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Presented results
extend to

nD problems




Overview

e Sparse Spikes Super-resolution

e Robust Support Recovery

o Asymptotic Positive Measure Recovery
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Deconvolution of Measures

Radon measure m on T = (R/Z)<.

Discrete measure:

Mo = Zi\;l a;0z,, @ cRY xeTV

Linear measurements:

y=®m)+w peC*TxT)
& (m) = / o(, ) dm(z)

FExample: 1-D (d = 1) convolution
p(x,t) = p(t — )

Minimum separation:
A =min;»; |z; — x;]|

— Signal-dependent recovery criteria.
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Robustness and Support-stability

min {|m[(T) ; m =y}

Low—pass filter g{lpp(@) — [_fca fc]
When is mg solution of Py(®myg) ?

Theorem: |Candes, Fernandez G.|

A > 1}0266 = myq solves Py(Pmy).

(Po(w))

How close to mg
are solutions of Py (®mgy + w)?

Weighted L? error:
— [Candes, Fernandez-G. 2012]

Support localization:
— |Fernandez-G.||de Castro 2012]

A=03/f

A=01/f, i

Open problems: Exact support recovery? General kernels?
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= min;
m i) <1

— Sup [mln_ <777 m>
Infloo <18 T

— sSup _<p7 y> 9
|2*plloc <1

m € Ou.|.<1(1) \

— 1 = ®*p trigonometric polynomial.

Ideal low-pass filter: | — Interpolates spikes location and sign.

— |n(t)|? = 1: polynomial equation of supp(m).
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2| min m|(T) + = [&m — y? || px = argmax (o, g) — 2pl2 |
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A — 0+l o
> mgo € argmin |m|(T) Do(y) = argmax (p, y) 9? i
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Lemma: Dy(y) = {p; ®*p € I|myg|(T)} po = argmax — 5”19”2
pE€Do(y)

Definition: for any mg solution of Py(y),

no = ® py =
n=®*pcd|mo|(T)

argmin  |p




Vanishing Derivative Pre-certificate

Input measure: mg = mg 4.

def. . \V/Z, 7/}('CE’L) — Sign(a”b)7
— argmin |p| s.t. {
0 ng@*p 4 [n]eo < 1.

1y <= myg solves Py(Pmyg)




Vanishing Derivative Pre-certificate

Input measure: mg = mg 4.

def. . \V/Z, 7/}('CB’L) — Sign(a”b)7
— argmin |p| s.t. {
o = argmin Il st < 1.
1y <= myg solves Py(Pmyg)
def. . \v//l/y 77(377,) — Sign(a”i)7
y = argmin |p| S.t. .




Vanishing Derivative Pre-certificate

Input measure: mg = mg 4.

def. . \V/Z, n(zz) — Sign(al)7
— argmin |p| s.t. {
o = 2xgmin IS e <1
1y <= myg solves Py(Pmyg)
def. . \v//l/y 77(377,) — Sign(a”i)7
y = argmin |p| S.t. .

Proposition: 1y = ®* AL (sign(a); 0)
where A, (b) = >, bip(s,-) + b7 (4, )




Vanishing Derivative Pre-certificate

Input measure: mg = mg 4.

def. . \V/Z, n(zz) — Sign(a’l)7
— argmin |p| s.t. {
o = 2xgmin IS e <1
1y <= myg solves Py(Pmyg)
def. . \V/Z, 77(377,) — Sign(a”i)7
y = argmin |p| S.t. .

Proposition: 1y = ®* AL (sign(a); 0)
where A, (b) = >, bip(zs,-) + b7 (%4, )

Non-degenerate certificate: n € ND(mg ) :
< Vt¢{xla>$N}>’n(t)‘ <1 andVian//(xi)#O




Vanishing Derivative Pre-certificate

Input measure: mg = mg 4.

def. . \V/Z, T}('CE’L) — Sign(a’l)7
— argmin |p| s.t. {
o = 2xgmin IS e <1
1y <= myg solves Py(Pmyg)
def. . \V/Z, 77(377,) — Sign(a’i)7
y = argmin |p| S.t. .

Proposition: 1y = ®* AL (sign(a); 0)
where A, (b) = >, bip(zs,-) + b7 (%4, )

i

WAL VY

o 7# Nv

Non-degenerate certificate: n € ND(mg ) :
< Vt¢{xla>$N}>’n(t)‘ <1 andVian//(xi)#O

Theorem: nv € ND(mg) = ny =10
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Support Stability Theorem

A—0 T x] R

M =P py — 1o = P po
supp(my) C {|nx| = 1} M

> If ng € ND(myg) then supp(my) — supp(my) e

ST
§ Theorem: 1If gy, € ND(myg) for mg = myg 4, then
g for (Jwl/A,%) = O(1),
OQ{ the solution of Py (y) for y = ®(mg) + w is
S| ma=Xl, aibs;  where |(z,a) — (¢*,a*)] = O(Jw|)
)
*
T3y Amax i} A Juw]

)

: >
Noiseless w = 0.
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Input measure: Mo = Mg Az, A —0

Theorem: [Tang, Recht, 2013]
1C, (A > Co) = (ny is non degenerate)
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Recovery of Positive Measures

[nput measure: mg = m,, where a€RY.

Theorem: let  ®m = ([ e_Qi”ktdm(t))icz_fc and

N .
ns(t) = 1= pllizy sin(m(t — z:))°
for N < f. and p small enough, ng € D(my).

— My 1S recovered when there is no noise.

— behavior as Vi,z; — 07
[Morgenshtern, Candes, 2015] discrete ¢! robustness.
[Demanet, Nguyen, 2015] discrete £° robustness.

— noise robustness of support recovery 7

[TT0Z ‘' 30 o1jse)) op]
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Asymptotic of Vanishing Certificate

mg = Mq Ay Where A —0 1

Vanishing Derivative pre-certificate:

def. .
ny = argmin |p|

":@p (Az) |
' 1] Lq) = 1,
s.t. Vi, { 0 (Az;) = 0.

lA — 0 1

Asymptotic pre-certificate:

def. .
nw = argmin |p)|
n=>o*p

n(0) =1,
-t { 7 (0) = ... = nCN=1)(0) = 0.
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(2N — 1)-Non degenerate:

nw € NDy
(WL £0, [ ()] < 1

e
w2 (0) #£ 0

\\

Lemmoa:
It nw € NDp, 3\ > 0,

VA < Ag, nv € ND(mA:I:,a)

— nw govern stability as A — 0.




Asymptotic Robustness

Theorem: If nyw € NDy, letting mg = mqy Az, then
for (%7 Aztzi\;—la A21>\\7—1) — 0(1)

the solution of Py (y) for y = ®(mg) + w is
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Asymptotic Robustness

Theorem: If nyw € NDy, letting mg = mqy Az, then
for (%7 AQQZI\JT—17 A21>\\7—1) — 0(1)

the solution of Py (y) for y = ®(mg) + w is

X o o (112
S ataer where(a,a) — (o) = 0 (LS

)

GT0Z "d “( ‘ereLoua(]]

Noise: w = Awg.

— (I)ma - + w . .
Yy A Regularization: A = A\gA“




When is 71w Non-degenerate ?

Proposition: one has 7

(2N

%4

)(0) < 0.

— “locally” non-degenerate.
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tion: one has 77&2/1\7) (0) < 0. [ — “locally” non-degenerate.




Gaussian Deconvolution

|x_t|2 ef.
Gaussian convolution: (x,t) =e 202 d(m) = [ oz, )dm(x)
N—1 I I I | | |
» _ a2 z/20)%F | |¢(0,)
Proposition: nw(z) =e" 37 Y ( /k!) :
k=0 -
In particular, ny is non-degenerate. _

— Gaussian deconvolution is support-stable.
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Laplace Transform Inversion

Laplace transform: @(x,t) =e™ %  ®(m) = /go(zc, dm(x) (with E. Soubies|

(@) T
P\, -
=20 | —2 & (m)
mo ®(mo)
t T ? 7
Total internal reflection fluorescence microscopy (TIRFM) — multiple angles
A E ‘(t)‘ | 2:1'0‘nm‘
E £ - Z:89 nm
=t "oy zoomn S |
: == . i e, |
1ight . i 6+OJ ! }65\ \710\ | 715*
|[Boulanger et al. 2014]



Laplace Transform Inversion
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In particular, ny is non-degenerate.
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Conclusion

Deconvolution of measures:

— L? errors are not well-suited.

Weak-* convergence.

Optimal transport distance.

Exact support estimation.

— dictated by ng o
Low-noise behavior: — checkable via ny, .
— asymptotic via nyy.
Lasso on discrete grids: similar ng-analysis applies.
— Relate discrete and continuous recoveries.

Open problem: other regularizations (e.g. piecewise constant) ?
see [Chambolle, Duval, Peyré, Poon 2016| for TV denoising.




