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Abstract—We consider a scenario where multiple pairs of users
exchange information within pair, with the help of a dedicated
multi-antenna relay. The protocol integrates the idea of analogue
network coding in mixing two data streams originating from
the same user pair, together with the spatial multiplexing of
the data streams originating from different user pairs. The key
feature of the protocol is that it enables both the relay and
the users to participate in interference cancellation. We propose
several beamforming schemes for the multi-antenna relay and
evaluate the performance using information theoretical metrics
such as ergodic capacity, outage probability and diversity and
multiplexing tradeoff. Analytical and simulation results justify
that the ergodic capacity, outage probability and diversity and
multiplexing tradeoff of the proposed beamforming schemes
outperform comparable schemes.

Index Terms—Network coding, bidirectional relaying, spatial
multiplexing, multi-pair interference, self-interference.

I. INTRODUCTION

NETWORK coding [1] is a powerful technique which
allows intermediate nodes to mix the signals from

multiple links in order to enhance the network throughput.
The application of network coding in wireless networks has
received growing interest in recent years. Based on the idea
of network coding, bidirectional relaying in wireless networks
is able to enhance the network throughput by reducing the
channel resources used in the information exchange between
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nodes. Bidirectional relaying schemes such as strategies sum-
marised in [2] based on decode-and-forward (DF) relaying,
analogue network coding [3] based on amplify-and-forward
(AF) relaying, physical network coding [4] based on estimate-
and-forward (EF) relaying, etc are able to complete the two
way information passing in only two phases. Since the total
channel use is halved, the number of independent data streams
that can be transmitted or received simultaneously per channel
use in the network is doubled, as compared to the time division
protocol which requires 4 orthogonal channel uses.

Attracted by the benefits of multi-antenna in enhancing
the system capacity and reliability, bidirectional relaying has
been generalised to the multi-antenna case. [5] generalises the
DF based bidirectional relaying to multi-antenna setting using
classical multiple access capacity region and devises an opti-
mal broadcast strategy based on point-to-point multiple-input
multiple-output (MIMO). On the other hand, [6] proposes an
AF based protocol which uses zero-forcing beamformer to
eliminate the co-channel interference between users. However,
no network coding is used to mix the data streams from
two users. [7] and [8] consider the sum rate optimising AF
based beamforming design, for the case where only the relay
is equipped with multi-antenna. Based on analogue network
coding, the beamforming schemes proposed in [7] and [8] are
able to deliver sum rate improvement if compared with [6].

The extension of the bidirectional relaying to multiple user
pairs introduces the problem of multi-user interference. [9]
proposes a scheme for CDMA system where each pair of
users shares a common spreading code as a mean to reduce
the multi-user interference. The proposed demodulate-and-
forward based scheme in [9] uses multi-user receiver which
requires high computational complexity at the relay. The
suboptimal AF based scheme proposed in [9] suffers from
poor BER performance when the number of users is low, due
to noise domination. [10] proposes a scheme using DF based
relay with multiple antennas for narrow band system, where X-
OR precoding is used at the relay to encode the messages from
the same user pair while block-diagonalisation [11] is used to
mitigate the interference caused by multi-pair. Since DF based
scheme requires higher complexity for decoding/encoding at
the relay as compared to the AF based scheme, [12] and
[13] consider the multi-pair scenario with an AF based multi-
antenna relay. Similar to [10], the schemes in [12] and [13]
use the idea of block-diagonalisation [11] to eliminate the
multi-pair interference and to forward the mixture containing
the desired message and the self-interference to the each
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user. Each user then uses the knowledge of the previously
transmitted message to subtract the self-interference from
the mixture to decode the new message. The schemes in
[12] and [13] have shown that a higher sum rate can be
achieved in comparison with the conventional multi-user zero-
forcing scheme. Nevertheless, the potential benefit of block-
diagonalisation in the scenario where the relay does not
have enough degrees-of-freedom to spatially separate and/or
decode each independent message is not covered in [10], [12],
[13]. Furthermore, the spatial diversity gain offered by block-
diagonalisation in the multi-pair scenario has not been studied.

In this paper, we consider a scenario where multiple pairs
of users exchange information within pair, with the help of
a dedicated AF based, multi-antenna relay. The transmission
protocol employed in this paper utilises the principal concept
of network coding in mixing two data streams originating from
the same user pair, coupled with the spatial multiplexing of
the data streams originating from different user pairs. The key
feature of the protocol is that it enables both the relay and
the users to participate in interference cancellation: the relay
eliminates co-channel interference due to multi-pair while
each user eliminates the self-interference. We propose several
low complexity beamforming schemes based on the idea of
block-diagonalisation, and evaluate their performance using
information theoretical metrics, such as the ergodic capacity,
outage probability and the diversity and multiplexing tradeoff.
Two cases have been considered. First, the case where the
number of antennas at the relay is less than the total single-
antenna users. Second, the case where the number of antennas
at the relay is at least the total single-antenna users. In the first
case, simulation results show that our proposed beamforming
scheme is able to deliver significant ergodic capacity improve-
ment and higher multiplexing gain if compared with existing
schemes based on time sharing between pairs. Upper and
lower bounds on ergodic capacity achieved by the proposed
scheme are derived to quantify the performance. In the second
case, we propose two beamforming schemes and show that
appropriate selection or coherent combining of null-space
vectors is able to achieve all the available diversity gain offered
by block-diagonalisation. The proposed beamforming with
coherent combining of null-space vectors achieves the highest
ergodic capacity and the lowest outage probability among
all comparable schemes, while the proposed beamforming
with null-space vector selection performs close to the former.
The proposed beamforming schemes deliver higher diversity
gain as compared with existing zero-forcing scheme [6] while
several comparable schemes based on block-diagonalisation
[12], [13] fail to do so due to non-coherent combining of
the diversity streams. The proposed schemes also offer better
rate and reliable tradeoff as compared to the zero-forcing
scheme [6] and the comparable schemes based on time sharing
between pairs [7]. Analytical results on outage probability and
the diversity and multiplexing tradeoff are derived to quantify
the achievable performance.

This paper is organised as following. The system model
and protocol are described in section II, while the proposed
beamforming schemes are discussed in section III. The analyt-
ical results on the ergodic capacity are presented in section IV,
followed by the analytical results on the outage probability and
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Fig. 1. Scenario when 2 pairs of single-antenna users exchanging information
with the help of a multi-antenna relay.

the diversity and multiplexing tradeoff in section V. In section
VI, the numerical results on the ergodic capacity and the
outage probability are discussed. The last section concludes
the paper. Part of the contents of this paper is presented in
[14].

II. SYSTEM MODEL AND PROTOCOL DESCRIPTION

We consider a scenario where there are 𝑀 pairs of single-
antenna users who wish to exchange information with their
partners, with the help of a dedicated AF based relay equipped
with 𝑁 antennas. An example of the scenario where 𝑀 = 2
and 𝑁 = 3 is shown in fig. 1.

We assume the symmetric case, where all nodes are sub-
jected to unit average power constraint and have the same
channel statistics. All channels undergo i.i.d. quasi-static
Rayleigh fading and channel reciprocity is assumed. The
receiver is corrupted by circularly symmetric additive white
Gaussian noise with distribution 𝒞𝒩 ∼ (0, 𝜎2). Half duplex
constraint is assumed throughout the paper and it is realised
using time division duplexing. Every user knows his and
his partner’s effective user-to-relay channel state information
(CSI) while the relay has the CSI of all user-to-relay links.

We use (𝑖, 𝑗) to represent the pair of user 𝑖 and user 𝑗
who exchange information with each other, such that the 𝑚th
user pair is denoted as (2𝑚− 1, 2𝑚). The channel from user
𝑖 to the relay is h𝑖 ∈ ℂ𝑁×1, the message transmitted from
user 𝑖 is 𝑥𝑖 ∈ ℂ, the combined channels of user pair (𝑖, 𝑗) is
H𝑖,𝑗 = [ h𝑖 h𝑗 ] ∈ ℂ𝑁×2 and the message vector of user
pair (𝑖, 𝑗) is x𝑖,𝑗 = [ 𝑥𝑖 𝑥𝑗 ]𝑇 ∈ ℂ2×1 where [.]𝑇 denotes
the transpose operation. The noise observed by the relay and
user 𝑖 is n ∈ ℂ𝑁×1 and 𝑛𝑖 ∈ ℂ respectively. We define
the multi-pair interference1 channel seen by user pair (𝑖, 𝑗)
as H̃𝑖,𝑗 ∈ ℂ𝑁×2(𝑀−1) by stacking all user channels other
than H𝑖,𝑗 . Similarly, we define the message vector conveyed
through H̃𝑖,𝑗 as x̃𝑖,𝑗 ∈ ℂ

2(𝑀−1)×1 by stacking all messages
other than x𝑖,𝑗 .

The employed protocol combines the application of ana-
logue network coding within pair and spatial multiplexing
between pairs, thus we name it as network coding with spatial
multiplexing (NC-SM) protocol. The NC-SM protocol can be

1The multi-pair interference is different from the multi-user interference
defined in the literature. The multi-user interference is the interference
observed by each user, not by each pair.
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described in two time slots. In the first time slot, 𝑀 pairs of
users transmit simultaneously in the same channel with unit
power. The relay observes a mixture of all messages from the
users, which can be expressed as

r =

𝑀∑
𝑚=1,

H𝑖,𝑗x𝑖,𝑗 + n, (1)

where 𝑖 = 2𝑚 − 1, 𝑗 = 2𝑚. In the second time slot, the
AF based relay broadcasts the linearly processed observation,
i.e. Fr , where F ∈ ℂ

𝑁×𝑁 is the beamforming matrix at the
relay. The signal received by user 𝑖 can be expressed as

𝑦𝑖 = h𝑇𝑖 FH𝑖,𝑗x𝑖,𝑗 + h𝑇𝑖 FH̃𝑖,𝑗 x̃𝑖,𝑗 + h𝑇𝑖 Fn+ 𝑛𝑖. (2)

The first term on the RHS of the equation contains the
mixture of messages from user pair (𝑖, 𝑗), the second term
contains the multi-pair interference while the last two terms
contain the relay propagated noise and the receiver noise
of user 𝑖. The unique feature of the NC-SM protocol is
to allow both the relay and the users to participate in the
interference cancellation. The relay eliminates the multi-pair
interference, h𝑇𝑖 FH̃𝑖,𝑗 x̃𝑖,𝑗 , while user 𝑖 remove the self-
interference, h𝑇𝑖 Fh𝑖𝑥𝑖. The design of beamforming matrix F
is discussed in the following section.

III. JOINT RECEIVE AND TRANSMIT BEAMFORMING

DESIGN

In this section, we present the low complexity beamforming
design at the relay, in two cases. Case I: 𝑁 = 2𝑀 − 1, which
corresponds to the case when the number of antennas at the
relay is less than total number of user; and case II: 𝑁 ≥ 2𝑀 ,
which corresponds to the case when the number of antennas at
the relay is at least the total number of users. Subsection III-A
explains case I while subsection III-B discusses case II. Note
that the proposed protocol does not operate when𝑁 < 2𝑀−1,
due to the zero-forcing criterion, which is discussed in detail
in the following subsections.

A. Case I: 𝑁 = 2𝑀 − 1

This case corresponds to the situation where conventional
multi-antenna receiver or transmitter is not able to spatially
support 2𝑀 independent data streams, due to the limitation
of the available degrees-of-freedom [15], i.e. min(𝑁, 2𝑀).
The scheme proposed in [10] does not work under this case
due to insufficient antennas at the relay, while [12] and [13]
have not explored this specific setting. It will be shown in the
following paragraph that the proposed beamforming structure
is able to support 2𝑀 independent data streams (from 2𝑀
users) simultaneously, given only 𝑁 = 2𝑀 − 1, by aligning
the data streams of each user pair to occupy only 1 spatial
dimension. As a result, a higher multiplexing gain can be
achieved.

The proposed beamforming matrix F consists of the receive
beamforming matrix W𝑅 and transmit beamforming matrix
W𝑇 , which are directly cascaded as follows,

F = W𝑇AW𝑅, (3)

where the receive beamforming matrix W𝑅 ∈ ℂ𝑀×𝑁 and
the transmit beamforming matrix W𝑇 ∈ ℂ𝑁×𝑀 while the

diagonal matrix A ∈ ℝ
𝑀×𝑀 is the power allocation matrix.

Due to channel reciprocity, W𝑇 = W𝑇
𝑅. This allows us to

concentrate on the design of the transmit beamforming matrix.
For simplicity, we omit the subscript and let W𝑇 = W.
Represent W =

[
w1,2 . . . w2𝑀−1,2𝑀

]
where w𝑖,𝑗 ∈

ℂ
𝑁×1 is the transmit beamforming vector for user pair (𝑖, 𝑗),

A = 𝑑𝑖𝑎𝑔 (𝛼1,2 . . . 𝛼2𝑀−1,2𝑀 ), and F𝑖,𝑗 ∈ ℂ𝑁×𝑁 =
w𝑖,𝑗w

𝑇
𝑖,𝑗 as the effective beamforming matrix for pair (𝑖, 𝑗).

We can rewrite (3) as F =
∑𝑀

𝑚=1 𝛼𝑖,𝑗F𝑖,𝑗 where 𝑖 =
2𝑚 − 1, 𝑗 = 2𝑚. The design objective of w𝑖,𝑗 is to ensure
that each user pair is free from the multi-pair interference.
In other words, the zero-forcing criterion H̃𝑇

𝑖,𝑗w𝑖,𝑗 = 0
has to be satisfied for all pair (𝑖, 𝑗), where 0 is a column
vector of all zeros. This criterion coincides with the block-
diagonalisation2 for the MIMO broadcast channels in [11]. To
satisfy this criterion, we choose w𝑖,𝑗 to lie in the null-space
of the multi-pair interference channel, i.e. w𝑖,𝑗 = 𝑛𝑢𝑙𝑙(H̃𝑇

𝑖,𝑗),
which exists as a non-zero vector when 𝑁 = 2𝑀 − 1. Note
that 𝑟𝑎𝑛𝑘(H𝑇

𝑖,𝑗w𝑖,𝑗) = 1, i.e. each user pair only occupies one
spatial dimension. This enables the relay to spatially multiplex
2𝑀 independent streams by using only 𝑁 = 2𝑀−1 antennas.

The transmission from the relay is subjected to unit average
power constraint. The power constraint can be expressed as

𝑀∑
𝑚=1

𝛼2
𝑖,𝑗

(∣∣F𝑖,𝑗H𝑖,𝑗 ∣∣2𝐹 + 𝜎2∣∣F𝑖,𝑗 ∣∣2𝐹
) ≤ 1, (4)

where 𝑖 = 2𝑚− 1, 𝑗 = 2𝑚, and ∣∣.∣∣𝐹 denotes the Frobenius
norm. Note that the expected value, 𝐸[nn𝐻 ] = I. Since we
are interested in the high SNR performance, i.e. diversity and
multiplexing gains, equal power allocation across 𝑀 data
streams from 𝑀 user pairs is sufficient. Although optimal
power allocation among user pairs is able to further improve
the sum rate performance, it improves neither the diversity
gain nor the multiplexing gain. Using equal power allocation,
the equation above is satisfied in equality by choosing 𝛼𝑖,𝑗 =
1√
𝑀

1√
∣∣F𝑖,𝑗H𝑖,𝑗 ∣∣2𝐹+𝜎2

. Note that ∣∣F𝑖,𝑗 ∣∣2𝐹 = ∣∣w𝑖,𝑗w
𝑇
𝑖,𝑗 ∣∣2𝐹 =

1. The signal received by user 𝑖 can be expressed as

𝑦𝑖 = 𝛼𝑖,𝑗h
𝑇
𝑖 F𝑖,𝑗 (h𝑖𝑥𝑖 + h𝑗𝑥𝑗 + n) + 𝑛𝑖, (5)

while the signal received by user 𝑗 is

𝑦𝑗 = 𝛼𝑖,𝑗h
𝑇
𝑗 F𝑖,𝑗 (h𝑖𝑥𝑖 + h𝑗𝑥𝑗 + n) + 𝑛𝑗 . (6)

Note that for all 𝑝 ∕= 𝑖 and 𝑞 ∕= 𝑗, we have h𝑇𝑖 F𝑝,𝑞h𝑖 = 0,
h𝑇𝑖 F𝑝,𝑞h𝑗 = 0, h𝑇𝑗 F𝑝,𝑞h𝑖 = 0 and h𝑇𝑗 F𝑝,𝑞h𝑗 = 0. Since
user 𝑖 has the knowledge of 𝑥𝑖, and the knowledge of the
effective channels, h𝑇𝑖 F𝑖,𝑗h𝑖 and h𝑇𝑖 F𝑖,𝑗h𝑗 , he can decode
the desired message, 𝑥𝑗 , by subtracting the self-interference,
𝛼𝑖,𝑗h

𝑇
𝑖 F𝑖,𝑗h𝑖𝑥𝑖, from the received mixture. Similar strategy

is used by user 𝑗 to decode the desired message, 𝑥𝑖. Notice
that the effective channels are scalars. The effective scalar
channels carrying self-interference, h𝑇𝑖 F𝑖,𝑗h𝑖 and h𝑇𝑗 F𝑖,𝑗h𝑗 ,
can be fed back from the relay to user 𝑖 and 𝑗 respectively

2Each user pair in the multi-pair scenario considered here is analogous to
each multi-antenna user in the MIMO broadcast channels considered in [11].
However, different from the MIMO broadcast channels, the users in each pair
are not able to cooperate with each other, i.e. linear postprocessing within user
pair is not possible. Hence, the block-diagonalisation proposed in [11] cannot
be directly applied in the multi-pair scenario.
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using orthogonal feedback channels, while the effective scalar
channel carrying desired message, h𝑇𝑖 F𝑖,𝑗h𝑗 , can be fed back
from the relay to user pair (𝑖, 𝑗) simultaneously using a
common feedback channel, with low overhead. Note that
h𝑇𝑖 F𝑖,𝑗h𝑗 = h𝑇𝑗 F𝑖,𝑗h𝑖. User pair (𝑖, 𝑗) do not need to know
the exact channel vectors, h𝑖 and h𝑗 .

Assuming Gaussian channel coding, the mutual information
of user 𝑖 can be described as

ℐ𝑖 = 1

2
log2

(
1 +

𝛼2
𝑖,𝑗 ∣h𝑇𝑖 F𝑖,𝑗h𝑗 ∣2

𝜎2
(
𝛼2
𝑖,𝑗 ∣∣h𝑇𝑖 F𝑖,𝑗 ∣∣2 + 1

)
)
. (7)

where ∣.∣ and ∣∣.∣∣ denote the absolute value and Euclidean
norm respectively. The pre-log reflects the two time slots used
to complete the information exchange. The mutual information
of user 𝑗, ℐ𝑗 can be obtained by interchanging h𝑖 and h𝑗
in (7). Define a floating point operation as one complex
multiplication or addition. We use the number of floating point
operations (flops) to measure the computational complexity. It
can be easily shown that the computational complexity of the
proposed scheme is at most 𝒪(𝑀𝑁3) flops. Generally, this
beamforming scheme performs well when both channels h𝑖
and h𝑗 have reasonably good quality3.

B. Case II: 𝑁 ≥ 2𝑀

Similar to the previous case, the design objective of the
beamforming matrix F is to ensure that the multi-pair inter-
ference is nullified. However, different from the previous case,
the dimension of 𝑛𝑢𝑙𝑙(H̃𝑇

𝑖,𝑗) is greater than 1, indicating that
the null-space consists of multiple vectors. The transmit beam-
forming matrix for pair (𝑖, 𝑗) is now W𝑖,𝑗 ∈ ℂ

𝑁×(𝑁−2(𝑀−1)),
where W𝑖,𝑗 = 𝑛𝑢𝑙𝑙(H̃𝑇

𝑖,𝑗). Multiple null-space vectors are
able to improve the diversity gain, by providing multiple
statistically independent paths for the messages to travel
through. In order to benefit from the additional diversity gain,
the beamforming structure needs to be carefully designed. A
trivial choice of directly cascading the receive and transmit
beamforming matrices as in (3), destroys the diversity gain
offered by multiple null-space vectors. This is due to the
fact that the superposition of multiple diversity streams can
either add up constructively or destructively at the destina-
tions. It will be shown that appropriate selection or coherent
combining of null-space vectors is important to achieve the
available diversity gain offered by block-diagonalisation based
beamforming in comparison with the zero-forcing scheme [6].
The block-diagonalisation with singular value decomposition
(BD-SVD) [13] and pair-aware matched filter (PA-MF) [12]
fail to achieve the available diversity gain because the diversity
streams are not coherently combined. In this paper, two
beamforming schemes which are able to achieve all diversity
gain offered by block-diagonalisation, are proposed. One is
based on null-space vector selection and the other is based on
coherent combining of all null-space vectors.

3The performance degrades when either one of the channels is in deep fade.
This can be solved by increasing the diversity gain, achieved by either using
more antennas at the relay, as discussed in subsection III-B, or implementing
user selection. When the number of users in the network is large, the relay can
select the user pairs with good channel quality at a particular time instance
to become active users, in order to harvest the benefit of multi-user diversity.

1) Null-Space Vector Selection : In this subsection, we
propose a beamformer with null-space vector selection. The
relay performs selection to determine the null-space vector
that can deliver the best performance in maximising the sum
rate of each user pair (𝑖, 𝑗). The overall beamforming structure
F is similar to (3). Since we are interested in the high SNR
performance, i.e. diversity and multiplexing gains, equal power
allocation among user pairs is sufficient. Denote the 𝑘th null-
space vector for pair (𝑖, 𝑗), obtained from the 𝑘th column of
W𝑖,𝑗 , as w𝑖,𝑗(𝑘). We have the following null-space vector
selection criterion for user pair (𝑖, 𝑗),

arg max
𝑘=1,...,𝑁−2(𝑀−1)

ℐ𝑖(𝑘) + ℐ𝑗(𝑘), (8)

where ℐ𝑖(𝑘) and ℐ𝑗(𝑘) are the mutual information of user
𝑖 and user 𝑗 respectively, when w𝑖,𝑗(𝑘) is used. ℐ𝑖(𝑘) can
be obtained by replacing F𝑖,𝑗 = w𝑖,𝑗(𝑘)w

𝑇
𝑖,𝑗(𝑘) in (7) while

ℐ𝑗(𝑘) can be derived similarly. The best null-space vector,
denoted as w𝑖,𝑗(𝑘𝑏𝑒𝑠𝑡) is able to maximise the sum rate
of user pair (𝑖, 𝑗) and is used as the receive and transmit
beamforming vectors for pair (𝑖, 𝑗). The sum rate of user pair
(𝑖, 𝑗) is used instead of the individual rate because the best
null-space vector, w𝑖,𝑗(𝑘𝑏𝑒𝑠𝑡) affects both user 𝑖 and user 𝑗
simultaneously. In other words, each beam carries the mixture
of the messages of user pair (𝑖, 𝑗). The received signal and the
mutual information of user 𝑖 can be expressed in similar way
as (5) and (7) by substituting F𝑖,𝑗 = w𝑖,𝑗(𝑘𝑏𝑒𝑠𝑡)w𝑖,𝑗(𝑘𝑏𝑒𝑠𝑡)

𝑇 .
The worst case computational complexity of this selection
scheme is 𝒪(𝑀𝑁3) flops, which is the same as the previous
scheme. This selection scheme serves as a lower bound for
the derivation of the outage probability and the diversity and
multiplexing tradeoff, which are discussed in section V.

2) Coherent Combining of Null-space Vectors: In contrast
to the null-space vector selection scheme, the beamformer
proposed in this subsection utilises all the available null-space
vectors. In order to guarantee that the superposition of multiple
diversity streams at the target destination is constructive, we
propose the following beamforming structure,

F =

𝑀∑
𝑚=1

W𝑖,𝑗B𝑖,𝑗A𝑖,𝑗P𝜋B
𝑇
𝑖,𝑗W

𝑇
𝑖,𝑗 , (9)

where 𝑖 = 2𝑚 − 1, 𝑗 = 2𝑚. The matrix W𝑖,𝑗 ∈
ℂ𝑁×(𝑁−2(𝑀−1)) is the transmit beamforming matrix for pair
(𝑖, 𝑗), the matrix B𝑖,𝑗 ∈ ℂ(𝑁−2(𝑀−1))×2 is the channel match-
ing matrix for pair (𝑖, 𝑗), the diagonal matrix A𝑖,𝑗 ∈ ℝ2×2 is
the power allocation matrix for user pair (𝑖, 𝑗) while the matrix

P𝜋 =

[
0 1
1 0

]
is the permutation matrix.

The channel matching matrix for pair (𝑖, 𝑗) is designed
as B𝑖,𝑗 = W𝐻

𝑖,𝑗H
∗
𝑖,𝑗 where [.]𝐻 and [.]∗ denote the Her-

mitian transpose and complex conjugate operations respec-
tively. We can express the effective relay to user (𝑖, 𝑗)

channel as H𝑇
𝑖,𝑗W𝑖,𝑗B𝑖,𝑗 =

[
Φ𝑖 Ψ
Ψ∗ Φ𝑗

]
, where Φ𝑖 =∑𝑁−2(𝑀−1)

𝑘=1

∣∣h𝑇𝑖 w(𝑘)
∣∣2, Φ𝑗 =

∑𝑁−2(𝑀−1)
𝑘=1

∣∣h𝑇𝑗 w(𝑘)
∣∣2 and

Ψ =
∑𝑁−2(𝑀−1)

𝑘=1 h𝑇𝑖 w(𝑘)w𝐻(𝑘)h∗
𝑗 . The channel matching

matrix B𝑖,𝑗 ensures that main diagonal elements Φ𝑖 and Φ𝑗

contain the coherently combined (at zero phase) diversity
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streams of user 𝑖 and user 𝑗 respectively, while the off-
diagonal element, Ψ, contains the non-coherent superposition
of the correlated streams for user 𝑖 and 𝑗. The permutation
matrix P𝜋 plays an important role to ensure that diver-
sity gain (contributed by the coherently combined diversity
streams) is preserved when the transmit beamforming matrix
W𝑖,𝑗B𝑖,𝑗A𝑖,𝑗 and receive beamforming matrix B𝑇

𝑖,𝑗W
𝑇
𝑖,𝑗 are

cascaded.
The relay is subjected to unit average transmit power con-

straint. Since we are interested in the high SNR performance,
i.e. diversity and multiplexing gains, equal power allocation
among users is sufficient. Under equal power allocation, we
can express A𝑖,𝑗 = 𝛼𝑖,𝑗I and further denote F𝑖,𝑗 ∈ ℂ𝑁×𝑁 =

W𝑖,𝑗B𝑖,𝑗P𝜋B
𝑇
𝑖,𝑗W

𝑇
𝑖,𝑗 such that F =

∑𝑀
𝑚=1 𝛼𝑖,𝑗F𝑖,𝑗 where

𝑖 = 2𝑀 − 1 and 𝑗 = 2𝑀 . The power constraint can be
expressed similarly as in (4). The power constraint is satisfied
in equality by choosing 𝛼𝑖,𝑗 = 1√

𝑀
1√

∣∣F𝑖,𝑗H𝑖,𝑗 ∣∣2𝐹+𝜎2∣∣F𝑖,𝑗∣∣2𝐹
.

The signal received by user 𝑖 can be written in the same way
as in (5). User 𝑖 is able to decode the desired message, 𝑥𝑗 , by
subtracting the self-interference from the observation. Expand
the effective channel carrying the desired message of user 𝑖,

𝛼𝑖,𝑗h
𝑇
𝑖 F𝑖,𝑗h𝑗 = 𝛼𝑖,𝑗Φ𝑖Φ𝑗 + 𝛼𝑖,𝑗 ∣Ψ∣2. (10)

The first term on the RHS of (10) contains the multiplication
of the coherently combined diversity streams of user 𝑖, i.e.
Φ𝑖, and coherently combined diversity streams of user 𝑗, i.e.
Φ𝑗 , while the last term contains the magnitude square of the
non-coherent combination of the correlated streams of user 𝑖
and user 𝑗, i.e. Ψ. Recall that the diversity gain is obtained
when statistically independent (uncorrelated) streams are used.
Hence, only the first term in (10) contributes to the diversity
gain. The correlated streams in the last term of (10) is allowed
to combine non-coherently as it does not contribute to the
diversity gain. Note that the last term does not affect the
diversity gain contributed by the first term, as it has zero phase.

The mutual information of user 𝑖 can be written in similar
form as in (7). The received signal and the mutual information
of user 𝑗 can be derived easily. It is worth mentioning that the
beamforming structure in (9) reduces the overhead needed to
feed back the CSI of the effective scalar channel carrying the
desired message of user 𝑖 and 𝑗. Specifically, user 𝑖 and user 𝑗
only need to know the magnitude of scalar ∣h𝑇𝑖 F𝑖,𝑗h𝑗 ∣, which
can be fed back from the relay using a common feedback
channel with only half the amount of overhead needed in case I
and case II with null-space vector selection. The computational
complexity of this coherent combining scheme is at most
𝒪(𝑀𝑁3) flops, which is no worse than the selection scheme
discussed previously.

IV. ERGODIC CAPACITY ANALYSIS

This section provides the analytical results on the ergodic
capacity for case I, where the proposed NC-SM scheme
achieves higher multiplexing gain than existing schemes4.
Since we consider symmetrical channels, i.e. all user nodes

4The high SNR approximation used in deriving the ergodic capacity in this
section is too coarse to capture the power gain (or array gain) due to the use
of additional antennas in case II. As a result, we do not include the capacity
expression for case II.

have the same channel statistics, it is sufficient to study the
single-user ergodic capacity. Define the single-user ergodic
capacity as the per-user long term data rate a system can
support, which can be expressed as

𝐶𝑒𝑟𝑔 =

∫ ∞

0

ℐ𝑓ℐ(ℐ)𝑑ℐ, (11)

where 𝑓ℐ(ℐ) is the probability density function (PDF) of
the mutual information ℐ. Recall the mutual information
of the proposed protocol in (7) where Gaussian coding is
assumed. Note that F𝑖,𝑗 = w𝑖,𝑗w

𝑇
𝑖,𝑗 . We drop the subscript

of w for simplicity. First, we look into the properties of the
variables in ℐ. Represent matrix W = ww𝐻 . The matrix
W is a positive semi-definite Hermitian matrix and more
importantly, W carries the idempotent property, such that
WW𝐻 = W. Using the associative property of matrix
multiplication, the numerator ∣h𝑇𝑖 ww𝑇h𝑗 ∣2 in (7) can be split
into ∣h𝑇𝑖 w∣2∣w𝑇h𝑗 ∣2. We can write each of the magnitude
square as vector multiplication, i.e. ∣h𝑇𝑖 w∣2 = h𝑇𝑖 Wh∗

𝑖 .
Applying the idempotent property of W, we can represent
h𝑇𝑖 Wh∗

𝑖 = h𝑇𝑖 WW𝐻h∗
𝑖 = ∣∣h𝑇𝑖 W∣∣2. Following similar

approach, we can write ∣w𝑇h𝑗 ∣2 = ∣∣W𝑇h𝑗 ∣∣2, where W𝑇 =
w∗w𝑇 . Define the auxiliary variables 𝑥 = 1

𝜎2 ∣∣h𝑇𝑖 W∣∣2 and
𝑦 = 1

𝜎2 ∣∣W𝑇h𝑗 ∣∣2. After some algebraic manipulations, we
can rewrite the mutual information in (7) as follows,

ℐ =
1

2
log2

(
1 +

𝑥𝑦

(𝑀 + 1)𝑥+𝑀𝑦 +𝑀

)
. (12)

Note that ∣∣ww𝑇h𝑖∣∣2 = ∣∣h𝑇𝑖 W∣∣2. Define auxiliary variable
𝑧 = 𝑥𝑦

(𝑀+1)𝑥+𝑀𝑦+𝑀 , we have the following lemma to
quantify the cumulative distribution function (CDF) of variable
𝑧.

Lemma 1: Assuming i.i.d. quasi-static Rayleigh fading and
channel reciprocity, the CDF of auxiliary variable 𝑧 can be
expressed as

𝐹𝑧(𝑧) = 1− 2𝜎2 exp
(−(2𝑀 + 1)𝜎2𝑧

)√
𝑀(𝑀 + 1)𝑧2 +𝑀𝑧

×𝐾1

(
2𝜎2

√
𝑀(𝑀 + 1)𝑧2 +𝑀𝑧

)
, (13)

where 𝑀 is the number of user pair and 𝐾1(𝑧) is the modified
Bessel function of second kind.

Proof: Refer to appendix.
Observe that the CDF of 𝑧 is expressed in terms of modified

Bessel function of second kind, which has no closed form
solution. Thus, we proceed to the next lemma to obtain the
upper and lower bounds for the CDF of variable 𝑧 in order
to ease the difficulty in the subsequent analytical development
of the ergodic capacity.

Lemma 2: Assuming i.i.d. quasi static Rayleigh fading and
channel reciprocity, the CDF of auxiliary variable z can be
bounded as

1− exp
(−(2𝑀 + 1)𝜎2𝑧

) ≤ 𝐹𝑧(𝑧) ≤
1− exp

(
−(2𝑀 + 1)𝜎2𝑧 − 2𝜎2

√
𝑀(𝑀 + 1)𝑧2 +𝑀𝑧

)
. (14)

Proof: Refer to appendix.
In order to facilitate the analytical development of the ergodic
capacity, we use the following high SNR approximation for
the upper bound of the CDF of 𝑧,

1− exp
(
−(2𝑀 + 1)𝜎2𝑧 − 2𝜎2

√
𝑀(𝑀 + 1)𝑧2 +𝑀𝑧

)
≈

1− exp
(
−
(
2𝑀 + 1 + 2

√
𝑀(𝑀 + 1)

)
𝜎2𝑧

)
. (15)



LEOW et al.: ON THE STUDY OF ANALOGUE NETWORK CODING FOR MULTI-PAIR, BIDIRECTIONAL RELAY CHANNELS 675

Recall that the mutual information is a function of 𝑧, such that
ℐ(𝑧) = 1

2 log2 (1 + 𝑧) . According to section 7.4.9 in [16], the
expected value of ℐ (which is the ergodic capacity) can be
derived from the following formula

𝐶𝑒𝑟𝑔 =

∫ ∞

0

ℐ(𝑧)𝑓𝑧(𝑧)𝑑𝑧. (16)

The density function 𝑓𝑧(𝑧) can be obtained by differentiating
𝐹𝑧(𝑧) over 𝑧, i.e. 𝑓𝑧(𝑧) = 𝑑𝐹𝑧(𝑧)

𝑑𝑧 . We have the following
theorem for the ergodic capacity of the proposed protocol.

Theorem 1: Assuming i.i.d. quasi-static Rayleigh fading
and channel reciprocity, the single-user ergodic capacity of the
proposed NC-SM protocol can be upper and lower bounded
using high SNR approximation, as follows,

𝑐
(
2𝑀 + 1 + 2

√
𝑀(𝑀 + 1)

)
≤ 𝐶𝑒𝑟𝑔 ≤ 𝑐 (2𝑀 + 1) , (17)

where the function 𝑐(𝑥) = 1
2 exp

(
𝑥𝜎2

)
log2

(
1

𝑥𝜎2 exp(𝛾)

)
and

𝛾 is the Euler constant.
Proof: Refer to appendix.

Remark 1: For fixed number of user pairs, 𝑀 , we can write
the lower bound at high SNR, i.e. 𝜎2 → 0 , as 𝐶𝑒𝑟𝑔,𝑙𝑜𝑤𝑒𝑟 ≈
1
2 log2

(
1
𝜎2

)− 1
2 log2

((
2𝑀 + 1 + 2

√
𝑀(𝑀 + 1)

)
exp (𝛾)

)
.

The first term of the RHS is a function of SNR while the sec-
ond term is a constant independent of the SNR. Therefore, for
every 3dB increase in SNR, there is a 0.5 bits/s/Hz increment
on the ergodic capacity. In other words, the achievable per-user
multiplexing gain is 1

2 , which is independent of the number
of user pairs. The second term captures two effects. First, the
power loss due to the null-space projection operation used in
the beamformer and second, the equal power sharing among
𝑀 pairs of users. As the number of user pairs increases,
the fixed transmission power at the relay is shared by more
users. Hence each user gets a smaller portion of the total
power as 𝑀 increases. This explains why the second term
increases logarithmically with 𝑀 . Overall, the single-user
ergodic capacity decreases as the number of active user pairs
increases, but the individual multiplexing gain obtainable by
each user is maintained.

V. OUTAGE PROBABILITY AND THE DIVERSITY AND

MULTIPLEXING TRADEOFF ANALYSIS

In this section, we develop the analytical results on the
outage probability and the diversity and multiplexing trade-
off of the proposed NC-SM schemes. Since we are only
considering symmetric channels, the analysis of single-user
outage performance is adequate. Define the outage probability,
𝑃 (𝐼 < 𝑅), as the probability that the mutual information
of a user falls below the individual target data rate, 𝑅.
The outage performance of the proposed null-space vector
selection scheme is analysed, for two obvious reasons. First,
it is the generalisation of the proposed protocol to the case,
𝑁 ≥ 2𝑀 − 1, which includes both case I and case II. For
example, when 𝑁 = 2𝑀 − 1, the proposed null-space vector
selection scheme reverts to the proposed scheme in case I.
Second, the proposed null-space vector selection scheme is
a lower bound for the proposed coherent combining scheme.
This argument is verified in the numerical results section. We

have the following theorem to capture the outage probability
of the proposed NC-SM schemes.

Theorem 2: Assuming i.i.d. quasi-static Rayleigh fading
and channel reciprocity, the single-user outage probability of
the proposed NC-SM schemes is

𝑃 (ℐ < 𝑅) =
(
1− exp

(−(2𝑀 + 1)𝜎2𝜁
)
𝜔𝐾1 (𝜔)

)𝑁−2(𝑀−1)
,

(18)

where 𝜔 = 2𝜎2
√
𝑀(𝑀 + 1)𝜁2 +𝑀𝜁 and 𝜁 = 22𝑅 − 1.

Proof: Refer to appendix.
Remark 2: At fixed data rate 𝑅 , the auxiliary variable

𝑤 → 0 when 𝜎2 → 0. Hence, we can use the approximation
for the exponent, i.e. exp(−𝑥)

𝑥→0
= 1 − 𝑥 and also the approx-

imation for the modified Bessel function of second kind, i.e.
𝐾1(𝑥)
𝑥→0

= 1
𝑥 , to obtain the high SNR approximation of the

outage probability as follows

𝑃 (ℐ < 𝑅) ≈ ((2𝑀 + 1)𝜎2𝜁
)𝑁−2(𝑀−1)

. (19)

Representing the mean SNR as 𝛾0 = 1
𝜎2 , it is readily

shown that the outage probability decays as 1
𝛾0𝑁−2(𝑀−1) . The

exponent of the SNR defines the rate of decay and it is well-
known as the diversity gain. When the diversity gain is higher,
the outage probability decays faster with increasing SNR. The
diversity gain achieved by the proposed NC-SM schemes is
𝑁 − 2𝑀 + 2. It is better than the conventional multi-user
zero-forcing scheme. Since the analytical outage probability
of the zero-forcing scheme in [6] is not available, we have
to make a comparison with the conventional zero-forcing
receiver [17] used in MIMO channels with 2𝑀 transmitter
antennas and 𝑁 receiver antennas. Provided that 𝑁 ≥ 2𝑀 ,
the diversity gain achieved by each substream in zero-forcing
receiver is 𝑁−2𝑀+1. Clearly, the proposed NC-SM schemes
deliver additional diversity gain as compared to the MIMO
zero-forcing receiver, thanks to the beamformer design which
only removes the co-channel interference caused by other user
pairs. In comparison with the multiple-input and single-output
(MISO) upper bound which has optimal diversity gain of 𝑁 ,
the loss of diversity gain experienced by the proposed scheme
due to the block-diagonalisation is 2𝑀 − 2. This is lower
than the loss of 2𝑀 −1 suffered by conventional zero-forcing
scheme.

Similar to the MIMO channels, there is a fundamental
tradeoff between the rate and reliability in the multi-pair,
bidirectional relay channels. In order to quantify this rela-
tionship, we derive the diversity and multiplexing tradeoff for
the proposed NC-SM schemes. Recall that the diversity and
multiplexing gain can be defined as [18]

𝑑 ≜ − lim
𝛾0→∞

log [𝑃𝑒(𝛾0)]

log 𝛾0
and 𝑟 ≜ lim

𝛾0→∞
𝑅(𝛾0)

log 𝛾0
, (20)

where 𝑃𝑒 is the maximum likelihood (ML) probability of
detection error, 𝑅 is the target data rate in bits/Hz/s, 𝛾0 is the
mean SNR and in our case 𝛾0 = 1

𝜎2 . The outage probability is
used to obtain the diversity and multiplexing tradeoff because
the ML error probability is tightly bounded by the outage
probability at high SNR. Using the result from theorem 2, we
obtain the following corollary which quantifies the diversity
and multiplexing tradeoff of the proposed NC-SM schemes.
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Corollary 1: The achievable per-user diversity and multi-
plexing tradeoff of the proposed NC-SM schemes is

𝑑(𝑟) = (1− 2𝑟) (𝑁 − 2𝑀 + 2), 0 ≤ 𝑟 ≤ 1, (21)

provided that 𝑁 ≥ 2𝑀 − 1.
Proof: Refer to appendix.

Remark 3: The maximum diversity gain (when 𝑟 = 0),
describes how fast the outage probability decays with the
SNR at fixed data rate. This maximum diversity gain of
𝑁 − 2𝑀 +2 is in line with theorem 2. On the other extreme,
the maximum multiplexing gain (when 𝑑 = 0), describes how
the data rate grows with the SNR at fixed outage probability.
The multiplexing gain of 1/2, achievable by each user is
independent of the number of user pairs, 𝑀 . This agrees
with the result in theorem 1. The multiplexing gain of 1/2
is indeed the best possible gain that can be achieved in the
half duplex, two-way relay channels being studied. The total
multiplexing gain achievable in the network is the sum of
all individual multiplexing gain, which is equal to 𝑀 . Both
the individual and network multiplexing gains of the proposed
NC-SM schemes outperform the existing schemes in [6] (when
𝑁 < 2𝑀 ) and [7], which are designed for single-pair and
extended to multi-pair using time sharing between pairs. The
per-user multiplexing gain achievable by comparable schemes
[6], [7] with time sharing between pairs is 1/2𝑀 , which
decreases as 𝑀 gets larger. The detailed comparisons are
shown in the next section. Simultaneous increase of the data
rate (positive 𝑟) and the reliability (positive 𝑑) is possible in
the proposed NC-SM schemes, as long as the diversity and
multiplexing tradeoff in (21) is satisfied. The proposed NC-
SM schemes achieve better diversity and multiplexing tradeoff
than the zero-forcing scheme (when 𝑁 ≥ 2𝑀 ) for all data
rates. Furthermore, the proposed NC-SM schemes offer better
tradeoff at high data rate region as compared to the diversity
gain optimal scheme, the maximal ratio reception-transmission
(MRR-MRT) scheme [7]. These arguments are justified5 by
the simulation results in the next section.

VI. NUMERICAL RESULTS

We present several Monte Carlo simulation results on the
single-user ergodic capacity and single-user outage probabil-
ity, in order to validate the analytical results and assess the
performance of the proposed NC-SM schemes in comparison
with existing schemes. All schemes assume equal power
allocation to enable fair comparisons.

Fig. 2 shows the single-user ergodic capacity versus SNR of
the proposed NC-SM scheme for case I, i.e. 𝑁 = 2𝑀−1. The
curve generated using Monte Carlo simulation is compared
with the analytical bounds in theorem 1. The number of user
pairs is fixed at 𝑀 = 2 while the number of antennas at the
relay is fixed at 𝑁 = 3. The analytical upper and lower bounds
approximate the ergodic capacity very well, starting from
medium to high SNR, i.e. SNR>15dB. Recall that the slope of
the ergodic capacity curve characterises the multiplexing gain.

5Note that the analytical results on the outage probability and the diversity
and multiplexing tradeoff of the existing schemes are not available in the
literature, which prevent direct analytical comparison. Until this point, the
optimal diversity and multiplexing tradeoff for the multi-pair, two-way relay
channels with half duplex constraint, remains an open problem.
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Fig. 2. Single-user ergodic capacity versus SNR of the proposed protocol in
comparison with the capacity bounds. Fixed parameters :𝑀 = 2 and 𝑁 = 3.
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Fig. 3. Single-user ergodic capacity versus SNR of various schemes when
𝑀 = 2 and 𝑁 = 3.

The simulation result agrees with the analytical bounds that the
proposed NC-SM scheme can achieve per-user multiplexing
gain of 1/2 (or a total multiplexing gain of 𝑀 ).

Fig. 3 compares the single-user ergodic capacity versus
SNR of the proposed NC-SM scheme and three comparable
AF based schemes for case I, i.e. 𝑁 = 2𝑀 − 1. The fixed
parameters are 𝑀 = 2 and 𝑁 = 3. The baseline schemes:
1. pure AF (where the relay only forwards power normalised
mixture without beamforming); 2. MRR-MRT [7], which is
shown to achieve near optimal sum rate in single-pair scenario;
and 3. zero-forcing [6]. The baseline schemes are extended
to multi-pair using time sharing between pairs. Note that the
zero-forcing [6] cannot support all user pairs simultaneously
because the zero-forcing criterion requires 𝑁 ≥ 2𝑀 . It can be
observed that from medium to high SNR, i.e. SNR>17dB, the
ergodic capacity of the proposed NC-SM scheme outperforms
all existing AF based schemes. At high SNR, i.e. SNR=30dB,
significant capacity gains of 36%, 45% and 75% are obtained
by the proposed NC-SM scheme in comparison with the MRR-
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Fig. 4. Single-user ergodic capacity versus SNR of various scheme when
𝑀 = 2 and 𝑁 = 4.

MRT, zero-forcing, and the pure AF schemes respectively.
The proposed protocol demonstrates that spatial multiplexing
across different pairs coupled with network coding within
same pair is spectrally more efficient. By observing the
slope of the curves, it is obvious that the proposed NC-
SM scheme delivers the highest multiplexing gain among all
schemes, thanks to the efficient use of the available degrees-
of-freedom to spatially support multiple user pairs. At low
SNR, system supporting only single-stream, i.e. MRR-MRT,
performs better than spatial multiplexing system such as the
proposed scheme. Recall that at low SNR, allocating all of
the transmission power to the best subchannel (corresponds
to single-stream system) is better than distributing the power
among all subchannels (corresponds to spatial-multiplexing
system).

Fig. 4 shows the single-user ergodic capacity versus SNR of
the proposed NC-SM schemes in comparison with the existing
AF based schemes, for case II, i.e. 𝑁 ≥ 2𝑀 . The fixed
parameters are 𝑀 = 2 and 𝑁 = 4. Recall that in case II, the
proposed NC-SM beamformer uses either the null-space vector
selection or coherent combining of null-space vectors. The
comparable schemes are MRR-MRT, zero-forcing (see [13]
for the extension to multi-pair scenario), BD-SVD [13], PA-
MF and pair-aware with semi-definite relaxation (PA-SDR)
[12]. All comparable schemes are able to support all user pairs
simultaneously (spatial multiplexing), except for the MRR-
MRT which uses time-sharing between pairs. From fig. 4, it
can be observed that all schemes supporting spatial multiplex-
ing achieve higher ergodic capacity and higher multiplexing
gain if compared with the scheme based on time sharing
between pairs (MRR-MRT scheme). All spatial multiplexing
schemes achieve the same multiplexing gain, evident from
the slope of ergodic capacity curves. It can be observed that
block-diagonalisation based schemes (including proposed NC-
SM schemes, BD-SVD, PA-MF and PA-SDR) are able to
achieve higher ergodic capacity for any fixed SNR, or deliver
power gain for any fixed ergodic capacity, if compared with
the zero-forcing scheme. Among all block-diagonalisation

10 15 20 25 30 35 40
10

−3

10
−2

10
−1

10
0

SNR (1/σ2) in dB

O
ut

ag
e 

Pr
ob

ab
ili

ty

 

 

Zero−forcing

PA−MF

BD−SVD

PA−SDR

Proposed NC−SM
Selection

Proposed NC−SM
C.Combining

Fig. 5. Single-user outage probability versus SNR when 𝑀 = 2, 𝑁 = 4
and 𝑅 = 2 bits/s/Hz.

based schemes, the proposed NC-SM with coherent combining
delivers the best performance. The PA-SDR scheme performs
close to the proposed NC-SM with coherent combining, but
it comes at the cost of higher computational complexity.
PA-SDR has the worst case complexity of 𝒪(𝑁7) flops as
compared to the proposed schemes with at most 𝒪(𝑀𝑁3)
flops. The higher complexity of PA-SDR is due to the use of
semi-definite programming in computing the multicast vectors
[19]. The NC-SM with null-space vector selection, is about 2
dB away from the coherent combining scheme. Notice that the
PA-MF and BD-SVD schemes do not perform better than the
proposed null-space vector selection scheme. Similar to fig.3,
MRR-MRT dominates at low SNR.

Besides providing ergodic capacity improvement, block-
diagonalisation offers higher diversity gain as compared to
zero-forcing scheme. The diversity gain achieved by the
proposed NC-SM schemes can be verified from the outage
probability versus SNR curves shown in fig. 5. The fixed pa-
rameters are 𝑀 = 2, 𝑁 = 4, and 𝑅=2 bits/s/Hz. Generally, the
proposed NC-SM scheme with coherent combining achieves
the lowest outage probability. The PA-SDR scheme performs
close to the proposed NC-SM with coherent combining while
the NC-SM with selection is about 2.5dB away from the
best scheme. Recall that the slope of the outage probability
curve characterises the diversity gain. The proposed NC-SM
schemes (both selection and coherent combining schemes) and
the PA-SDR are able to achieve a higher diversity gain as
compared to the BD-SVD, PA-MF and zero-forcing schemes.
The BD-SVD and PA-MF schemes are not able to extract
the additional diversity gain offered by block-diagonalisation,
due to the non-coherent combining of the diversity streams.
Although the PA-SDR scheme is able to extract all the di-
versity gain, it suffers from higher computational complexity.
The proposed NC-SM schemes have lower complexity while
being able to achieve all the diversity gain offered by block-
diagonalisation.

The next simulation reveals the tradeoff between the rate
and the reliability between different schemes. The curves for



678 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 10, NO. 2, FEBRUARY 2011

1 1.5 2 2.5 3 3.5 4 4.5 5
10

−4

10
−3

10
−2

10
−1

10
0

R in bits/s/Hz

O
ut

ag
e 

Pr
ob

ab
ili

ty

 

 

Pure AF

MRR−MRT

Zero−forcing

Proposed NC−SM
Selection

Proposed NC−SM
C.Combining

Fig. 6. Single-user outage probability versus target data rate 𝑅 for various
schemes when 𝑀 = 2, 𝑁 = 4 and SNR=30dB.

the outage probability versus target data rate, 𝑅, are shown
in fig. 6. The fixed parameters are 𝑀 = 2, 𝑁 = 4 and
SNR=30dB. The pure AF and MRR-MRT schemes use time
sharing between pairs while the zero-forcing and the proposed
schemes employ spatial multiplexing. Both the proposed NC-
SM with selection and the proposed NC-SM with coherent
combining achieve lower outage probability if compared with
the zero-forcing and the pure AF schemes, at all target data
rate. The proposed NC-SM with selection performs close to
the proposed NC-SM with coherent combining. Although the
zero-forcing scheme also supports spatial multiplexing, it still
underperforms the proposed schemes. This is because the zero-
forcing scheme has lower diversity gain as compared to the
proposed schemes. In general, the proposed schemes have
better diversity and multiplexing tradeoff if compared with
existing zero-forcing scheme and pure AF scheme. Besides
that, the proposed schemes outperform the MRR-MRT at high
data rate region, i.e. 𝑅 > 2 bits/s/Hz. As an example, at
fixed data rate , i.e. 𝑅 = 3 bits/s/Hz, the proposed NC-SM
with coherent combining is able to maintain 4% outage while
the MRR-MRT scheme completely fails. Although the MRR-
MRT scheme has the highest diversity gain as compared to
all other schemes, it suffers from poor outage performance
at high data rate region. In fact, its per-user multiplexing
gain is only 1/2𝑀 due to the use of time sharing between
pairs. From implementation perspective, having a system that
is able to support a higher data rate at reasonable outage
probability is certainly more preferable than a system that
delivers lower outage probability but operates at a very low
data rate. Along this line, the proposed NC-SM schemes are
desirable since they offer better diversity and multiplexing
tradeoff at high data rate region. Although not included in the
figure, it can be easily verified that the PA-SDR has similar
tradeoff performance as the proposed NC-SM schemes, while
PA-MF and BD-SVD have similar tradeoff performance as the
zero-forcing scheme.

VII. CONCLUSIONS

The proposed protocol combines analogue network coding
and spatial multiplexing, which allows both the relay and the
users to participate in interference cancellation. The proposed
beamforming schemes yield significant improvement in terms
of ergodic capacity and outage probability. The developed
analytical bounds approximate the ergodic capacity very well
and show that the proposed beamforming scheme achieves
higher multiplexing gain than existing schemes. The analytical
result on the outage probability quantifies the diversity gain
and proves that the proposed beamforming schemes are able
to extract all additional diversity gain offered by block-
diagonalisation as compared to zero-forcing. The derived
diversity and multiplexing tradeoff reveals the superior rate
and reliability tradeoff offered by the proposed schemes.
Simulation results agree with the analytical results that the pro-
posed beamforming schemes achieve higher ergodic capacity,
lower outage probability and better diversity and multiplexing
tradeoff than comparable schemes.

APPENDIX

Proof of Lemma 1: First, we determine the distri-
bution of the auxiliary variable 𝑥. With the knowledge of
h𝑇𝑖 ∼ 𝒞𝒩 (0, I𝑁 ) and applying the idempotent property of
W, the quadratic form h𝑇𝑖 Wh∗

𝑖 is shown in [20] to have
chi-square distribution with 2×trace(W) degrees of freedom.
In our case, trace(W)=1. Denote 𝑢 = h𝑇𝑖 Wh∗

𝑖 , the PDF
of 𝑢 reduces to 𝑓𝑢(𝑢) = exp (−𝑢), which is an exponential
distribution. Applying change of variables, 𝑢 = 𝜎2𝑥 , the PDF
of variable 𝑥 can be expressed as 𝑓𝑥(𝑥) = 𝜎2 exp

(−𝜎2𝑥
)
.

Using similar approach, we obtain the PDF of the variable 𝑦
as 𝑓𝑦(𝑦) = 𝜎2 exp

(−𝜎2𝑦
)
. Next, we derive the distribution

of variable 𝑧 = 𝑥𝑦
(𝑀+1)𝑥+𝑀𝑦+𝑀 . Knowing that 𝑥 and 𝑦 are

independently distributed, the cumulative distribution function
of 𝑧 can be written as

𝐹𝑧(𝑧) =

∫ ∫
𝑥𝑦

(𝑀+1)𝑥+𝑀𝑦+𝑀

𝑓𝑥(𝑥)𝑓𝑦(𝑦)𝑑𝑥𝑑𝑦. (22)

Since we know that 𝑥 ≥ 0 and 𝑦 ≥ 0 , we can express 𝐹𝑧(𝑧)
with the following equation,

𝐹𝑧(𝑧) = 𝑃 (0 ≤ 𝑦 ≤ (𝑀 + 1)𝑧, 0 ≤ 𝑥 ≤ ∞)

+ 𝑃

(
(𝑀 + 1)𝑧 ≤ 𝑦 ≤ ∞, 0 ≤ 𝑥 ≤ 𝑀𝑦𝑧 +𝑀𝑧

𝑦 − (𝑀 + 1)𝑧

)
,

(23)

which is then written in integral form as follows

𝐹𝑧(𝑧) =

∫ (𝑀+1)𝑧

0

𝜎2 exp
(−𝜎2𝑦

) ∫ ∞

0

𝜎2 exp
(−𝜎2𝑥

)
𝑑𝑥𝑑𝑦

+

∫ ∞

(𝑀+1)𝑧

𝜎2 exp
(−𝜎2𝑦

)

×
∫ 𝑀𝑦𝑧+𝑀𝑧

𝑦−(𝑀+1)𝑧

0

𝜎2 exp
(−𝜎2𝑥

)
𝑑𝑥𝑑𝑦. (24)

The first pair of the integrals in (24) can be calculated easily,∫ (𝑀+1)𝑧

0

𝜎2 exp
(−𝜎2𝑦

) ∫ ∞

0

𝜎2 exp
(−𝜎2𝑥

)
𝑑𝑥𝑑𝑦 =

1− exp(−(𝑀 + 1)𝜎2𝑧), (25)



LEOW et al.: ON THE STUDY OF ANALOGUE NETWORK CODING FOR MULTI-PAIR, BIDIRECTIONAL RELAY CHANNELS 679

while the second pair of integrals in (24) is∫ ∞

(𝑀+1)𝑧

𝜎2 exp
(−𝜎2𝑦

) ∫ 𝑀𝑦𝑧+𝑀𝑧
𝑦−(𝑀+1)𝑧

0

𝜎2 exp
(−𝜎2𝑥

)
𝑑𝑥𝑑𝑦

=

∫ ∞

(𝑀+1)𝑧

𝜎2 exp
(−𝜎2𝑦

)
×
[
1− exp

(
−𝜎2 𝑀𝑦𝑧 +𝑀𝑧

𝑦 − (𝑀 + 1)𝑧

)]
𝑑𝑦,

=
𝑢=𝑦−(𝑀+1)𝑧

exp(−(𝑀 + 1)𝜎2𝑧)

− 𝜎2 exp
(−(2𝑀 + 1)𝜎2𝑧

) ∫ ∞

0

exp

(
−𝛼𝑢− 𝛽

𝑢

)
𝑑𝑢, (26)

where 𝛼 = 𝜎2 and 𝛽 =
(
𝑀(𝑀 + 1)𝑧2 +𝑀𝑧

)
𝜎2. There

is no closed-form solution available for the integral in (26).
However, we can represent the integral according to equation
3.471.9 in [21], which is shown here for convenience,∫ ∞

0

exp

(
−𝛼𝑢− 𝛽

𝑢

)
𝑑𝑢 = 2

√
𝛽

𝛼
𝐾1

(
2
√
𝛼𝛽
)
, (27)

where 𝐾1(𝑧) is the modified Bessel function of second kind.
Substituting (27) into (26), we have the following∫ ∞

(𝑀+1)𝑧

𝜎2 exp
(−𝜎2𝑦

) ∫ 𝑀𝑦𝑧+𝑀𝑧
𝑦−(𝑀+1)𝑧

0

𝜎2 exp
(−𝜎2𝑥

)
𝑑𝑥𝑑𝑦

= exp(−(𝑀 + 1)𝜎2𝑧)− 2𝜎2 exp(−(2𝑀 + 1)𝜎2𝑧)

×
√
𝑀(𝑀 + 1)𝑧2 +𝑀𝑧𝐾1

(
2𝜎2
√
𝑀(𝑀 + 1)𝑧2 +𝑀𝑧

)
.

(28)

Combining (25) and (28), the CDF of 𝑧 can be obtained and
the lemma is proved.

Proof of Lemma 2: Since the CDF of 𝑧 is related to
the Bessel function, it can be bounded by first determining
the upper and lower bounds for the modified Bessel function
of second kind. From [22], the modified Bessel function of
second kind can be bounded as exp(−𝑥)

𝑥 ≤ 𝐾1(𝑥) ≤ 1
𝑥 . Using

the bounded 𝐾1(𝑥), the upper and lower bounds for the CDF
of 𝑧 can be obtained and thus the lemma is proved.

Proof of Theorem 1: Since the distribution function
𝐹𝑧(𝑧) is bounded, the density function 𝑓𝑧(𝑧) is bounded
as well. It is shown in [22] that the inequalities between
the expected value of two exponential density functions of
𝑥 is such

∫∞
0
𝑥𝑓1(𝑥)𝑑𝑥 <

∫∞
0
𝑥𝑓2(𝑥)𝑑𝑦 happens when

𝐹1(𝑥) ≥ 𝐹2(𝑥), and
∫∞
0 𝑥𝑓1(𝑥)𝑑𝑥 >

∫∞
0 𝑥𝑓2(𝑥)𝑑𝑦 happens

when 𝐹1(𝑥) ≤ 𝐹2(𝑥). Using this relationship, and let the
function 𝑔(𝑢) =

∫∞
0

1
2𝑢 exp(−𝑢𝑧) log2(1+𝑧)𝑑𝑧, we can have

the following bounds for the ergodic capacity,

𝑔((2𝑀+1)𝜎2+2
√
𝑀(𝑀 + 1)𝜎2) ≤ 𝐶𝑒𝑟𝑔 ≤ 𝑔((2𝑀 + 1)𝜎2).

(29)
We solve the function 𝑔(𝑢) as follows

𝑔(𝑢) =

∫ ∞

0

1

2
𝑢 exp(−𝑢𝑧) log2(1 + 𝑧)𝑑𝑧

=
1

2
𝑢 log2(𝑒)

∫ ∞

0

exp(−𝑢𝑧) ln(1 + 𝑧)𝑑𝑧

=
(𝑎)

1

2
log2(𝑒) exp(𝑢)𝐸1(𝑢), (30)

where 𝐸1 is the exponential integral and the equality (a)
is obtained using equation 4.337.2 in [21]. The exponential
integral, 𝐸1(𝑢) can be represented as series expansion which
is found in section 5.1.11 in [23],

𝐸1(𝑢) = −𝛾 − ln𝑢−
∞∑
𝑛=1

(−1)𝑛𝑢𝑛

𝑛𝑛!
, (31)

where 𝛾 is the Euler constant. When 𝑢 → 0 , the following
approximation can be made

𝐸1(𝑢) ≈ −𝛾 − ln𝑢 𝑤ℎ𝑒𝑛 𝑢→ 0. (32)

At high SNR, the noise power 𝜎2 → 0 , therefore we can have
the following approximation

𝑔(𝑢) ≈ 1

2
log2(𝑒) exp(𝑢) (−𝛾 − ln𝑢) . (33)

Substituting (33) into (29) and performing some algebraic
manipulations, we obtain the upper and lower bounds for the
ergodic capacity and the theorem is proved.

Proof of Theorem 2: Define the variables 𝑥𝑘 =
1
𝜎2 ∣∣h𝑇𝑖 W(𝑘)∣∣2 and 𝑦𝑘 = 1

𝜎2 ∣∣W(𝑘)𝑇h𝑗 ∣∣2, where W(𝑘) =
w(𝑘)w𝐻(𝑘), we can rewrite the beamforming selection crite-
rion in (8) as follows,

arg max
𝑘=1,...,𝑁−2(𝑀−1)

1

2
log2

(
1 +

𝑥𝑘𝑦𝑘
(𝑀 + 1)𝑥𝑘 +𝑀𝑦𝑘 +𝑀

)

+
1

2
log2

(
1 +

𝑥𝑘𝑦𝑘
𝑀𝑥𝑘 + (𝑀 + 1) 𝑦𝑘 +𝑀

)
.

(34)

It can be observed that the first term and the second term
of the objective function are almost identical, except at the
denominator, where the multiplier of variable 𝑥𝑘 and the
multiplier of variable 𝑦𝑘 interchange. The minor difference
between the first term and the second term does not result in
any statistical difference. It can be verified that the CDF of
the first term and the second term are the same. In order to
simplify the analytical development, we reduce the sum rate
criterion in (34) into

arg max
𝑘=1,...,𝑁−2(𝑀−1)

(
𝑥𝑘𝑦𝑘

(𝑀 + 1)𝑥𝑘 +𝑀𝑦𝑘 +𝑀

)
, (35)

where only the instantaneous SNR of user 𝑖 is maximised.
We name it as the individual rate criterion. Fig. 7 shows
the outage probability versus SNR of the proposed null-space
vector selection scheme under two different selection criteria
in comparison with the baseline zero-forcing scheme. In the
simulation, we fixed 𝑁 = 4, 𝑀 = 2 and 𝑅 = 2 bits/s/Hz.
From fig. 7, it can be easily seen that the outage probability
obtained using sum rate criterion is almost the same as the
outage probability obtained using individual rate criterion.
This verifies that the individual rate criterion is a very accurate
approximation for the sum rate criterion.

Using the simplified selection criterion in (35), we can
arrange the mutual information of a user, in ascending order
as follows,

ℐ(1) ≤ ℐ(2) ≤ . . . ≤ ℐ(𝑁−2(𝑀−1)). (36)

The null-space vector producing the maximum mutual infor-
mation, ℐ(𝑁−2(𝑀−1)) is selected. When the 𝑘th null-space
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Fig. 7. Outage probability versus SNR under 2 different selection criteria in
comparison with the baseline zero-forcing scheme. The fixed parameters are
𝑀 = 2, 𝑁 = 4 and 𝑅 = 2 bits/s/Hz.

vector is randomly chosen, the outage probability can be
described as

𝑃 (ℐ(𝑘) < 𝑅) = 𝑃

(
𝑥𝑘𝑦𝑘

(𝑀 + 1)𝑥𝑘 +𝑀𝑦𝑘 +𝑀
< 22𝑅 − 1

)
.

(37)
Introduce the auxiliary variable 𝑧𝑘 = 𝑥𝑘𝑦𝑘

(𝑀+1)𝑥𝑘+𝑀𝑦𝑘+𝑀
. From

the result in lemma 1, we can easily obtain the CDF of 𝑧𝑘 as

𝑃 (𝑧𝑘 < 𝑅) = 1− exp
(−(2𝑀 + 1)𝜎2𝜁

)
𝜔𝐾1 (𝜔) , (38)

where 𝜔 = 2𝜎2
√
𝑀(𝑀 + 1)𝜁2 +𝑀𝜁 and 𝜁 = 22𝑅 − 1.

In order to determine the outage probability when the best
null-space vector is selected, order statistics [24] is used.
Specifically, the outage probability is

𝑃 (ℐ < 𝑅) = (𝑃 (𝑧𝑘 < 𝑅))𝑁−2(𝑀−1) , (39)

where ℐ = ℐ(𝑁−2(𝑀−1)) is the mutual information when the
best null-space vector is used. Substituting (38) into (39), the
theorem is proved.

Proof of Corollary 1: As shown in remark 2 of theorem
2, the high SNR approximation for the outage probability can
be written as

𝑃 (ℐ < 𝑅) ≈
(
(2𝑀 + 1)𝜎2𝜁

)𝑁−2(𝑀−1)
. (40)

Substituting 𝑅 = 𝑟 log2 (𝛾0) into (40), we have

𝑃 (ℐ < 𝑅) ≈

(
(2𝑀 + 1)

(
1

𝛾0

)(
𝛾2𝑟0 − 1

))𝑁−2(𝑀−1)

.
= 𝛾

−(1−2𝑟)(𝑁−2(𝑀−1))
0 , (41)

where we use special symbol
.
= to denote the exponential

equality, i.e. 𝑓(𝜎2)
.
= 𝛾𝑛0 to denote lim𝛾0→∞

log2 𝑓(𝛾0)
log2 𝛾0

= 𝑛.
From the exponential equality, the diversity and multiplexing
tradeoff of the proposed NC-SM scheme is readily shown as

𝑑(𝑟) = (1− 2𝑟) (𝑁 − 2𝑀 + 2), (42)

and the corollary is proved.
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