vec-
torised as s € H'*2° and a subset of N = 10000 were randomly se-
lected to calculate a set of filters using each proposed MD-PLS al-
gorithm. The WL-QPLS, HONIPALS and GHOPLS were implemented
for the case where the input and output were the same data struc-
ture, as required for the covariance matrix diagonalisation appli-
cation in Section 5.2. For the WL-QPLS implementation, the filter



326 A.E. Stott, B. Scalzo Dees and I. Kisil et al./Signal Processing 160 (2019) 316-327

Table 3

Coffee image classification.
Filter Accuracy
QPCA 88.6%

WL-QPLS 89.7%
HONIPALS  88.5%
GHOPLS 88.8%

was the matrix W of the concatenated score projections in (45).
For the tensor-based algorithms, the quaternion-valued patch was
transformed to a tensor representation through (56) and the fil-
ter was obtained from the GHOPLS and HONIPALS basis in (34).
In each case the number of components selected was r = 15. The
filtered patches were then represented in the quaternion domain
as

§=80 45MWi 43515k

The dictionary learning step employed in [33] was neglected in
order to provide a direct comparison between the algorithms con-
sidered. Moreover, a filter was developed using quaternion princi-
pal component analysis (QPCA) [30], which is calcualted from the
SVD of the covariance matrix.A real-valued feature vector for each
image was then calcualted via the same process in [33], outlined in
Appendix B. Once the feature vector was obtained the images were
classified using a support vector machine (SVM) implemented in
Matlab. The 5-fold cross validated results are presented in Table 3,
demonstrating the validity of the proposed quaternion and tensor-
valued representations.

The advantages of quaternion-valued filters for image represen-
tation have been established in the literature [30,31,36]. The mul-
tidimensional encoding inherent in the algebra enables the rela-
tionships between colours to be preserved and so the processing
contains physical meaning [31,36]. This ability is lost if the data
is transformed to a real-valued vector. Our application shows that
tensors also offer a method in which to preserve geometric infor-
mation in the calculations. The implementation of the MD-PLS al-
gorithms to determine a subspace filter highlights their flexibility.
As the data structure is a parameter, the proposed algorithms of-
fer an alternative way in which to represent a subspace in both
regression and unsupervised learning tasks.

6. Conclusion

We have introduced a class of novel algorithms for a PLS-
regression solution with multidimensional data. The WL-QPLS has
been shown to be a generalisation of the real-valued two-way
NIPALS algorithm for quaternion-valued data, which makes pos-
sible a regularised widely linear regression for both circular and
noncircular quaternion data. Two algorithms have been proposed
for tensor-based regression, the HONIPALS and the GHOPLS which
adopt a different and more general approach to tensor PLS than
the existing HOPLS or N-PLS methods. The HONIPALS uses an un-
folding approach for the cross-covariance structure, whereas the
GHOPLS uses the tensor contraction product. The analysis shows
that these methods take into account the same information but
produce alternative results. Finally, a quaternion to tensor isomor-
phism has been introduced to highlight the equivalence for quadri-
variate data. The proposed algorithms have been verified through a
simulation on synthetic data, the application of the WL-QPLS algo-
rithm for the open problem of quaternion covariance matrix diag-
onalisation and a case study of image classification of coffee plan-
tations from satellite data.

The proposed MD-PLS algorithms have been shown to represent
comprehensive generalisations of a NIPALS style PLS-regression for
tensor- and quaternion-valued data. These developments open a

new approach for PLS-regression type applications as they allow
the dimensionality of the PLS model to be chosen either as the
most appropriate parameters from cross-validation or based on
some physically meaningful property of the data, whereas conven-
tional applications are limited to purely selecting the number of
PLS scores. In particular, the tensor-based framework allows com-
plete flexibility of the data structure dimensions. The proposed
HONIPALS and GHOPLS algorithms have been shown to provide
alternative methods of representation for such tensorvariate data,
which can enhance interpretability of the solution or model. More-
over, the WL-QPLS utilises the quaternion algebra which can be
used to represent relationships among data such as rotations. As
a result, the class of MD-PLS algorithms has the potential to be
employed for a wide variety of regression scenarios and provide in
depth data analysis beyond a two-way solution for common appli-
cations such as subspace identification.
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Appendix A. The HOPLS algorithm

Zhao et. al. [17] introduced a tensor-based PLS algorithm, HO-
PLS, which computes the decomposition (28) in order to pro-
duce a tensor regression. The full HOPLS process is outlined in
Algorithm 5. The first step in each iteration is to compute the con-

Algorithm 5 The HOPLS algorithm [17].
1: Input: X, Yy, r, K, forn=1,2,...,Mand L, forn=1,2,...,P
2. fori=1,...,rdo
3 S = (X, Vi)
4 Perform rank-(Kq,K>,..., Ky, L1,Ly,...,Lp) HOOI decom-
position to give S=g¢x; P}l) X plﬁz) X3 Xy PFM) X M1
Q,m XM+2 Q1-(2) X3+t XpMyp Q,-<P)

5. t; is first leading left singular vector of (X,- X3 Pl.“)T X3
2T mT

nr 2)T MT
g,’inxltiTXZPI.() ><3P'.() X4"'XM+1P,‘()
nT 2)T P)T
D= Vi x1 7 x QT 53 Q2T 5y - xpyy QP
2
Xi+1:Xi—giX1tiX2Pi(l) ><3Pi()><4"'><M+1Pl'(M)

1 2 P
9 Vi =Yi-Dixitx2Q" x3Q% x4 xp1 Q)
10: end for

® N @

traction product (13) between X and Y along the first mode. The
orthogonal rank-(Ky, Ky, ...,Ky, L1, Ly, ..., Lp) Tucker decomposi-
tion of the resultant tensor, S, is then obtained through the HOOI
Algorithm [21]. The HOPLS score vector t is found as the first sin-
gular vector of the unfolded matrix (X; x> Pfl)T X3 PFZ)T C XM

PM™T) ;). where P™ for n=1,2,....M are the factor matrices
produced from the prior Tucker decomposition of S. The respec-
tive core tensors, G and D, for the HOPLS decomposition of X and
Y can then be solved for.

To calculate the tensor regression coefficients for prediction us-
ing the HOPLS model, a mode-1 unfolding of the latent variable
representation of X is first performed

Xa) =TV, (A1)
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where T(q) is a matrix of r columns which contains the r score vec-
tors obtained by the HOPLS algorithm and V is a matrix of r rows
with each row, vy, given by

Vi = Gy, PM g PM-D g ... o PM)T,

A mode-1 unfolding of Y is performed as [17]
Yo =T Q.

where the matrix Q* has r rows, q;, given by
9 =Du Q" Q" Ve -eQ")".

Now the prediction of the mode-1 unfolded dependent variables,
Y(1), can be performed as

Yoy =Xo)V'Q,
where each column v;" of V* is calculated as

v, = PMgPMDg...@ P(l))Ga)r'

(A2)

(A3)

Appendix B. Calculation of feature vector for the image
classification problem

The process used in [33] is employed to create the fea-
ture vector to be used for image classification from the filtered
quaternion-valued patch vectors §. The real-valued feature vector,

O =[£I, 0, f(;QZr]’ g=1,2,...,15 was obtained from

1 1

=151,
1 1

£ = max (0.5 - ).

1 1
fy = max(0, =57 - 6),

where § =1 x 10710 [ =0, 1, 2, 3, for each quaternion axis and r is
the length of the vectorised patch. These are then pooled for each
patch as

0 _ Ly~e0
FO = szi ,
i=1
where N is the number of patches within an image. Each element
was power-law transformed as F=F%, where o =0.5 and then
normalised through

= FO

RO
before being concatenated into one feature vector F=
[f(o), F(U,F(Z),fm] to be fed into the SVM.

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at doi:10.1016/j.sigpro.2019.03.002.
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