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Problem Statement and Motivation

You are given a class of functions. You have a sampling device, typically, a low-pass �lter. Given
the measurementsyn = h' ( t=T � n ) ; x ( t ) i , you want to reconstructx ( t ) .

T

x(t)
j

Acquisition Device

h(t)=   (-t/T) y =<x(t),   (t/T-n)>n jy(t)

Natural questions:

� When is there a one-to-one mapping betweenx ( t ) andyn and what is the minimum sampling
rate?

� What signals can be sampled and what kernels' ( t ) can be used?

� What reconstruction algorithm?
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Problem Statement and Motivation

Observed
scene

Samples

Acquisition
System

Lens CCD
Array

� The low-quality lens blurs the images

� The images are under-sampled by the low resolution CCD array.

� You need a good post-processing algorithm to undo the blurring and upsample the images...
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Classical Sampling Formulation

� Sampling of x ( t ) is equivalent to projectingx ( t ) into the shift-invariant subspaceV =
spanf ' ( t=T � n )gn 2 Z.

� If x ( t ) 2 V , perfect reconstruction is possible.

� Reconstruction process is linear:̂x ( t ) =
P

n yn ' ( t=T � n ) .

� For bandlimited signals' ( t ) = sinc( t ) .

x(t) T j (t)(t)j~ x(t)^y
n

By the way, who discovered the sampling theorem? ;-)
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Classical Sampling Formulation

� Sampling of x ( t ) is equivalent to projectingx ( t ) into the shift-invariant subspaceV =
spanf ' ( t=T � n )gn 2 Z.

� If x ( t ) 2 V , perfect reconstruction is possible.

� Reconstruction process is linear:̂x ( t ) =
P

n yn ' ( t=T � n ) .

� For bandlimited signals' ( t ) = sinc( t ) .

x(t) T j (t)(t)j~ x(t)^y
n

By the way, who discovered the sampling theorem? ;-)
\E.T Whittaker (1873-1956) was born in Southport,Merseyside (UK). He was educated at Manchester Grammar

School and Trinity College, Cambridge. In 1896, Whittaker was elected as a fellow of Trinity College, Cambridge,

and remained at Cambridge as a teacher until 1906. " (from Wikipedia).
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Signals with Finite Rate of Innovation

The Shannon-Whittaker-Kotelnikov theorem is essentiallya signal representation theorem.
What is so special about those signals?
The signalx ( t ) =

P
n yn ' ( t=T � n ) is exactly speci�ed by one parameteryn everyT seconds,

x ( t ) has a �nite number� = 1 =T of degrees of freedom per unit of time.

De�nition [VetterliMB:02] The number � of degrees of freedom per unit of time is called
rate of innovation. A signal with a �nite� is called signal with�nite rate of innovation .

In the classical formulation, innovation is uniform. How about signals where the rate of
innovation is �nite but non-uniform? E.g.

� Piecewise sinusoidal signals (Frequency Hopping modulation)

� Pulse position modulation (UWB)

� Edges in images
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Signals with Finite Rate of Innovation

Here, x 1( t ) and x 2( t ) have the same rate of innovation. However, one discontinuity and no
sampling theorems ;-)

x
1
(t)

t t

X
1
(w)

x
2
(t)

t t

X
2
(w)

Need to develop reconstruction algorithms that can locate the innovation from the samples
exactly. This is essentially a non-linear problem.
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Multi-channel Sampling
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When shifts are known the problem is essentially linear (Papoulis, Unser, Zerubia).
Unknown shifts, highly non-linear. Applications: image super-resolution, syncronization in parallel
A-to-D converters.
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Basic Set-up: Sampling Streams of Diracs

0 20 40 60 80 100 120
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2 Assume that x ( t ) is a stream of K Diracs
on the unit interval:x ( t ) =

P K � 1
k=0 ak � ( t � t k ) .

The signal has2K degrees of freedom.

Problem: Given the samples yn =
hx ( t ) ; ' ( t � n ) i , n = 0 ; 1; :::N � 1,
how can we �nd the locations and the
amplitudes of the Diracs?
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Sampling Kernel

We assume that' ( t ) is any function that can reproduce polynomials of maximum degree
L � 2K � 1: X

n

cm;n ' ( t � n ) = t m ; m = 0 ; 1; :::; L;

wherecm;n = h~' ( t � n ) ; t m i and ~' ( t ) is quasi-biorthogonal to' ( t ) .

This class of kernels is made of all functions satisfying Strang-Fix conditions. This includes
any scaling function generating a wavelet withN + 1 vanishing moments (e.g., Splines and
Daubechies scaling functions).
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Sampling Streams of Diracs

Call sm =
P

n cm;n yn , m = 0 ; 1; :::; L , we have that

sm =
P

n cm;n yn

= hx ( t ) ;
P

n cm;n ' ( t � n ) i

=
R1

�1 x ( t ) t m dt

=
P K � 1

k=0 ak t m
k m = 0 ; 1; :::; L

(1)

We thus observesm =
P K � 1

k=0 ak t m
k , m = 0 ; 1; :::; L .

It is possible to retrieve the amplitudesak and the locationst k of the Diracs using a locator or
annihilating �lter, that is, using Prony's method.
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Sampling Streams of Diracs
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Sampling Streams of Diracs
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The Annihilating Filter Method

1. Call hm the �lter with z-transformH (z) =
Q K � 1

k=0 (1 � t k z � 1) .

We have that hm � sm =
P K

i =0 h i sm � i = 0 : This �lter is thus called the annihilating
�lter.
In matrix/vector form we have thatSH = H S = 0 or alternatively using the fact thath 0 = 1

2

6
6
6
6
6
6
6
6
6
4

sK � 1 sK � 2 � � � s0

sK sK � 1 � � � s1

... ... . . . ...

sL � 1 sL � 2 � � � sL � K

3

7
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@

sK

sK +1
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sL

1

C
C
C
C
C
C
C
C
C
A

:

Solve the above Toeplitz system to �nd the coe�cient of the annihilating �lter.
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The Annihilating Filter Method

2. Given the coe�cientsf 1; h 1; h 2; :::; h kg, we get the locationst k by �nding the roots ofH (z) .

3. Solve the �rst K equations insm =
P K � 1

k=0 ak t m
k to �nd the amplitudesak . In matrix/vector

form
2
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4

1 1 � � � 1

t 0 t 1 � � � t K � 1

... ... . . . ...

t K � 1
0 t K � 1

1 � � � t K � 1
K � 1

3
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A

: (2)

Classic Vandermonde system. Unique solution for distinctt k s.
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Sampling Streams of Diracs. Example
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Complexity:

Notice the proof is based on a constructive algorithm:

1. Given theN samplesyn , compute the momentssm using the polynomial reproduction formula

2. Solve aK � K Toeplitz system to �nd H (z)

3. Find the roots ofH (z)

4. Solve aK � K Vandermonde system to �nd theak

Complexity

1. O(KN )

2. O(K 2)

3. O(K 3)

4. O(K 2)

Thus, the algorithm complexity is polynomial with the signal innovation.
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Extensions

In the basic set-up we have:

� A point-like non-uniform innovation,
� An operator that annihilates the measurements
� A one-to-one (non-linear) mapping between the operator andthe innovation

In matrix form

HC Y = 0 ; (3)

whereY is the 1 � N vector of the measurements,C is the L � N matrix of coe�cients cm;n

that lead to the signal's moments:S = CY , H is the Toeplitz matrix related to the annihilating
�lter: H S = SH = 0 .

We say that signals satisfying (3) satisfy aGeneralized Annihilation Property(GAP).

Are there other signals and kernels that satisfy GAP?
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Piecewise Polynomial Signals

Piecewise Polynomial Signals satisfy GAP:

HCD pY = 0 ;

where D is the �nite di�erence operator and the coe�cientscm;n of C are given bycm;n =
h~' ( t � n ) ; t m i where ~' ( t ) is biorthogonal to the modi�ed kernel' ( t ) � � p( t ) .
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Sampling Piecewise Constant Signals

Insight: the derivative of a piecewise constant signal is a stream ofDiracs. Thus, if we can
compute the derivative of piecewise constant signals, we can sample them.

Given the samplesyn compute the �nite di�erencezn = yn +1 � yn , we have that

zn = yn +1 � yn = hx ( t ) ; ' ( t � n � 1) � ' ( t � n ) i

= 1
2� hx̂ ( ! ) ; ^' ( ! )e� j!n (e� j! � 1) i

= 1
2� hx̂ ( ! ) ; � j! ^' ( ! )e� j!n

�
1� e� j!

j!

�
i

= �h x ( t ) ; d
dt [' ( t � n ) � � 0( t � n )]

= hdx ( t )
dt ; ' ( t � n ) � � 0( t � n ) i :

Thus the sampleszn are related to the derivative ofx ( t ) .

Notice : Only Discrete-Time Processing!

20



Sampling Piecewise Constant Signals

T z = y -yy

x(t)

T

b

j (t)

j 0 (t)*    (t)

n n n n-1

zn

dx(t)
dt
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Piecewise Constant Signals. Example
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(c) Finite Di�erence (d) Reconstructed Signal
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Coarse Approximations and In�nite Resolutions

We can sample piecewise polynomial functions using scalingfunctions.
Recall that

x(t) =
1X

n = �1

yJ;n ' J;n (t) +
JX

m = �1

1X

n = �1

dm;n  m;n (t):

Given a �nite resolution version ofx(t): xJ (t) =
P 1

n = �1 yJ;n ' J;n (t), we can
arbitrarily increase the resolution ofxJ (t) to eventually recoverx(t).
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Coarse Approximations and In�nite Resolutions
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(c) (d)

(a) Original discrete-time piecewise linear signal (128 samples). (b) Sample values obtained with
a Daubechies �lter with two vanishing moments (16 samples).(c) Coarse reconstruction. (d)
Reconstruction with annihilating �lter method using the16 samples of (b).
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Sampling Piecewise Sinusoidal Signals

We want to sample and reconstruct piecewise sinusoidal signals (i.e., modulated pulses in UWB
communications).
Why is it hard?
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� Piecewise sinusoidal signals contain innovation in both spectral and temporal domains.

� They are not bandlimited

� They are not sparse in time or in a basis or frame.
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Sampling Piecewise Sinusoidal Signals

...yet they satisfy GAP:
H ( t 0; t 1)CH ( ! 0)Y = 0 :
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Solution : solve forH ( ! 0) and H ( t 0; t 1) sequentially using compact-support kernels.
Notice: in theory, arbitrary resolution in time and frequency is achievable (we beat Heisenberg
uncertainty principle, because we exploit in full the priorthat the signal is piecewise sinusoidal).
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Sampling Sparse Signals

Discrete, �nite dimensionalX 2 RN .

� X is K -sparse in a basis.

� Y = ZX whereZ is a 2K � N Vandermonde matrix.

� X is recovered fromY using the annihilating �lter method (Hormati-Vetterli-07).

Notice this is similar to Compressed Sensing (CS). However,

� CS uses randon matrix (universal) and is redundantm � K log N=K .

� FRI is deterministic and non-redundantm � 2K .
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Kernel Reproducing Exponentials

Assume' ( t ) is any function that can reproduce exponentials:
X

n

cm;n ' ( t � n ) = eam t ; a m = � 0 + m� and m = 0 ; 1; :::; L:

This includes any composite kernel of the form' ( t ) � � ~� ( t ) where� ~� ( t ) = � � 0( t ) � � � 1( t ) �
::: � � � N ( t ) and � � i ( t ) is an Exponential Spline of �rst order [UnserB:05].

ea t 

E-Spline b
a
(t) 

� � ( t ) , �̂ ( ! ) =
1 � e� � j!

j! � �
Notice:

� � can be complex.

� E-Spline is of compact support.

� E-Spline reduces to the classical polynomial
spline when� = 0
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Kernel Reproducing Exponentials

Assume thatx ( t ) =
P K � 1

k=0 ak � ( t � t k ) . We have that

sm =
P

n cm;n yn

= hx ( t ) ;
P

n cm;n ' ( t � n ) i

=
R1

�1 x ( t )e� m t dt

=
P K � 1

k=0 ak e� m t k m = 0 ; 1; :::; L

and we can again use the annihilating �lter method to reconstruct the Diracs:

HC Y = 0 :

Notice: if � m = jm! 0 with m = 0 ; 1; :::; N , then sm = x̂ (m! 0) .
In this caseC � DF T .
Notice that the Fourier coe�cients can also be obtained using the sinc kernel [VetterliMB:02],
also in that caseC � DF T .
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Kernels Reproducing Exponentials

The class of kernels that reproduces esponentials includesany linear di�erential acquisition device.
That is, any device for which the input and output are relatedby linear di�erential equations.
This includes most electrical, mechanical or acoustic systems.

A class 3 kernel̂' ( ! ) =
Q

i ( j! � bi )Q
m ( j! � am ) can beconvertedinto the class 2 kernel

Q
i ( j! � bi ) �̂ ~� ( ! )

by �ltering the samplesyn = hx ( t ) ; ' ( t � n ) i with an FIR �lter H (z) =
Q N

m =0 (1 � eam z) .

Example:
Assume^' ( ! ) = 1

j! � � and yn = hx ( t ) ; ' ( t � n ) i . Then

zn = h n � yn = yn � e� yn +1 = hx ( t ) ; ' ( t � n ) � e� ' ( t � n � 1) i
(a)
= hx ( t ) ; � � ( t � n ) i ;

where(a) follows from: ' ( t � n ) � e� ' ( t � n � 1) () e� j!n (1 � e� � j! )
( j! � � ) = e� j!n �̂ � ( ! ) :

Notice (again) : Only Discrete-Time Processing!
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Reconstruction of FRI signals at the output of an RC circuit

Filterx(t)

.

-

+

C

.

.
y(t)

R

-

+

yn

T=1
it

iA

gn

.

Digital
(1)

MethodFilter

Annihilating

A bit of circuit analysis ;-)

� Input x ( t ) , samplesyn = hx ( t ) ; ' ( t � n ) i with ^' ( ! ) = �= ( � � j! ) and � = 1 =RC ,
' ( t ) leads to the E-Spline� � ( t ) with � = 1 =RC .

� An ideal reasonant circuit (LC circuit) leads to E-Splines with purely imaginary exponents:
� = � j! 0 and ! 0 = 1 =

p
LC . With this we can estimatêx ( ! 0) .

� A classical RLC circuit leads to E-splines with complex exponential.

� More sophisticated passive or active circuits give higher order splines.
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Multi-Dimensional Scenario: Polygonal Images

The same applies to polygonal images. Assume the polygon hasN vertices. It follows that
[Davis:64],[MilanfarVKW:95]:

� m = m (m � 1)
Z 1

�1

Z 1

�1
f (x; y )zm � 2dxdy =

Z Z



zm � 2dxdy =

NX

k=1

� kzm
k

Thus, from the samplesyn;m we can estimate the complex moments and, from the moments,
using the annihilating �lter, the locationszk of the vertices.

mCompute 
moments from
samples

Davis formula Prony's method
zSkr zk k

m
kyn,m

t
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Sampling Polygonal Images. Example

(a) (b) (c)

Notice:

� The polygon must be convex to guarantee uniqueness in the reconstruction.

� A non-bandlimited signals is reconstructed from its low-pass coe�cients exactly.
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Exact Edge Extraction from Images

Original (1024 � 1024) Low-Res (64 � 64)

Canny Edge Detection FRI Reconstruction

Notice: Edges have three degrees of freedom (�; �; 
 ). The fact that the kernel has compact support is exploited

to retrieve one edge per time.
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The Noisy Scenario

nx(t)
j

Acquisition Device

h(t)=   (-t/T)
y(t)

T
+

en

n jy =<x(t),   (t/T-n)>+e

� The measurements are noisy

� The noise is additive and i.i.d. Gaussian

� The sampling kernel is the sinc function.
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Total Least Square Solution

The annihilation equation
SH = 0

is only approximately satis�ed.

Minimize: kSH k2 under the constraintkH k2 = 1 .

This is achieved by performing an SVD ofS:

S = U � V T :

Then H is the last column ofV .

Notice: this is similar to Pisarenko's method in spectral estimation.
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Cadzow's algorithm

For small SNR use Cadzow's method to denoiseS before applying TLS.

The basic intuition behind this method is that, in the noiseless case,S is
rank de�cient (rank K ) and Toeplitz, while in the noisy caseS is full rank.

Algorithm:

� SVD of S = U � V T .

� Keep theK largest diagonal coe�cients of� and set the others to zero.

� ReconstructS0 = U � 0V T .

� This matrix is not Toeplitz, make it so by averaging along thediagonals.

� Iterate.
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Simulation Results

� This is a parametric estimation problem.

� Unbiased algorithms have a covariance matrix lower boundedby CRB.

� The proposed algorithm reaches CRB down to SNR of5dB.
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Application: Image Super-Resolution

Super-Resolution is a multichannel sampling problem with unknown shifts. Use moments to retrieve the shifts or the
geometric transformation between images.

(a)Original (512 � 512) (b) Low-res. (64 � 64) (c) Super-res ( PSNR=24.2dB)

� Forty low-resolution and shifted versions of the original.

� Intuition: The disparity between images has a �nite rate of innovation and can be retrieved exactly.

� Accurate registration is achieved by retrieving the continuous moments of the `Tiger' from the samples.

� The registered images are interpolated to achieve super-resolution.
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Application: Image Super-Resolution

� A samplePm;n in the blurred image is given by

Pm;n = hI (x; y ) ; ' (x= 2J � n; y= 2J � m ) i :

� The scaling function' ( x; y ) can reproduce polynomials:

X

n

X

m
c( l;j )

m;n ' ( x � n; y � m ) = x l y j l = 0 ; 1; :::; N ; j = 0 ; 1; :::; N:

� Retrieve the exact moments ofI (x; y ) from Pm;n :

� l;j =
X

n

X

m
c( l;j )

m;n Pm;n = hI (x; y ) ;
X

n

X

m
c( l;j )

m;n ' ( x= 2J � n; y= 2J � m ) i =
Z Z

I (x; y )x l y j dxdy:

� Register the compressed images using the retrieved moments.
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Application: Image Super-Resolution

(a)Original (512 � 512) (b) Low-res. (64 � 64)

(c) Super-res using Harris (PSNR=14.9dB) (d) Super-res using FRI (PSNR=16dB)

Local features (e.g., edges and corners) are estimated using FRI algorithms.
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Application: Image Super-Resolution
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(a)Original (2014 � 3039) (b) Point Spread function
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Application: Image Super-Resolution

(a)Original (128 � 128) (b) Super-res (1024 � 1024)
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Application: Image Super-Resolution

(a)Original (48 � 48) (b) Super-res (480 � 480)
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Wavelet-Based Distributed Image/Video Compression

� Compress the �rst image/frame using Jpeg2000 (side information).

� Transmit only the low-pass coe�cients of the other images/frames.

� Disparty/motion estimation is performed at the decoder using the low-pass versions of the
images and FRI principles.

� Bit allocation is critical in this context.
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Wavelet-Based Distributed Image/Video Compression
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Wavelet-Based Distributed Image/Video Compression
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Wavelet-Based Distributed Image/Video Compression

Preliminary results on Highway Sequence:

� 4-frame sequence

� Original size: 288 x 352

� Kernel: Daubechies 4

� PSNR of 37.6 dB at 0.1776 bpp

� JPEG2000 at the same rate gives 34 dB
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Conclusions

Sampling signals at their rate of innovation:

� New framework that allows the sampling and reconstruction of signals at a rate smaller than
Nyquist rate.

� Robust and fast algorithms with complexity proportional tothe number of degrees of freedom,
i.e., O(K 3) .

� Provable optimality (i.e. CRB achieved over wide SNR ranges)
� Intriguing connections with multi-resolution analysis, Fourier theory and analogue circuit

theory.

But also

� There is no such thing as a free lunch ;-)
� Core application is actually di�cult. But Qualcomm bought our patents ;-)
� More work need to be done to �t the model and devise the right algorithm for the given

application.
� Still many open questions from theory to practice.
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