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Background on FRI (i)

Signals with finite rate of innovation (FRI)
Parametric representation
Known “shape” g (1)

Unknown realisation (location t,, amplitude 3, , ...)

Mathematically
R—1
£(t) =0 Yerge(t — tr).

keZ, r=0

1 T T
p= lim —C; (——. ) :

T—f T 22



Background on FRI

Examples of signa
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The sampling process (i)
N

0 1. Obtain the input measurements
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The sampling process (ii

2. Modify the samples
Sequence of new measurements s_

Power series

K1

Sm = f {lU-n} — Z &L:u':? S = Cy -
k=0

Related to the locations and amplitudes

Classical spectral estimation problem: harmonic retrieval



The sampling process (iii)

3. Retrieve the parameters

Prony’s method --- Annihilating filter method

K1
Ry ¥ Sy, = 0 ~ '
b S h(l) _ H (1 — U2 l)
Sh =0 k=0

Toeplitz matrix S is rank deficient

Obtain h (null-space) Ko

- T

Find a using equation S, = f{yn} = Z AU
k=0



Sampling kernels (i)

o Infinite support

Classical kernel (Vetterli et al)

hp(t) = Bsinc(Bt) Sm = DFT‘{@»"H}
C

~ Finite support

Poly, Exp reproducing (Dragotti et al)

. - _ ml
S} Cmnfp(t —n) = ; Py gam—jw
neZ C Bap(w) = ﬂ -

, _ . . m=0
Sm = Sj|ffm,n- YUn

T,
Cm.,0

Cmmn = €



Sampling kernels
R

11 Kernel examples
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The noisy scenario

Sampling scheme

Analogue noise

w(t) A

|
: |
| , : , I
@ A (O
| I
|

Consider only digital noise: AWGN(O, o)
Un = (x(t), h (t — nT)) + €,

Degrades performance of basic algorithms



A Subspace Approach (i)
N

1 Measurements change
Sm = fluyn + €en} = fynt + flen} s = Cy + Ce

11 Toeplitz matrix S changes too

Sh =20
( SL SL—-1 S0 \
SL+1 SL T S1
\ SPpP SP-1 SP—L)




A Subspace Approach (ii)

Assume the term B is due to AWGN

S = f{yn T Eﬂ.} — f{yﬂ} T f{Eﬂ} S=S+B.

Sh =0 ISh|? s.t. |h|? =1
Covariance matrix B*B =o°1 R=Q'Q
E{B*B} = oI

SVD is able to separdic siyiwur unu noise subspaces
Total Least Squares, Cadzow

h vector corresponding to the noise subspace in SVD



A Subspace Approach (iii)

B for exp rep kernels is due to coloured noise

S = f{“n T ‘:n} = f{yn} T f{En} S — Cy +|Ce

S=S+B. Sh=0 |[Sh|?st [h]*=1

R = AE{B" B
Covariance matrix n = { } R = Q’Q

pre-whiten S'=SQ ! (BQ H)*(BQ )=\
SVD is now able to separate subspaces
Modified TLS or Cadzow



A Subspace Approach (iv)

1 Simulations

1
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Modifying E-Splines (i)
I | ——
1 Coloured noise term
s = Cy +|Ce

Cm,n = eﬂmncm}ﬂ p(t) = y(t) * Bap(t)

1 Goal: € to have orthonormal columns

- QTIMm

o Orthogonal  ayy, = jwy, = J=x—

1 Orthonormal Cmo| =1

‘@(wm)‘ = W(Wm)éﬁs’p(wmﬂ =1



Modifying E-Splines (ii)
I

[P(wm)| = |3(wm)Bap(wm)| =1 o(t) = 7(t) * Bap(t)
< |Hlom)| = ‘B&’p(wm)‘_l
o Polynomial Y. d;(jw)" interpolate (wn.|Ba,(wm)| ™)
21 Only find coeffs

o1 Maximal-order minimal-support kernel
P—1

P-1 .
B(w) = Bap(w) 3 diljw)’ P(t) = ) difg) (1)

1=0



Modifying E-Splines
N

11 Kernel examples
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Modifying E-Splines (iv)
N

1 Simulations
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Sparse Characterization of Neuronal

Signals through FRI theor
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Neuroscience today

Scientific study of the nervous system

Interdisciplinary approach: best way to improve
understanding of the brain

Medicine Biology Chemistry
Psycology Neuroscience

Physics Mathematics Engineering



Levels of analysis

Study of the nervous system. In ascending order of
complexity:

Molecular Neuroscience
Computational Neuroscience

Cellular Neuroscience )
Single neuron

Physiological background

Systems Neuroscience Characterise structure to reproduce
behaviour

Modelling
Behavioral Neuroscience Maths / Physics: Hodgkin and Huxley's

Electrics: cable theory, Spike Response
Model
Cognitive Neuroscience



Brain cells

1 Neurons

o1 Sense

Oligodendrocyte
wraps myelin around

1 Communicate

n Re CI CT , I multiple axons >
' . { Pre:nap il rTlaptic
- Glia (10:1) |
o Insulate

o Support

1 Nourish

Blood vessel

-1 Different types of glia interact
with neurons and the o S

blood vessel

surrounding blood vessels

http://www.nature.com/nature/journal/v457/n7230/fig_tab/4576
75a_F1.html



Neurons

1 Nerve cell

G
SW)

—

0 Main parts
Soma
Axon
Dendrites

1 Inner / Outer
separation

Neuronal membrane

Wikipedia: Neuron



The Axon
N .,
~1 Unique to neurons

1 Transfer information

o Parts
=1 Hillock

71 Collaterals

Axon hillock

. _\_’
=1 Terminal

m Contact with other o
neurons (synapse) collaterals

. Axon Te rminq I Wi'l'h Neuroscience: Exploring the Brain, 3@ Ed. Bear, Connors and

Paradiso. Copyright © 2007 Lippincott Williams & Wilkins

dendrites or soma



Neurons at rest (i)

-2y
o Cytosolic &
Extracellular fluids

(Na™, K*, Ca?*, CI)
-1 Phospholipid bilayer
(membrane)

1 Proteins
= lon Pumps

=1 lon Channels

-1 Regulate membrane
potential at rest

Neuroscience: Exploring the Brain, 3" Ed. Bear, Connors and
Paradiso. Copyright © 2007 Lippincott Williams & Wilkins



Neurons at rest (ii

0 lon pumps
o [K*] (INa*]) higher 15

inside (outside) T Jgf“

1 lon channels

Ground

icroelectrode

o Initially more
permeable to K™

1 Diffusion vs Electrical
potential

o1 Balance: equilibrium
potential

Neuroscience: Exploring the Brain, 3@ Ed. Bear, Connors and
Paradiso. Copyright © 2007 Lippincott Williams & Wilkins



Neuronal activity (i)

Sensory nauron
cell body

IR Myelinated

Stimulus | TaT » PRI R ISR 3 synapic
\_ ) T e S —— : tarminal
: : \ /
Depo I ar | Zat| on A Receptor lor synaptic) B Trigger action C Action potential D OQutput signal
potential {transmitter release)

Y
N
[ )
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T

Na Ch Open Stimulus  Amplitude '23' ﬂ .i

istratchl  of stretch a0}
Threshold?

~
AN

Spike threshold
B0} kY m A=
_W L

i
Du‘r.;i-on '?E
AP ] : .
[ : Q-
Propagation I :
X J :
Depolarization ﬂ
Ca ch open [ ] ey
Threshold? AT ™

24 Principles of Neural Science, 4" Ed. Kandel, Schwartz, and
A[Ca ] Jessel. Copyright © 2000 McGraw Hill



Neuronal activity (ii

Axon hillock (voltage-
gated sodium
channels)

Absolute /relative
refractory period

vV, [mV]

40

-40

Voltage Clamp
(Hodgkin and Huxley)

80

Overshoot

Falling
phase

Resting Potential

t[ms]

0 1 2 3

Neuroscience: Exploring the Brain, 3" Ed. Bear, Connors and
Paradiso. Copyright © 2007 Lippincott Williams & Wilkins



Neuronal activity (iii)

Dendrite spine heads

Related to APs (Ca
channels)

(or to other synaptic
stimuli, EPSP)

Calcium imaging

[Ca?*][nM]
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Instantaneous
increase

Exponential
decay

Base
concentration
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Modelling AP signals

/’\ @20KHz
1[ms]
°r 120[mVpp] i

t[ms]

-1 Real voltage signal
= Very noisy
o Sparse? Can we apply FRI?



Inherent sparsity (i)

100 —

50 —

v, [mV]
o
k

50 \ | | \ \
0 10 20 30 40 50
tms]

60 70 80

o1 Try to make it sparse
o Isolate AP (remove noise)

o1 The signal is sparse



Inherent sparsity (ii

100 - i

50 —

V_[mV]
o
’;

50 \ | | \ \ \ |
0 10 20 30 40 50 60 70 80
tms]

0 Simplify further

o1 One AP shape only, @(t,, a,), k = 0...K-1
o If we detect the ideal spikes, we know (t,, q,)



Modelling AP signals

/’\ @20KHz
1[ms]
i 120[mVpp]
o t[rA];oS] 70 80

Y
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Sampling the AP signals

(1) ul(t)
N d [t = o (4 2Ty = 00 ()
- Find equivalent sampling x(t) = > apn(t — t)
keZ
scheme = S akd(t - 1) % ()
Rewrite the input keZ

= s(t) * n(t)

o= (005 ()

Equivalent expression for the
samples



Equivalent sampling scheme

il m} W T (80,8 (£ — )

T_”

“Basic” train of deltas scenario
Annihilating Filter Method can be used

Sample the original signal
Calculate coefficients provided by equivalent scheme

Find locations and amplitudes of Diracs



Simulations (i)
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201
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ldeal scenario
Place AP shape at locations f, with amplitudes q,

Apply Annihilating Filter Method with equivalent scheme
coefficients

Sampling and Perfect Reconstruction is possible



Simulations (i

Real data

Simple case: search for
the same spike shape

PR can be achieved

Also tried
More spike shapes
More spikes at same
time
lterative: window (+)
detect

Challenging
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Modelling [Ca?*] transients
S

i @7Hz
30 03'1[3]
0.5-1[nMpp]
T )
00 2 4 6 8 1F0 12 14 16
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Sampling the Calcium transients

k ’Lk "0 Th) = o

) y(t) :RT

% YUn = <'=1"(t)1{19 (% ﬂ’))

K1
x(t) = Z age By — 1)
- Find equivalent sampling k=0

K1
scheme = > ad(t— ) x e “Tu(t)
k=0

Rewrite the input
= s(t) * pa(t)
Weighted sample difference

¥

T
Znp = Yn — € Yn-1= ..

= <5(t),-?;f',f (% - n)>



Equivalent sampling scheme

NI RN o IECRP PR

~n — \ = s U\ T T

“Basic” train of deltas scenario
Annihilating Filter Method can be used

Sample the original signal
Calculate coefficients provided by equivalent scheme

Find locations and amplitudes of Diracs



Simulations (i)
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Simulations (ii

45—

Alca®"](t) [nM]

t[s]

-1 Real data
Windowing: fixed size
Denoising: hard thresholding

Number of spikes: least squares



Conclusions

Noisy FRI scenario
Modified TLS / Cadzow for coloured noise
Redesign kernels

Improvement (higher P better)

Modelling neuronal signals
|deally they are sparse
Goalls: reduce sampling rate, spike detection, sorting

Real data

Different types of spikes
Noise: HT?



Future work

Finite rate of innovation
Subspace denoising: alternative improvements
Other approaches?
Adaptive filtering
Neuronal signals
Apply improved denoising + HT
lterative retrieval

Different spike shapes / Superresolution?

Compressed Sensing
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