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Abstract

Many applications must ingest and analyze data that are continuously generated over time from
geographically distributed sources such as users, sensors and devices. This results in the need for
efficient data analytics in geo-distributed systems. Energy efficiency is a fundamental requirement in
these distributed systems, and its importance is reflected in much recent work on performance analysis of
system energy consumption. However, most works have only focused on communication and computation
costs, and do not account for caching costs. Given the increasing interest in cache networks, this is a
serious deficiency. In this paper, we consider the energy consumption tradeoff between communication,
computation, and caching (C3) for data analytics under a Quality of Information (Qol) guarantee in
a geo-distributed system. To attain this goal, we formulate an optimization problem to capture the C3
costs, which turns out to be a non-convex Mixed Integer Non-Linear Programming (MINLP) Problem.
We then propose a variant of spatial branch-and-bound algorithm (V-SBB), that can achieve e—globaﬂ

optimal solution to the original MINLP. We show numerically that V-SBB is more stable and robust than
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other candidate MINLP solvers under different network scenarios. More importantly, we observe that the
energy efficiency under our C3 optimization framework improves by as much as 88% compared to any

C2 optimization between communication and computation or caching.
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le-global optimality means that the obtained solution is within e tolerance of the global optimal solution.
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Fig. 1: The distributed model for a typical data analytics service consists of a single central and multiple

edge servers in a hub-and-spoke architecture.

I. INTRODUCTION

Large quantities of data are generated continuously over time in the form of sensor reading, posts,
emails etc. An efficient communication and processing system must provide efficient data analytics [1]],
[2] to extract useful and timely information for the user. Hence, there is a growing interest in designing
distributed data analytics platforms [3]].

In many data analytics systems, data is often generated and gathered from sources such as mobile
devices, users and sensors at dispersed locations. As a result, the distributed infrastructure of a typical
data analytics service (e.g., Google Analytics, Amazon Web Services etc) has a hub-and-spoke model
(see Figure . Data are generated and sent to “edge” server near them. The edge servers are usually
geographically distributed and process (e.g. compress) the incoming data and send the resultant data to
other servers for further processing and storage.

While each server is able to process and store data, its resources are typically limited. In particular,
the storage capacity and available power for data compression may be limited. It has been reported that
the average annual power consumption for data analytics was 25 Giga-Watts in 2013 [4], [5], which
is equivalent to operating 23 nuclear reactors. This not only increases the operational costs but also
has an adverse environmental impact. Energy consumption is also a fundamental challenge for many
wireless components that operate on limited battery power supply and are usually deployed in remote or
inaccessible areas. Furthermore, about 5 zetta-bytes of data pass through the global network in 2017 [6].
This not only requires a huge network bandwidth, but may further increase the energy expenditure as

communicating such a large amount of data in a distributed environment incurs tremendous transmission

%In this paper, we interchange the notion of (center and edge) server and node.



costs. These challenges necessitate the need for designs that can enhance the energy efficiency of
distributed system with a Qol guarantee.

Typically there are two approaches to data analytics. On one hand, a centralized approach can be
applied where all the collected data is sent to the centralized server and no processing is performed at the
edge or intermediate nodes. However, such a centralized approach is often suboptimal and even infeasible,
since it may cause large delay due to the limited communication bandwidth and does not make use of
the available computation and storage resources at edges. On the other hand, a decentralized approach
utilizes the edge resources to compute and store the data to reduce the network traffic. In this paper, we
argue that data analytics must utilize both edges and center resources in a well-organized coordinated
manner so as to achieve the minimal energy consumption by proper tradeoffs among data communication,
computation and caching while satisfying stringent quality-of-information (Qol) requirements of the end
users.

Data computation has been widely used in data analytics systems. It combines and compresses large
quantities of generated data from data generators that must be processed in a specified time period. For
example, Google Analytics can compute the total visits to one website from different regions and aggregate
the visitors’ information on an hourly basis. Data compression (computation) can lower transmission
cost by removing the inherent redundancy in the data and reducing the total amount of data for further
transmission at the expense of computational cost.

Furthermore, cache has become an important component of data analytics systems to store information
locally. For instance, users in a geographical area want to receive the same information (e.g., live videos,
commentary) generated by a number of data sources. In such cases, caching can be used as a mean to
reduce the access latency (resulting in enhanced Qol) by storing the data generated in a finite period at
some locations to serve the users. This can also help reduce the energy cost and bandwidth consumption
as data are stored closer to the requesting nodes, eliminating the need for repeated transmissions from
the source nodes that may be far away from the requesting users. For example, caches have been widely
used in wireless sensor networks (WSNs) and its functionality in minimizing latency and reducing energy
cost has been studied in [7]-[9]. However, data caching also consumes energy [10].

Due to the inter-dependence, there exists a tradeoff among data communication, computation and
caching energy costs. In this paper, we formulate an optimization problem that characterizes the tradeoff
among communication, computation, and caching energy cost with Qol guarantee, and then develop an
efficient algorithm to solve the optimization problem. Our algorithm decides how much data compression
should be performed at each node and where data should be cached in the system. Without loss of

generality (W.l.o.g.), each node is assumed to have ability to compress and cache data up to some finite



storage capacity.

A. Motivation

The setting of interest in this paper consists of a large number of (edge and center) servers, each
equipped with finite storage capacity and data computation capability. Examples of such settings are
WSNs, smart cities or Internet of Things (IoTs) where geographically distributed servers generate a large
amount of data. In this paper, we focus on WSNs, particularly in the context of tactical environments [|11]]
as an illustrative example. Wireless sensors are significant components in tactical environments which
have limited bandwidth, energy resources but stringent requirements (e.g., low latency). In WSNSs, sensors
generate, process and transmit data to nearby edge servers, which can further process the data. As shown
in Figure [T we consider a tree-structured geo-distributed WSN. All sensors are battery operated and thus
have limited power supply. W.l.o.g, data is generated only by the leaf nodes (sensors) and the goal of
the network is to process the generated data while it is being forwarded toward the sink (root) node. The
network also contains relay nodes that do not produce their own data, but can compress and cache data
received from their corresponding children nodes. The sink node also receives and serves the requests for
the data generated in this network. The relay nodes allow the leaf nodes to transmit over shorter range,
hence reducing the energy consumption of the leaf nodes. Furthermore, the wireless channel conditions
may also not be suitable for long range communications. The relay nodes transmit the data up the tree
until it reaches the root node that satisfies any requests for the data of any particular leaf node. To
continue, let us describe several key terms as follows.

Computation: Data aggregation [12f], [[13]] is the process of gathering data from multiple generators
(e.g., sensors), compressing them to eliminate redundant information and then providing the summarized
information to end users. Since only part of the original data is transmitted, data aggregation can conserve
a large amount of energy. A common assumption in previous work is that the amount of energy consumed
by data compression is smaller than that needed to transmit the same amount of data. Therefore, data
compression was considered a viable technique for reducing energy consumption. However, it has been
shown [[14]] that computational energy cost can be significant and may cause a net-energy increase if
data are compressed beyond a certain level (threshold). Hence, it is necessary to jointly consider both
transmission and computation costs, and it is important to characterize the tradeoff between them [15]].
Caching: Cache has been widely used in networks and distributed systems to improve performance by
storing information locally, which jointly reduces access latency and bandwidth requirements, and hence
improves user experience. The basic idea behind caching is to make information available at a location

closer to the user. Again, most previous work focused on designing caching algorithms to enhance



system performance without considering the energy cost of caching. However, caching itself can incur
significant energy costs [16]]. Therefore, capturing caching cost and characterizing the tradeoff between
communication and caching energy cost are also critical for system design.

Quality of Information (Qol): The notion of Qol required by end users is affected by many factors. In
particular, the degree of the data aggregation in a system is crucial for Qol. It has been shown that data
aggregation can deteriorate Qol in some situations [[17]. Thus an energy efficient design for appropriate
data aggregation with a guaranteed Qol is desirable.

The objective of this work is to develop an efficient algorithm to minimize the total energy cost by
incorporating data communication, computation and caching energy costs with a desired Qol constraint
into our formulation, so that the optimal data compression rate at each node and the optimal data caching
location in the network can be determined. Such an algorithm should be lightweight and achieve the

optimal solution efficiently.

B. Organization and Main Results

In Section [II} we describe our system model in which nodes are logically arranged as a tree. Each node
receives and compresses data from its children node(s). The compressed data are transmitted and further
compressed by upstream nodes towards the sink node. Each node can also cache the compressed data
locally. In Section we formulate the problem of energy-efficient data compression, communication and
caching with Qol constraint as a non-convex mixed integer non-linear programming (MINLP) problem,
which is hard to solve in general. We then show that there exists an equivalent problem obtained through
symbolic reformation [18] in Section and propose a variant of the Spatial Branch-and-Bound (V-
SBB) algorithm to solve it. We show that our proposed algorithm can achieve e-global optimality of the
original MINLP efficiently. Since we have a discrete space and a non-convex problem, showing that there
exists an e-optimal solution and developing an efficient algorithm to achieve it are quite intricate. This
is another contribution in this paper.

In Section [V] we evaluate the performance of our optimization framework and the proposed V-SBB
algorithm through extensive numerical studies. In particular, we make a thorough comparison with other
MINLP solvers Bonmin [[19], NOMAD [20], and Matlab’s genetic algorithm (GA) under different network
scenarios. The results show that our algorithm can achieve the e-global optimality, and is either comparable
to or outperforms Bonmin. Furthermore, our algorithm is more robust and stable in the context of varying
network situations. In other words, Bonmin in certain cases is not able to provide a solution, even though
the original problem is feasible. Furthermore, our algorithm easily outperforms NOMAD and Matlab’s

GA [21] in most of our testing scenarios. More importantly, we observe that with the joint optimization
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Fig. 2: Tree-Structured Network Model.

of data communication, computation and caching (C3), energy efficiency can be improved by as much
as 88% compared to only optimizing communication and computation, or communication and caching
(C2). This further strengthens the contributions of our optimization framework of C3. In Section we

review previous work, and conclude in Section [VII|

II. ANALYTICAL MODEL

We represent the network as a directed graph G = (V, E). As shown in Section [I, a hub-and-spoke
model shown in Figure [T| usually exists in data analytics systems including WSNs. W.l.o.g., we consider
a tree, with N = |V| nodes, as shown in Figure 2| Node v € V is capable of storing S, amount of
data. Let L C V with K = || be the set of leaf nodes, with K = {1,2,--- , K'}. Time is partitioned in
periods of equal length T' > 0 and data generated in each period are independent, i.e., the transmitted and
cached data in one time period may be totally replaced with new data for the next time periocﬂ W.lo.g.,
we consider one particular period in the remainder of the paper. As is the case in a typical geo-distributed
analytics system, we assume that only leaf nodes k& € IC can generate data, and all other nodes in the tree
receive and compress data from their children nodes, and either cache or transmit the compressed data to
their parent nodes during time 7. Relaxation of the preceding assumptions is discussed in Section [l1I-B

Let yi be the amount of data generated by leaf node k € /. The data generated at the leaf nodes
are transmitted up the tree to the sink node s, which serves the requests for the data generated in the
network. Let h(k) be the depth of node k in the tree. W.l.o.g., we assume that the sink node is located

at level h(s) = 0. We represent the unique path from node % to the sink node by H* of length h(k) the

3In some literature, this is called windowed grouped data aggregation where data generated in a finite time period must be

compressed.



TABLE I: Summary of notations

Notation | Description

Yk number of data (bits) generated at node k

Yo number of data (bits) present at node v where y, = ]_[;L(:vh)( %) Ok, Yk

Ok,v reduction rate at node v, is the ratio of amount of output data to input
data

y the Qol threshold

EuR per-bit reception cost of node v

EuT per-bit transmission cost of node v

EvC per-bit compression cost of node v

bre,v 1 if node v caches the data from leaf node k; otherwise O

Su storage capacity of node v

Wea caching power efficiency

Ry request rate for data from node k

N total number of nodes in the network

Cy set of leaf nodes that are descendants of node v

T time length that data are cached

oy upper bound of the objective function

L list of regions

R any sub-region in £

P upper bound on the objective function in subregion R

P! lower bound on the objective function in subregion R

€ difference between the upper and lower bound

sequence {hf h¥. ... ,h’fl(k)} of nodes hg? € V such that (h;‘?, h;‘?H) € E, where hf £ s (i.e., the sink
node) and h’fl(k) £ [ (i.e., the node itself).

We denote the per-bit reception, transmission and compression cost of node v € V' as €,r, .7, and
€vc, respectively. Each node hf along the path H* can compress the data generated by leaf node k with a
data reduction rate 0y, ; (ratio of the outgoing data from a node to the incoming data), where 0 < 0y ; < 1,
Vi, k. The reduction rate characterizes the degree to which a node can compress the received data, which
plays an important role for determining the Qol.

The higher the value of d;, ;, the lower the compression will be, and vice versa. The higher the degree of
data compression, the larger will be the amount of energy consumed by compression. Similarly, caching
the data closer to the sink node may reduce the transmission cost for serving the request, however, each
node only has finite storage capacity. We study the tradeoff among the energy consumed at each node
for transmitting, compressing and caching the data.

Denote the total energy consumption at node v as F,, which consists of the reception cost Eyr,



transmission cost E,7, computation cost E,c and storage (caching) cost E,g; it takes the form

Ey, = Eyg + Evr + Eye + Eys, (1)
where
Evr = yveunr, Evr = yvevron,
Eyc = yuevclv(dv), Evs = weayo T 2)

Here, [,(d,) captures the computation energy. As computation energy increases with the degree of
compression, we assume that [,,(d,)) is a continuous, decreasing and differentiable function of the reduction
rate. One candidate function is [,,(d,,) = 1/, —1 [15], [22]. Moreover, we consider an energy-proportional
model [16] for caching, i.e., s = weayy 1 if the received data y,, is cached for a duration of T" where w.q
represents the power efficiency of caching, which strongly depends on the storage hardware technology.
W.l.o.g., we, is assumed to be identical for all the nodes. For simplicity, denote

f(0v) = evr + €vrdy + Evcly(6v), 3)
as the sum of per-bit reception, transmission and compression cost at node v per unit time.

During time period 7', we assume that there are R requests at the sink node s for data yj; generated
by leaf node kﬂ We set the boolean variable b ; to 1 if the data from node % is stored along the path

H* at node hF

7

otherwise it equals 0. For ease of notation, we denote by jx) by bk, [ n(k) £ f, and
Ok h(k) £ §;. Let C, denote the set of leaf nodes k € K that are descendants of node v.
We also assume that the energy cost for searching for data at different nodes in the network is negligible

[15]], [23]]. For ease of exposition, the parameters used throughout this paper are summarized in Table

ITI. ENERGY OPTIMIZATION

In this section, we first define the cost function in our model and then formulate the optimization
problem. Data produced by every leaf node is received, transmitted, and possibly compressed by all

nodes in the path from the leaf node to the root node, consuming energy

h(k) (k)
B = "uef @) [ onams )
=0 m=1+1

where an:l Ok,m = 1 if i > j. Equation @) captures one—tim energy cost of receiving, compressing

and transmitting data y; from leaf node (level h(k)) to the sink node (level 0). The amount of data

*As motivated in Section a large number of agents may desire the same information, hence there are multiple requests for

the same data.

>During every time period 7', data is always pushed towards the sink upon the first request.



h(k)
m=i+1

received by any node at level i from leaf node & is yi [ [ Ok,m due to the compression from level
h(k) to i + 1. The term f(dy;) captures the reception, transmission and compression energy cost for
node at level ¢ along the path from leaf node k& to the sink node.

Let E}j be the total energy consumed in responding to the subsequent (Rj — 1) requests. We have

h(k) h(k) i hk) weaT
E;? _ ;yk(Rk _ 1){f(6k,z) H 6k,m (1 — jz:%bkd‘) + <rEZ (5k,m> br,i <Rl:a_ . + €kT> } (5)

m=i+1

Note that the remaining (Rj — 1) requests are either served by the leaf node or a cached copy of data
y at level 4 for i = 1,--- , h(k). W.Lo.g., we consider node vy ; at level 4. If data yj, is not cached
from wvg; up to the sink node (level 0), ie., by; = 0 for j = 0,---,4, the cost is incurred due to
receiving, transmitting and compressing the data (Rj — 1) times, which is captured by the first term in
Equation (3)), the second term is 0. Otherwise, the (Ry — 1) requests are served by the cached copy at
Ug.i» the corresponding caching and transmission cost serving from vy, ; are captured by the second term
in Equation (3, and the corresponding reception, transmission and compression cost from vy ;_1 upto
to sink node is captured by the first term. Note that the first time cost of reception, transmission and
compression the data from leaf node to vy ; is already captured by Equation (4).

We present a simple but illustrative example to explain the above equations.

Example 1. We consider a network with one leaf node and one sink node, i.e., k = 1 and h(k) = 1.
Then the cost in Equation @) becomes Elc = y1f(01,0)011 +y1f(d1,1), where the first and second terms
capture the reception, transmission and compression cost for data 1y, at sink node and the leaf node,

respectively.
The cost in Equation is FR =

Wea T
y1(R1 —1) {f(51,0)5171(1 —b1,0) +91,0011010 (R1 — + 51T)}

Term 1

CaT
+y1(R1— 1) |:f(51,1)(1 —b1o—b11)+ 01,1011 (;,Z 1 + 61T>}

Term 2

where Term 1 and Term 2 capture the costs at sink node and leaf node, respectively. To be more specific,
there are three cases: (i) data vy is cached at sink node 0, i.e., big = 1 and b11 = 0 (since we only
cache one copy); (ii) data vy is cached at leaf node 1, i.e., by g = 0 and by 1 = 1; and (iii) data y; is

not cached, i.e., by = b11 = 0. We consider these three cases in the following.

Weo T

Case (i), i.e., b g = 1 and by 1 = 0, Term 2 becomes 0 and Term 1 reduces to y1(R1—1)517051,1b170(R1;1

+e17) since all the (Ry — 1) requests are served from sink node. This indicates that the total energy



cost is due to caching the data for time period T and transmitting it (R — 1) times from the sink node
fo users that request it.

Case (ii), i.e, big = 0 and by = 1, Term 1 becomes y1(Ry — 1) f(81,0)01,1, which captures the
reception, transmission and compression costs at sink node 0 for serving the (Ry — 1) requests. Term 2

Wea T

becomes y1(R1 —1)01,1b11 (R1—1 + 51T>, which captures the cost of caching data at the leaf node and

transmitting the data (Ry — 1) times from the cached copy to the sink node . The sum of them is the
total cost to serve (R — 1) requests.

Case (iii), i.e., big =011 =0, Bl =9y1(Ry — 1)f(01,0)011 +y1(R1 — 1) f(01,1), which captures the
reception, transmission and compression costs at sink node 0 and leaf node 1 for serving the (Ry — 1)

requests since there is no cached copy in the network.

The total energy consumed in the network is E'%

ECU(8,b) £ (E,S + E,*j) : (6)

kel
where 6 = {0y, Vk € K,i=0,--- ,h(k)} and b = {by;,Vk € K,i=0,--- ,h(k)}. Our objective is to

minimize the total energy consumption of the network with a Qol constraint for end users by choosing the
compression ratio vector d and caching decision vector b in the network G. Therefore, the optimization

problem is,

min  E'%(§, b)
3.b

h(k)
s.t. Z Yk H Ok,i >,

kel =0

bk,i € {Ov 1}’Vk € ’C,’L = 07 to ’h(k)a
h(v)

Z bk, h(v) Yk H Ok < Sy, Vv eV,

kec, j=h(k)

h(k)

=0

where h(v) is the depth of node v in the tree.

The first constraint is the Qol constraint, i.e., the total data available at the sink node [15]]. The second
constraint indicates that our decision (caching) variable by, ; is binary. The third constraint is on total
amount of data that can be cached at each node. The fourth constraint is that at most one copy of the
generated data should be cached on the path between the leaf node and the sink node.

The optimization problem in is a non-convex MINLP problem with M continuous variables, the

dki’s and M binary variables, the by ;’s where, M =3, _ h(k).



A. Properties

Theorem 1. The optimization problem defined in is NP-hard.

Proof. The optimization problem (7)) can be reduced to a general non-convex MINLP problem as shown
in Appendix [A] Since non-convex MINLP is NP-hard [24]], the optimization problem described in is
NP-hard. O

Remark 1. The objective function E"' defined in is monotonically increasing in the number of

requests Ry, for all k € KC provided that § and b are fixed.

Notice that (4)) is independent of Ry and (5) is linear in Ry, and its multipliers are positive. Hence,

for any fixed b and 4, (6) increases monotonically with Ry.

Remark 2. Given a fixed network scenario, if we increase the number of requests Ry for the data
generated by leaf node k, then these data will be cached closer to the sink node or at the sink node, if

there exists enough cache capacity, to reduce the overall energy consumption.

For fixed 4, observe from (5)) that energy consumption decreases if the cache is moved closer to the

root as the nodes deep in the tree do not need to retransmit.

B. Relaxation of Assumptions

In our model, we make several assumptions for the sake of simplicity. In the following, we discuss
the relaxation of these assumptions.

While we assume that the network is structured as a tree, this assumption can be easily relaxed as long
as there exists a simple fixed path from each leaf node to the sink node. The tree structure represents a
simple topology that captures the key parameters in the optimization formulation without the complexity
introduced by a general network topology. Furthermore, for simplicity, we assume that all parameters
across the nodes are identical, which is not necessary as seen from the cost function. We also assume
that only leaf nodes generate data. However, our model can be extended to allow intermediate nodes to

generate data at the cost of added complexity.

IV. VARIANT OF SPATIAL BRANCH-AND-BOUND ALGORITHM

In this section, we present a variant of the Spatial Brand-and-Bound algorithm (V-SBB). Instead of
solving the MINLP problem directly, we use V-SBB to solve a standard form of the original MINLP.
We first introduce the Symbolic Reformulation [18]] method that reformulates the MINLP into a
standard form needed by V-SBB.



Definition 1. A MINLP problem is said to be in a standard form if it can be written as
min - w,y
o ,

s.t. Aw =D,

WZSWSWU,

Wi = W;Wj, V(Z,], k) € 7771?7

wy =wi/w;,  V(i, 5, k) € Tp, 8)
where the vector of variables w consists of continuous and discrete variables in the original MINLP. The
sets Ty and Ty contain all relationships that arise in the reformulation. A and b are a matrix and a vector

of real coefficients, respectively. The index obj denotes the position of a single variable corresponding

to the objective function value within the vector w.
Theorem 2. The non-convex MINLP problem (/) can be transformed into a standard form.

Due to space constraints, we relegate detailed reformulations and standard form of (7)) to Appendix

Here, we give an example to illustrate the above reformulation process.

Example 2. Consider the same network in Example |1} the non-convex MINLP problem becomes

nin - E'(8,b) = EY + By’

s.t. y101,001,1 >,
bi0,b1,1 € {0,1},
b1,0y101,001,1 < So,
bi1y101,1 < S,

bio+b11 <1 )

81,0011 is a bilinear term. Based on symbolic reformulation rules, a new bilinear auxiliary variable w}',

needs to be added. The first constraint in (9) is then transformed into ylw'ffo > ~, which is linear in

auxiliary variable wlffo. Similarly, we add w'lffo for linear-fractional term &1 1/d10 that appears in f(-).

b1,001,001,1 in the third constraint of () is a tri-linear term. Since 01,001,1 is replaced by wll’fo, we obtain
a bilinear term bl,ow'ffo. Again, based on symbolic reformulation rules, bl,ow'ffo is replaced by a new

auxiliary variable w?',. Similarly we add new auxiliary variables @" |, @%,, w!", and w!",. The objective



function in (9) can be then expressed as a function of these new auxiliary variables. Therefore, the standard

form of (9) is

min - Weps
5,b o

s.t. ylwtl’fo > 7,
bl,o, b171 S {0, 1},
y@t{fo < So,
yﬂDﬁ’fl < 517
bio+0bi1 <1,
wl'y = 01,1 X 10,
wi'y = 61,1/01,0,
@?EO = b170 X wll),(]?
iRy = by X 611,
iRy = 61,1 X bro,
W'y = bio/011,
Ellffo = bl,Owllf,tO’
WY =bi1/d11,
wobj = Y1€1RO11 + E1ryrwly + yic1cwy — yie1001,1 + yiE1rREITYIOL1 + Y1€1¢ /611 — e+

bt Ift bt bt bt ife
y1(R1 — 1) <€1R51,1 + e1rwy g — 10011 + E10Wy ) — E1RWY ) — E1TWT + E1CWT ) — €1cw17o> +
bt
y1(R1 — Deir + yiweaTw1 g + y1(Ry — 1) <€1R —ceic+erdii+eic/di1 —eirbio —e1cbio—
bt ~Ift bt ~Ift
E1TWT, ) — E10Wy 9 — €1Rb11 + 10011 — ey ) — 61cw1,1>. (10)

Through this reformulation, the non-convex and non-linear terms in the original problem are trans-
formed into bilinear and linear fractional terms, which can be easily used to compute the lower bound of
each region in V-SBB, which are discussed in details later. This is the reason V-SBB requires reformulating

the original problem into a standard form.
Theorem 3. Reformulated problem and the original MINLP are equivalent.

Proof is available in Section 2 (page 460) [18].



Due to the reformulation, the number of variables in the reformulated problem is larger than in the
original MINLP. In the following, we show that the number of auxiliary variables that arise from symbolic

reformulation is bounded.

Remark 3. The number of auxiliary variables in the symbolic reformulation is O(n?), where n = 2M

is the number of variables in the original formulation.

From [25]], a way to transform a general form optimization problem into a standard form (8) is through
basic arithmetic operations on original variables. To be more specific, any algebraic expression results
from the basic operators including the five basic binary operators, i.e., addition, subtraction, multiplication,
division and exponentiation, and the unary operators, i.e., logarithms etc. Therefore, in order to construct
a standard problem consisting of simple terms corresponding to these binary or unary operations, new
variables need to be added corresponding to these operations. From the symbolic reformulation process
[25]—[27], any added variable results from the basic operations between two (including possibly the
same) original variables or added variables. Hence, based on the basic operations, there are at most n?
combinations of these variables, given that there are n variables in the original problem (7). Therefore,
the number of added variables in the symbolic reformulation is bounded as O(n?). In the remainder of

this section, we present the V-SBB to solve the equivalent problem.

Algorithm 1 Variant of Spatial Branch-and-Bound (V-SBB)
Step 1: Initialize ¢* := co and £ to a single domain

Step 2: Choose a subregion R € L using least lower bound rule

if £ = () then Go to Step 6

if for chosen region R, ¢! is infeasible or ¢”*! > ¢* — ¢ then Go to Step 5
Step 3: Obtain the upper bound @™

if upper bound cannot be obtained or if ¢”** > ¢* then Go to Step 4

else ¢ :=¢™" and, from the list £, delete all subregions S € £ such that ¢! > ¢* — €
if pRv — Rl < ¢ then Go to Step 5

Step 4: Partition R into new subregions Ryigne and Rief

Step 5: Delete R from £ and go to Step 2

Step 6: Terminate Search

if ¢* = oo then Problem is infeasible

else ¢" is e-global optimal




A. Our Variant of Spatial Branch-and-Bound

The proposed spatial branch-and-bound method is a variant of the method proposed in [25] and is
primarily tuned for solving our optimization problem that is also the solution of (7). Our algorithm

is different from [25]] because

e We do not use any bounds tightening steps as it does not always guarantee faster convergence [28]]
and in case of our problem slowed down the process.

o By eliminating the bounds tightening step, we do not need to calculate the lower bound ¢! again
separately and utilize the lower bound obtained in Step 2 for the chosen region R, hence reducing

the computational complexity of the algorithm.

Algorithm (1| provides an overview of the steps involved in spatial branch-and-bound algorithm. We
describe some of the steps in Algorithm [I] in detail below.
Step 2: There are a number of approaches that can be used to choose a subregion R from L [24]. Here
we use the least lower bound rule, i.e., we choose a subregion R € L that has the lowest lower bound
among all the subregions, since it is a widely used and well researched method. The lower bound can
be obtained by solving a convex relaxation of the problem in (I6)). As our optimization problem in (7)
and contains only bilinear and linear fractional terms, we use McCormick linear over-estimators and
under-estimators [29]] (see Appendix E]) to obtain a convex relaxation of all such terms. The resulting
problem is then a Mixed Integer Linear Programming (MILP) problem that we solve using the SCIP
solver [30]. The SCIP solver is a faster and well known solver for MILP problems. The subregion with
lowest lower bound is then used as the region to explore for an optimum. The chosen regions’ lower
bound is used as ¢™!. If the convex relaxation is infeasible or if the obtained lower bound is higher than
the existing upper bound ¢* of the problem, we fathom or delete the current region by moving to step 5.
Step 3: In step 3, we calculate the upper bound ¢”* for the subregion R chosen in Step 2. This can be
done in a number of ways (see [25]), here we use local MINLP solver such as Bonmin [[19] to obtain
a local minimum for the subregion as it performed better in terms of time than using local non-linear
programming optimization with fixed discrete values or added discreteness constraints in our simulation
settings. If the upper bound for the region ¢ cannot be obtained or if it is greater than ¢* then we
move to Step 4 to further divide the region and search further for a better solution. Otherwise we set it as
the current best solution ¢* and delete all the subregions whose lower bound is greater than the obtained
upper bound since all such regions cannot contain the e-global optimal solution. If the difference between
the upper and lower bound for the region is within the e-tolerance, the current subregion need not to be

searched further, then we delete the current subregion by going to step 5, otherwise we move to step 4



for further searching in the space.

Step 4: Step 4 also known as the branching/partitioning step helps in partitioning/dividing a region to
further refine the search for solution. In branching step, we select a variable for branching/partitioning
as well as the value of the variable at which the region is to be divided. There are a number of different
rules and techniques that can be used for branching (see [24] for detailed discussion). Here we use the
variable selection and value selection rule specified in [26]], since it has been found efficient for our
problem [26].

We branch on the variable that causes the maximum reduction in the feasibility gap between the solution
of convex relaxation (solution of Step 2) and the exact problem. To do so, the approximation error for
the bilinear and linear fractional terms in is calculated using and respectively where So
means the value of the variable obtained in Step 2. The variable with the maximum approximation error
of all is chosen as the branching variable as that tightens the gap between the relaxation and the exact
problem [26]. This results in two candidate variables for branching i.e. w; and w;. If one of the variables
is discrete (binary in our case) and the other is continuous then choose the discrete variable since it will
result only in finite number of branches. However, if both variables are of the same type (either binary
or continuous), then the branching variable is chosen using i.e. we choose the variable wy that has
its value wzz closer to its range’s midpoint. However, we first need to obtain the branching value for
the candidate variables wb (the value at which to branch). wb should be between the upper and lower
bounds of the variable in the region i.e. wbvc’ < wbc < wy, C’ . The rules for the choice of the branch point

have been set in [26]], however we restate them here for sake of completeness.

o Set wb to the value obtained in Step 2, i.e., wbvc = wf;

o If any feasible upper bound ¢" = ¢(wy},.) has been obtained and w L« wy, < wbC , then wy, := wj,

and stop the search for the value.

o If step 4 provided an upper bound ¢™* for the subregion R, then wbvc = wZ,%.

After obtaining the branch point value, we have all the parameters required for (I2) and can then choose

the variable for branching.

EJF = [w — w wSZ\V(Z 3 k) € To (11a)
3 2
BF = |w - 5 V(i,j. k) € T (11b)
J
vV _ ol wY — !
wp = arg min ‘0.5 = <m> ' 0.5 — (M)' (12)
wi’ _wi’ wj,u_wj,
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Fig. 3: Candidate network topologies used in the experiments: (a) one sink node and one leaf node; (b)
one sink node and two leaf nodes; (c) one sink node, one intermediate node and two leaf nodes; and (d)

one sink node, two intermediate nodes and four leaf nodes.

We partition the subregion R into Ryighe and Riere and add Rigni, Riere into our region list £. Then we

move to Step 5 and delete the subregion R from the list L.

B. Convergence of Spatial Branch-and-Bound

The spatial branch-and-bound method guarantees convergence to e-global optimality, which has been

proven in [28]. However, for sake of completeness, we restate the proof in the Appendix

V. EVALUATION

We evaluate the performance of our V-SBB algorithm as well as the energy efficiency of our commu-
nication, compression and caching (C3) joint optimization framework through a series of experiments on
several network topologies as shown in Figure 3] Our key objective is to gain preliminary insights into
our algorithm when compared with a few other well-known techniques. The highlights of the evaluation

results are:

e Our V-SBB algorithm can obtain an e-global optimal solution in most situations within a reasonable
time. Also it is robust and stable to various parameters in different network scenarios.

¢ When Bonmin can achieve a solution, it is faster. However, the solution obtained through Bonmin
is not always comparable to that of V-SBB. We observe that when higher compression is done (i.e.,
smaller value of ~), V-SBB always outperforms Bonmin. More importantly, we find that Bonmin

has poor performance in stability and robustness, i.e., it cannot even produce feasible solutions in



some cases although they exist. NOMAD [20] and GA [21] often produce objective-function values
much larger than V-SBB.
e Our C3 joint optimization framework improves energy efficiency by as much as 88% compared to

the C2 optimization over communication and computation, or communication and caching.

TABLE II: Characteristics of the solvers used in this paper

Solver Characteristics

Bonmin [19] A deterministic approach based on Branch-and-Cut method that solves relaxation
problem with Interior Point Optimization tool (IPOPT), as well as mixed integer
problem with Coin or Branch and Cut (CBC).

NOMAD [20] | A stochastic approach based on Mesh Adaptive Direct Search Algorithm (MADS)

that guarantees local optimality. It can be used to solve non-convex MINLP and has

a relatively good performance.

GA [21] A meta-heuristic stochastic approach that can be tuned to solve global optimization

problems. We use Matlab Optimization Toolbox’s implementation.

A. Methodology

Performance metrics: Our primary metrics for comparisons are:

(1) The best solution to the objective function: Since obtaining the global optimum for the NP-hard
problem is daunting, we are primarily interested in e-global optimum,;

(2) Convergence Time, which is the time an algorithm needs to obtain the best solution;

(3) Stability and Robustness, which is characterized by the frequency or ability of the algorithm to provide
feasible solutions, provided that they are known to exist;

(4) Energy efficiency in joint optimization. We compare the energy cost of our joint optimization frame-
work for communication, computation and caching (C3) with that of the optimization of any of the two
types of resources (denoted by C2) under the same situation. The energy efficiency £ defined as:

_ Etotal*(c2) _ Etotal*(cg)

S Etotal* (CQ)

x 100%, (13)

where E'4*(C3) and E'™@*(C2) are the optimal energy costs under the C3 optimization framework
in and the C2 optimization, respectively. £ reflects the reduction of energy efficiency for the C3 over
the C2 optimization.

Setup: We implement V-SBB in Matlab on a Core i7 3.40 GHz CPU with 16 GB RAM. The candidate
MINLP solvers in this work include Bonmin, NOMAD and GA, which are implemented with Opti-

Toolbox [31]]. We summarize the characteristics of these solvers in Table Note that these solvers



TABLE III: Parameters used in simulations

Parameter Value Parameter | Value (Joules)
Yk 1000 EvR 50 x 107
Ry, 100 Eor 200 x 1077
Wea 1.88 x 10°° EcR 80 x 107?
T 10s ~y (1, > kex Yk

TABLE IV: The Best Solution to the Objective Function (Obj.) and Convergence time for two nodes

network
Solver vy=1 v =250 v =500 v =1750 ~ = 1000
Obj. | Time (s) | Obj. | Time (s) | Obj. | Time (s) | Obj. | Time (s) | Obj. | Time (s)
Bonmin | 0.010 | 0.076 0.018 | 0.07 0.026 | 0.071 0.032 | 0.077 0.039 | 0.102
NOMAD | 0.012 | 1.036 0.038 | 0.739 0.033 | 0.640 0.038 | 0.203 0.039 | 0.263
GA 0.010 | 0.286 0.018 | 2.817 0.026 | 7.670 0.042 | 11.020 0.064 | 3.330
V-SBB 0.010 | 18.231 0.018 | 17.389 0.026 | 12.278 0.032 | 7.327 0.039 | 19.437
Relaxed | 0.010 | 0.075 0.018 | 0.048 0.026 | 0.046 0.032 | 0.050 0.039 | 0.059

can be applied directly to solve the original optimization problem in (7)), while our V-SBB solves the
equivalent problem. The reformulations needed are executed by a Java based module and we derive
the bounds on the auxiliary variables. We also relax the integer constraint in to obtain a non-linear
programming problem, which is solved by IPOPT [32] and use it as a benchmark for comparison. V-
SBB terminates when e-optimality is obtained or a computation timer of 200 seconds expires. We take
€ = 0.001 in our study. If the timer expires, the last feasible solution is taken as the best solution. Our
simulation parameters are provided in Table which are the typical values used in the literature [15]],

(331, [34].

B. The Best Solution to the Objective Function

We compare the performance of V-SBB with three other candidate solvers for the networks in Figure[3]
The results for two nodes and seven nodes networks are presented in Tables [[V|and [V| We also relax the
integer constraint in (7) to be continuous, i.e., by ; € [0,1]. Then (7) becomes a geometric programming
problem, which can be solved by IPOPT [32]]. We call it “Relaxed” and the corresponding results are
presented in the last row of Tables and We observe that V-SBB achieves the lowest value
comparable to Bonmin for larger values of ~y, and significantly outperforms Bonmin for smaller values
of ~y, which we discuss in detail later. However, Bonmin cannot generate a feasible solution even if it

exists for some cases. This is because Bonmin is built on the Branch-and-Cut method, which sometimes
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TABLE V: The Best Solution to the Objective Function (Obj.) and Convergence time for seven nodes

network
Solver vy=1 v = 1000 ~v = 2000 v = 3000 ~ = 4000
Obj. Time (s) | Obj. Time (s) | Obj. Time (s) | Obj. Time (s) | Obj. Time (s)
Bonmin | 0.0002 | 0.214 0.039 | 0.164 0.078 | 0.593 0.117 | 0.167 0.156 | 0.212
NOMAD | 0.004 | 433988 | 0.121 | 381.293 | 0.108 | 203.696 | 0.158 | 61.093 0.181 | 26.031
GA 0.043 44.538 0.096 | 30.605 0.164 | 44.970 0.226 | 17.307 0.303 | 28.820
V-SBB 0.0001 | 1871.403 | 0.039 | 25.101 0.078 | 30.425 0.117 | 23.706 0.156 | 19.125
Relaxed | 0.0002 | 0.201 0.039 | 0.111 0.078 | 0.095 0.117 | 0.102 0.156 | 0.105
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Fig. 4: Total Energy Costs vs. Number of Requests.

cuts regions where a lower value exists. NOMAD and GA in general yield a higher objective-function
value than V-SBB does. This is because both NOMAD and GA are based on a stochastic approach which
cannot guarantee convergence to the e-global optimum. Similar trends are observed for three and four
node networks, which are presented in Appendix [E]

Figure [ verifies that the optimal energy cost is monotonically increasing with the number of requests,
as stated in Remark [I] for a two node and seven node network. The results are obtained using our C3
framework for v = 0.25% ", ;- yr and v = 0.75 >, _ i Y, respectively. For the network parameters under
consideration, we note that there is a turning point on the curves, and the total energy cost increases
much faster with the number of requests before the turning point than that after it. This is because the
data has already been cached at the root node at this point and there is no need to retrieve data from
other nodes in the network, which reduces transmission costs. This is the benefit that caching brings, and

we will further discuss the advantage of C3 optimization over the C2 later in Section
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TABLE VI: Infeasibility of Bonmin for networks in Figure

Networks (a) (b) ©) (d)
# of test values 1000 | 2000 | 2000 | 4000

# of infeasible solutions 0 0 1 216
Infeasibility (%) 0 0 0.05 54

C. Convergence Time

The time taken to obtain the best solution is important in practice. The amount of time that an algorithm
requires to obtain its best solution as discussed in Section are shown in Tables and [V]| for the
two nodes and seven nodes networks, respectively. It can be see that Bonmin is the fastest method since
it uses the branch-and-cut approach which cuts certain domains to accelerate the branching process.
As discussed earlier, the Bonmin algorithm is fast at the expense of algorithm stability, i.e., sometimes
it cannot find a solution although it exists. This will be further discussed in the following section. V-
SBB takes longer to obtain a better solution, because our reformulation introduces auxiliary variables
and additional linear constraints. Different applications can tolerate various degrees of algorithm speed.
For the sample networks and applications under consideration, the speed of V-SBB is considered to be

acceptable [24].

D. Stability

From the analysis in Sections and we know that Bonmin is faster but unstable in some
situations. We further characterize the stability of Bonmin with respect to the threshold value of Qol
~ as follows. Specifically, we fix all other parameters in Table and vary only the maximal possible
value of v in different networks. The results are shown in Table [VIl For each maximal value, we test
all the possible integer values of v between 1 and itself. Hence, the number of tests equals the maximal
value. We see that the number of instances where the Bonmin method fails to produce a feasible solution
increases as the network size increases. This is mainly due to the cutting phase in the Bonmin method,

which cuts the feasible regions that need to be branched.

TABLE VII: Comparison between V-SBB and Bonmin for smaller values of v in seven node network

v =1 v=3 v =5 v =8 v =50
Solver
Obj. Time (s) | Obj. Time | Obj. Time Obj. Time Obj. Time
Bonmin 0.0002 0.214 0.0003 0.211 | 0.0003 0.224 0.0005 0.23 0.0021 | 0.364
V-SBB 0.00011 | 1871.403 | 0.00015 | 2330 | 0.00019 | 1243.77 | 0.00047 | 1350.016 | 0.0020 | 3325.302
Improvement (%) 52.45 49.43 50.30 7.59 4.62
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Fig. 5: Comparison of C3 and C2 optimization for the seven node network in Figure

Although Bonmin can provide a feasible solution for smaller values of « at a faster time, we observe
that the value of the solution is larger than that of V-SBB. We compare the performance of V-SBB and
Bonmin for smaller values of v in Table We see that V-SBB outperforms Bonmin by as much as
52.45% when searching for an e-global optimum, though it requires more time. The timer is set to 7200s

for results shown in Table

E. Energy Efficiency

We compare the total energy costs under joint C3 optimization with those under C2 optimization. We
consider two cases for the C2 optimization: (i) C20 (Communication and Computation), where we set
S, = 0 for each node to avoid any data caching; (ii) C2a (Communication and Caching), where we set
Y = D kek Yk, Which is equivalent to J, = 1, Vv € V, i.e., no computation. Comparison between C3,
C20 and C2a is shown in Figure 3

First, we observe that as the number of requests increases, the total energy cost increases, as reflected in
Remark [I] Second, the energy cost for the C3 joint optimization is lower than that for C20 optimization for
the same parameter setting. This captures the tradeoff between caching, communication and computation.
In other words, although C3 incurs caching costs, it may significantly reduce the communication and
computation, which in turn brings down total energy cost. Similarly, C3 optimization outperforms C2a
although C3 incurs caching cost. Using Equation (13), energy efficiency improves by as much as 88% for
the C3 framework when compared with the C2 formulation. These trends are observed in other candidate

network topologies. Details for the 2 node network can be found in Appendix [
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Remark 4. Note that the above results are based on parameter values typically used in the literature,
as shown in Table From our analysis, it is clear that the larger the ratio between e,1 and €,R, €,0,

the larger will be the improvement provided by our C3 formulation.

VI. RELATED WORK

A key focus of this work is to demonstrate and validate the joint application of data computation
and caching, specifically in geo-distributed systems, e.g., WSNs, to achieve minimal energy consumption
due to data communication, computation and caching with a Qol guarantee. Key decisions for a geo-
distributed system are how much of the computation should be performed at each server and where the
data should be cached in the system. The basic building blocks of our model are simple and have been
studied in various settings. However, to the best of our knowledge, there is no prior work that jointly
considers communication, computation and caching costs in data communication networks with a Qol
guarantee for end users.

Data Compression: Compression is a key operator in data analytics and has been supported by many data-
parallel programming models [J3]]. For WSNs, data compression is usually performed over a hierarchical
topology to improve communication energy efficiency [12], whereas we focus on energy tradeoff between
communication, computation and caching.

Data Caching: Caches play a significant role in many systems with hierarchical topologies, e.g., WSNs,
microprocessors, CDNSs etc. There is a rich literature on the performance of caching in terms of designing
different caching algorithms, e.g., [23], [35]-[37]], and we do not attempt to provide an overview here.
Utility maximization approach has also been studied for cache management [38]-[40]. However, none
of these work considered the costs of caching, which may be significant in some systems [16].

Energy Costs: While optimizing energy costs in wireless sensor networks has been extensively studied
[33]], [34], existing work primarily is concerned with routing [41]], MAC protocols [33], and clustering
[42]]. With the growing deployment of smart sensors in modern systems [15]], in-network data processing,
such as data aggregation, has been widely used as a mean of reducing system energy cost by lowering
the data volume for transmission.

Energy efficient inference in a random fusion network without Qol guarantee was considered in [43].
Network Utility Maximization (NUM) framework was applied in [22[ to obtain optimal compression rate
for data aggregation as well as optimal locations for performing data compression. The optimal energy
allocation between communication and sensing to maximize the total information received at the sink
node was studied in [44], but they did not consider data computation. An efficient algorithm for data

compression in a data gathering tree was proposed in [45]]. A distributed algorithm to minimize overall
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energy costs in a tree structured network by optimizing the compression factor at each node was presented
in [15]]. While these work only focus on energy costs of data communication and compression, we study

the energy tradeoff between data communication, computation and caching.

VII. CONCLUSION

We have investigated energy efficiency tradeoffs among communication, computation and caching with
Qol guarantee in distributed networks. We first formulated an optimization problem that characterizes
these energy costs. This optimization problem belongs to the non-convex class of MINLP, which is hard
to solve in general. We then proposed a variant of the spatial branch-and-bound (V-SBB) algorithm,
which can solve the MINLP with e-optimality guarantee. Finally, we showed numerically that the newly
proposed V-SBB algorithm outperforms the existing MINLP solvers, Bonmin, NOMAD and GA. We also
observed that C3 optimization framework, which to the best of our knowledge has not been investigated
in the literature, leads to an energy saving of as much as 88% when compared with either of the C2
optimizations which have been widely studied.

Going further, we aim to extend our results in two ways. The first is to refine and improve the symbolic
reformulation to reduce the number of needed auxiliary variables in order to shorten the algorithm
execution time. Second, since many networking problems involve the optimization of both continuous
and discrete variables as in this work, we plan to apply and extend the newly proposed V-SBB to solve

those problems.
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APPENDIX A

The optimization problem in can be mapped into a general form non-convex MINLP by

min  f(x,y),
X7y
s.t. h(x,y) =0,
g(x,y) <0,
x € X CR",
y € {0,1}%. (14)

o Transforming the first constraint in into < inequality. This can be achieved by multiplying both
sides of the first constraint with —1. Then to match g(z,y) < 0, we add v to both sides of constraint
1.

o Subtract S, from both sides of constraint 3 and subtract 1 form both sides of constraint 4 in in (7).

Following above changes, (7) turns into

min  E"%(§, b)
3.b

h(k)
s.t. —Zka(Sk,H-’YSOa

kel =0

bk,i € {07 1}7Vk € ’C,Z =0, ah(k)a
h(v)

S b [ 0k —Se<0VveV,
keC, j=h(k)
h(k)
> b —1<0,Vk €K, (15)
1=0

where follow the form of (14).

min w
o f
—C
st Y wals =,
kex

Z yk@gﬁ < SU,V’U € ‘/a
keC,

h(k)

> bk <1LVEEK,

=0
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bri € {0,1},Vk € K,i=0,--- ,h(k),
wi<w<wl, VkeK,i=0,---,h(k),
w,l;i :5k,i X Wk, a, Vke K,i=0,--- ,h(k),

w, = 1;:“ VkeK,i=0,--,h(k),

yibri — W2 =0, Vk € K,i =0, h(k),

W2 =Wyt x Wy, Yk €Ki =0, h(k),
1—1
S by — i =0, VE €Ki =0, k),
7=0

ﬁk,i = Wk,q X lfljk_’i, Vk € IC,i =0,--- ,h(k),
Wh, =wh; X Wi, Ve € K,i =0, h(k),
wl, = wl, x W, Yk e K,i=0,- h(k),

Ok,h(k) X Ok,n(k)—1, Va =0

h(k)

H 6k7m = wk,h(k) —2—4 7 Y Wka—1 X 5k,ma m-+a= h(k) -1
m=i+1 N———

’ O (k) Vi =h(k) - 1,
hk) Ok,n(k) X Ok,n(k)-1, Vi =0
_C _ .
H Ok = wk,lh(k) 1= wkc:lj_l X Ok j41s Vj=1---h(k)—-1
1=0 A,_/ -
! Ok, h(k)» Vi = h(k),
h) Ok,h(k) X Ok h(k)—1, VB =0
_cy

H O.j = Wpr—2= ﬁgfjﬂ X Okj+1s V>0

j=h(k) st

Ok h(k)s Vi3 <0,

h(k)
wy = Z Z Yk <<5kak,a +eprwy ; + Ekcwf;i - €kcwka> + A+ B) )

kel i=0

_ — b f — — b f —
A = eprRieWi,a + ekrwy,; + EkcRiwy, ; — ke RiWi,a — EkRWE,a — ERTWY; — ERCW}, ; T+ ERCWh,as

. = b _f = = b _f =
B = —exrRiWi,; — e RiWy ; — pc RiWy, ; + exc RiWi,i + ExrWE,i + ExT Wy ; + EkCWy, ; — ECWh,i-
(16)

APPENDIX B

A. Symbolic Reformulation

The first step of the symbolic reformulation is to represent the algebraic expression (objective function

and constraints) using a binary tree as shown in Figure [f] Symbolic reformulation transforms the algebraic
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TABLE VIII: Symbolic Reformulation Rules defined in [[18] where X stands for expression, C stands for

Constant and V stands for variable

Left Subtree Class | Right Subtree Class | Binary Operator New Variable Definition | New Linear | Binary Tree
Constraint Class
+ C
C C X C
=+ C
+ X
A% C X X
= X
+ X
X C X X
= X
+ X
C v X X
=+ Linear Fractional v
+ X
v v X Bilinear \"
=+ Linear Fractional v
+ X
X \Y X Bilinear Left X
- Linear Fractional Left X
+ X
C X X X
=+ Linear Fractional Right | V
+ X
v X X Bilinear Right | V
= Linear Fractional Right | V
+ X
X X X Bilinear Left, Right \Y
=+ Linear Fractional Left, Right \'%

expression represented as binary tree into a set of linear constraints that might involve some newly
introduced variables. As our optimization problem contains bilinear and linear fractional terms, the
newly introduced auxiliary variables are therefore either products or ratios of other variables i.e. w; =

wjwy and w; = % The rules for efﬁcientlyﬁ achieving such transformation are presented in [[18|] part

®Keeping the number of newly introduced variables to minimum
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Fig. 6: Binary Tree representation for algebraic expression byw + a

of which we restate in the Table We create binary tree for representing the algebraic expressions
and assign the leaf nodes a class that can be either a constant (C), an expression (X), or a variable (V).
If we are at some intermediate node that represents a multiplication operation, and both its right and left
child nodes are of class expression (X), then the reformulation would require us to introduce two linear

constraints (for both right and left node explained) as well as introduce new bilinear auxiliary variable.

IILI]H ’LUf
st. Aw =Db,

wlgwng,

Wi = W;Wj, \V/(Z7j7 k) € 7Bt7
Wi = W’i/wja V(Z7]7 k) € 7Tft‘ (17)

All the linear constraints are added into the constraint Aw = b in (I7) while the variables introduced
are added into the vector w and depending on its type (either bilinear or linear fractional) its definition is
added into either Ty, or 7. After such reformulation, we obtain ‘ The new variable vector w consists
of continuous and discrete variables in the original MINLP, as well as other auxiliary variables introduced
as a result of reformulation. The objective function wy is a single auxiliary variable. This reformulation
ensures that the new objective function and first constraint in are linear, and all non-convexities and

non-linearities in the original MINLP are absorbed by the sets 7y, and 7.

B. Linear Constraint and Variable Creation

As seen in Table [VIII] certain arithmetic operations during the symbolic reformulation require creation

of new linear constraints and introduction of new variables. This can be easily explained by an example.
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Let the parent node (any intermediate node that has 2 child nodes) represent a multiplication operation,
the left subtree (child) be abc (expression where a,b are constants and ¢ is a variable) and the right subtree
be d (variable), then using the rules in the Table we need to introduce a new linear constraint (for
the left subtree) and then a bilinear variable. So the linear constraint would be abc — w(i) = 0 where
w(i) is the i auxiliary variable introduced. The bilinear variable that has to be introduced would be
w(i+ 1) = w(i)d where d is the variable in the original right subtree. The linear constraint will become
part of of Aw = b in while w(i+1) will be part of the set of binary terms Ty, If the intermediate node
was a division operation, then we introduce the linear constraint just like we did for the multiplication
operation, however we follow that by adding a linear fractional term w(i+ 1) = %i). This is a recursive
process and is repeated until all the terms in our objective function as well constraints are reformulated.

Note that symbolic reformulation does not affect the linear terms in the original problem (7). Using this

process, we reformulate (7) into (16) that can then be used with V-SBB.

APPENDIX C
A. Bilinear Terms

The McCormick linear overestimator and underestimator for bilinear terms with form wy, = w;w; are
given by (I8) and (19)), respectively.

wy, < whw; + wiw; — wﬁw}‘,

wg, < wi'w; + wéwi — wfwé». (18)

Wy > wgwj + wéwi — whw

19)

wy, > wi'wj + wjw; — w

B. Linear Fractional Terms

The linear overstimator and underestimator for a linear fractional term withform w; = :ﬁ— are similar

J
to the overstimator and underestimator of bilinear terms given in (I8)) and (19). We first transform the
linear fractional term into bilinear term, i.e., w; = wyw; and then we can use (20) and 1)) for the the

linear overstimator and underestimator, respectively.

w; < whw;j + wiwg — wiw;f‘,

l !
w; < wpwj + wiwg — w}jwj. (20)
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w; = wfﬁwj + wj-wk - wfcwél,
w; > wEw; + wiwy — wiw;. 20

The advantage of such linear understimator and overestimator is that even if the original problem is a

non-convex MINLP, the relaxed problem will be an MILP which is comparatively easy to solve.

APPENDIX D

For the completeness, we present the following proofs for the convergence of spatial branch-and-bound

[28]], which work for our V-SBB.

Definition 2. Ler 2 C R"™. A finite family of sets S is a net for ) if it is pairwise disjoint and it covers
Q.

Definition 3. A net S’ is a refinement of the net S if there are finitely many pairwise disjoint s, € S'
such that s =, s, € S and s ¢ S.

Definition 4. Let M,, be an infinite sequence of subsets of x such that M; € S;. M,, is a filter for S,
if Vi e N M; C M;_y where My, = (\;,cn M; be the limit of the filter.

Definition 5. Let x+ C R™ and f(z) be the objective function of an MINLP problem then a spatial

branch-and-bound algorithm would be convergent if v* = inf f(x) = klim Vg -
— 00

Definition 6. A selection rule is exact if
1) The infinimum objective function value of any region that remains qualified during the whole
solution process is greater than or equal to the globally optimal objective function value, i.e.,
o
VM € (] Ri(inf f(zn M) >~")

k=1
2) The limit M, of any filter My, is such thatinf f(QQ N M) > ~* where Q is the feasible set.

Theorem 4. A Spatial branch-and-bound algorithm using an exact selection rule converges.

Proof. Proof by contradiction:

Let there be z € Q with f(z) < v*. Let x € M with M € R,, for some n € N. Because of the
first condition of exactness of selection rule, the filter M cannot remain qualified forever. Furthermore,
unqualified regions may not, by hypothesis, include points with better objective function values than
the current incumbent 7. Hence M must necessarily be split at some iteration n’ > n so z belongs
to every M,, in some filter {M,,}, thus = € 2 N M. By condition 2 of exactness of selection rule,

f(z) > f(2N M) > v*. The result follows . O
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TABLE IX: The Value of Objective Function (Obj.) and Convergence Speed for three node network

Solver vy=1 ~v = 5000 ~ = 10000 ~ = 15000 ~ = 20000
Obj. Time (s) | Obj. Time (s) | Obj. Time (s) | Obj. Time (s) | Obj. Time (s)
Bonmin | 0.005 | 0.321 0.010 | 0.104 0.019 | 0.091 0.029 | 0.093 0.038 | 0.101
NOMAD | 0.045 | 11.254 0.025 | 9.407 0.033 | 8.739 0.030 | 40.517 0.038 | 4.038
GA 0.025 | 0.509 0.010 | 9.799 0.027 | 4.924 0.045 | 19.045 0.050 | 2.154
Our 0.005 | 200 0.010 | 200 0.020 | 200 0.029 | 200 0.038 | 1.223
Relaxed | 0.005 | 0.060 0.010 | 0.056 0.019 | 0.058 0.029 | 0.050 0.038 | 0.048

TABLE X: The Value of Objective Function (Obj.) and Convergence Speed for four node network

vy=1 ~ = 5000 ~ = 10000 ~ = 15000 ~ = 20000
Obj. | Time (s) | Obj. | Time (s) | Obj. | Time (s) | Obj. | Time (s) | Obj. | Time (s)
Bonmin | 0.002 | 0.337 0.020 | 0.104 0.040 | 0.104 0.059 | 0.100 0.079 | 0.139
NOMAD | 0.003 | 101.891 | 0.023 | 90.626 0.040 | 52.293 0.060 | 47.068 0.104 | 2.070
GA 0.002 | 0.692 0.020 | 25.615 0.042 | 7.84 0.107 | 23.770 0.104 | 6.636
Our 0.002 | 200 0.020 | 200 0.052 | 200 0.059 | 200 0.079 | 13.344
Relaxed | 0.002 | 0.500 0.020 | 0.066 0.040 | 0.062 0.059 | 0.073 0.079 | 0.083

Solver

APPENDIX E

The results for three nodes and four nodes networks are presented in Tables [IX] and

APPENDIX F

Figure |/| shows the improvement that C3 brings in comparison with C2 for a two nodes network. Using
Equation (13)), energy efficiency improves by as much as 70% for the C3 framework when compared

with the C2 formulation.
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