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Difference Equations 



FIR Filters 

The two marked points 

around 1 are 𝟏 ±
𝟐𝝅

𝑴
. 



FIR Symmetries 



FIR Symmetries 

We will see that later with an 
example. 



IIR Frequency Response 

𝟏. 𝟑 (𝟕𝟒. 𝟓𝟐𝐨) 

𝑵 − 𝑴 = 𝟐 − 𝟏 = 𝟏 
(one zero 

at the origin) 
 

= −2 



Negating z 



Negating z cont. 

𝝎 =
𝝅

𝟐
+ 𝒙,𝑯 𝒆

𝒋
𝝅
𝟐
+𝒙−𝝅

= 𝑯 𝒆
𝒋 𝒙−

𝝅
𝟐  

 



Cubing z 

pole 1 at 𝟒𝟓𝒐 
corresponds to 3 poles at  
𝟒𝟓𝒐

𝟑
= 𝟏𝟓𝒐, 𝟏𝟓𝒐 +

𝟐𝝅

𝟑
= 𝟏𝟑𝟓𝒐, 𝟏𝟓𝒐 +

𝟒𝝅

𝟑
= 𝟐𝟓𝟓𝒐 

 
pole 2 at −𝟒𝟓𝒐 
corresponds to 3 poles at  
−𝟒𝟓𝒐

𝟑
= -𝟏𝟓𝒐, −𝟏𝟓𝒐 +

𝟐𝝅

𝟑
= 𝟏𝟎𝟓𝒐, −𝟏𝟓𝒐 +

𝟒𝝅

𝟑
= 𝟐𝟐𝟓𝒐 

 

 



Cubing z 

3 

Consider 𝒛𝒐 = 𝒓𝒆𝒋𝜽 and thus, 𝒛𝒐
𝟏/𝟑 = 𝒓𝟏/𝟑𝒆𝒋𝜽/𝟑. The cube of the points 𝒓𝟏/𝟑𝒆𝒋(

𝜽

𝟑
+

𝟐𝝅

𝟑
) and 

𝒓𝟏/𝟑𝒆𝒋(
𝜽

𝟑
+

𝟒𝝅

𝟑
)
 is also equal to 𝒛𝒐. 



Scaling z 



Scaling z 

𝛼𝑧0 



Low-pass filter 

The red and blue curves 
are the same but in the 

blue curve the 
logarithmic scale is 

depicted in both axes. 
 

𝒂𝒙 = 𝒆𝐥𝐧(𝒂)∙𝒙 
 

 



3 db approximation 

𝝎 = 𝐜𝐨𝐬−𝟏 𝒙 = 𝟐 − 𝟐𝒙 
 

𝑒𝑗𝜔3 



Allpass filters 

=
−𝑧𝑝 + 1

𝑧 − 𝑝
=

−𝑝(𝑧 −
1
𝑝)

𝑧 − 𝑝
 

 

 



Allpass filters properties 



Group delay 

Zeros on the unit circle count −𝟏/𝟐 
 



Group delay properties 



Group delay properties 

• A single pole contributes to the transfer function with the term 
1

𝑧−𝑝
. (Pole is assumed real for 

simplicity). 

• The phase of the above term is −tan−1 sin (𝜔)

cos 𝜔 −𝑝
 

• The negative of the derivative of the phase, i.e., the group delay, is, therefore,  

−
𝑑

𝑑𝜔
−tan−1 sin (𝜔)

cos 𝜔 −𝑝
= 

𝑝cos 𝜔 −1

𝑝(2cos 𝜔 −𝑝)−1
 

https://www.derivative-calculator.net 

• The average group delay due to a single pole is given by the integral: 

 
1

2𝜋

𝜋

−𝜋
 

𝑝cos 𝜔 −1

𝑝(2cos 𝜔 −𝑝)−1
=  

1 𝑝 < 1

0 𝑝 < 1
 

Furthermore,  
1

2𝜋

𝜋

−𝜋
 

𝑝cos 𝜔 −1

𝑝(2cos 𝜔 −𝑝)−1
= 

1

2
 if 𝑝 = 1 

https://www.integral-calculator.com 

• Similarly, the phase due to a single zero term is −tan−1 sin (𝜔)

cos 𝜔 −𝑑
 and following the above 

analysis we conclude that the average group delay due to a single zero is −1, 0 or 
1

2
. 

• Therefore, based on the above we can state: 

 



Group delay from h[n] or H(z) 



Group delay example 

Group delay example without going to the frequency domain 
 

• Consider the term 
𝐵(𝑧)

𝐴(𝑧)
=

1

1−𝑝𝑧−1 =
𝑧

𝑧−𝑝
. (Pole is assumed real for simplicity). 

• The phase of the above term is now  𝜔 − tan−1 sin (𝜔)

cos 𝜔 −𝑝
 

• The negative of the derivative of the phase, i.e., the group delay, is, therefore,  

−
𝑑

𝑑𝜔
𝜔 − tan−1

sin 𝜔

cos 𝜔 − 𝑝
= 𝜏𝐵 − 𝜏𝐴 = −1 −

𝑝cos 𝜔 − 1

𝑝(2cos 𝜔 − 𝑝) − 1
=

𝑝cos 𝜔 −𝑝2

1 − 2𝑝cos 𝜔 + 𝑝2
 

 



Minimum phase 



Energy concentration property 



Energy concentration property cont. 



Linear phase filters 



Summary 


