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ABSTRACT

We arepresentingnovel codingalgorithmbasednthetreestruc-
tured segmentationwhich achiezesthe oraclelike exponentially
decayingrate-distortion(R-D) behaior for a simpleclassof sig-

nals, namely piecavise polynomialsin the high bit rate regime.

We areconsideringR-D optimizationframevork, which emplg/s

optimal bit allocationstratgy amongdifferentsignalsegmentsto

achieve the besttradeof betweendescriptioncompleity andap-
proximationquality. First, we describethe basicideaof the algo-
rithm for the 1-D case. It canbe shavn thatthe proposedccom-

pressionalgorithmbasedon an optimal binary tree segmentation
achieesthe oraclelike R-D behaior with

the computationatostof the order . We thenshav

the extensionof the schemeo the 2-D casewith the similar R-D

behaior without sacri cing the computationakase.Finally, we

will concludewith someexperimentakesults.

1. INTRODUCTION

Imagecodingfor strippingtheredundang from thetypical highly
correlatedmagewaveformsis anactive areaof researchThe eld
of imagecompressiomffersdiversesourcecodingschemesang-
ing from classicallosslesgechniquesand populartransformap-
proachedo the sgmentatiorbasedcodingmethodd3, 4, 8]. For
low bit ratecompressiorapplicationssegmentatiorbasedcoding
methodsgenerallyprovide high compressiorratios when com-
paredwith traditional transform, vector quantization(vVQ) and
subbandSB) codingschemes.
Quadtredbasedmagecompressionyhichrecursvely divides
the image into simple geometricregions has beenone of the
mostpopularsegmentatiorbasedcodingschemesnvestigatedy
researcher$s, 6, 13, 14]. The tree structurebasedsegmenta-
tion for imagecodinghasbeenconsideredy severalresearchers
[12, 14, 15], however none have incorporateda schemeto nd
truly optimaltreestructuresgiven someadditive distortionmea-
suresuchassquarederror or absolutedifference. Fev methods,
which are partially capableof searchingsuchoptimal structures,
werepresentedby Chouetal's (G-BFOS)[], SullivanandBaker
[13], Ramchandramand Vetterli[9] andRadhaet al. [8]. All of
theseschemesrevery eleggantandpracticalbut resultin subopti-
mal R-D behaior becaus¢heseschemesail to exploit thedepen-
deny amongthe neighboringhodeswith differentparents As we
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will gure outin this papeytheindependentodingof dependent
nodedeadsto the suboptimaR-D behaior.

Sincegeometricalregions, image semanticdike edges,and
imagesignalwithin asmallregioncanbewell describedy simple
polynomialmodels,recentlytherehasbeena growing interestin
the studyof piecavise polynomialfunctionsasan approximation
to piecavise smoothfunctions. Waveletshave long beenconsid-
eredideal candidatedor piecavise smoothfunction dueto their
vanishingmomentpropertieslt wasshavnin [2, 7] thatfor piece-
wise polynomialsignals thedistortionof waveletbasedcoderde-
caysas - . Butin thesamecaseijt is possi-
bleto achieve

1)

usinganoraclemethod andthis canberealizedwith areasonable
(polynomial)computationatostusingdynamicprogramming7].
At low rates,suchanalgorithmworks well for piecavise smooth
signhalstoo. The basicingredientis to preciselymodelsingulari-
ties. Thedynamicsegmentatioralgorithmin [7] achievestheright
R-D characteristicbut its computationatostis high. Moreover,
this algorithmcannotbe generalizedo the 2-D case.

In this paper we are interestedn a coding scheme which
achieves oracle like asymptoticR-D behaior with polynomial
compleity for 1-D aswell as2-D signals.In particular for the 1-
D casewe present codingschemeawhich utilizesbinarytreeseg-
mentationwith optimal bit allocationamongdifferent sggments.
Investigationof the algorithmrevealstheinherentweaknesin the
initial codingschemeleadingto a suboptimaperformance

. Reirvestigatiorof thealgorithmalso

revealsthe pathto anoptimalschemewhich achievesthe desired
R-D behaior asindicatedin eqn.(1).

Most importantly the optimal binary tree schemein the 1-D
casecanbeeasilyextendedo the2-D caseasanoptimalquadtree
schemawith thesimilarcomputationatost. The proposedptimal
quadtresschemaalsoachie/estheoraclelike R-D performancéor
somesimple classef imageswhereador the 2-D casethereis
no known algorithm,which achievestheright R-D behaior with a
reasonableomputationatost. This papelis organizedasfollows:

rst, we will brie y outline the coding schemefor the 1-D case
in the form of the binary tree segmentatioralgorithm. Then,we

shav theextensionof 1-D schemeo 2-D usingthequadtreébased
schemealongwith the R-D behaior of thealgorithmfor the sim-

pleimageclass.Finally, we presentheperformancef thiscoding

schemean comparisorto thewaveletbasedcoder



2. 1-D CASE: BINARY TREE ALGORITHM

Our goal is to implementa compressioralgorithm basedon the
modelingassumptiorthatsignalsarepiecevise smoothfunctions.
In this case,if we segmentthe signalinto smallerpieces,then
eachsub-signakcanbe well representethy a simplersignal(e.g.
polynomial) model. For instance we canchoosea very simple
polynomialmodelof degreeone.

Classicalbinary treealgorithm: Our algorithmemplgys a
binary tree sggmentatiorfollowed by a codingalgorithmon each
signalblock in anoperationaR-D optimal sense.We emplg/ an
operationalrate-distortionoptimizationthat is similar to the ap-
proachusedin [9] in nding the bestwavelet paclet bases. A
decisionstratgyy basedon optimizing R-D performancédor each
signalblock is designedso that the codercandecideif a signal
block is worth to be further divided and codedwith someappro-
priate quantizationlevel. The algorithm can be summarizedas
follows[9]:

1. Sgymentationof the input signal: a binary tree segmentation
schemas employed.

2. Optimal representatiomf eachsub-signalby the polynomial
model,in aR-D sense.

3. Optimizationof this representatiotio achieve the bestrecon-
structedsignalfor agivenbit rateconstrainenddistortionmeasure
(MSE). Optimizationis performedn R-D sensaisingLagrangian
costfunctionalfor anoptimalquality factor ~ [10].

Sincethe binarytreesegmentatioractslik e a singularitydetectoy
sowhenthetreegrows to capturethe singularityin aregion, it di-
videsthe samepolynomialpiecerepeatedly The classicalcoding
schemeencodeghesesubdvided piecesof the samepolynomial
separatelyseeFig. 1(b)). Thisindependentodingof the depen-
dentnodesresultsin a suboptimaR-D behaior.

Impr oved binary treealgorithm: Investigationin theearlier
paragraplsuggestshat the inter nodedependenc shouldbe ex-
ploited. For instancejf neighboringeaveshave the samemodel
(polynomial)parameterghenthey shouldbe encodedointly. For
ensuringthat, we have introduceda binary variablewhich indi-
cateswhetherneighborsare codedjointly or separately Fig. 1
illustrates how theimproved codingschemeoutperformshe bal-
ancedaswell astheclassicabinarytreealgorithmsfor the piece-
wise polynomialsignalclass. The improved codingschemeem-
ploys the sameprevious classicalbinary tree coding schemefol-
lowed by the neighborjoint codingalgorithmwhich, in fact, de-
cideswhetherincominginformationshouldbe transmittecbr not.
Thustheneighborjoint codingalgorithmis essentiallyintroduced
to accounfor thealreadytransmittednformation.We have shavn
in our earlierwork [11] thatthis dependentodingleadsto thede-
siredexponentiallydecayingR-D behaior with thecomputational
compleity of theorder . It is interestingo notethat
theimprovedtreesggmentatiormapis shiftinvariantif thetreeis
decomposedp to thefull depth,e.g. up to the pixel level for the
discretecase.

3. EXTENSION TO 2-D

Althoughthe situationis muchmoreopenandcomplex in two di-
mensiong2-D), yetit is nothardto visualizethe extensionof the
proposedL-D codingschemeo the 2-D codingscheme Sinceall
thesub-algorithmslevelopedfor the 1-D scheméhave avery nice
equivalentin the 2-D world, e.g. thebinarytreesggmentatiorcan
be replacedby the quadtreesggmentationpolynomialmodelcan

(a) Balancedbi-
narytree.

(b) Classical bi-
narytree.

(c) Improved bi-
narytree.

Fig. 1. Comparatie studyof differentalgorithms.

be replacedby the 2-D geometricaimodelconsistingof two 2-D
polynomialsseparatetdy apolynomialboundary TheLagrangian
optimizationalgorithmremainshe same.Theneighborjoint cod-
ing algorithmis a bit moreinvolved but canbeimplementecef -
ciently. Thereforewe canhave anefcient quadtreebasedcoding
schemdor 2-D signalswith areasonableomputationatost.
Image model and Oracle R-D performance: we consider
the casewherethe edgeis a piecavise polynomialcune. In par
ticular, with piecavise linearedge we have the “Polygon” model
wherethereis a polygon-shapeabjectagainsta uniform back-
ground.In suchcasea possibleoraclemethodwould simply code
the positionof the  verticesof the polygon. With bits for
eachverte, a regular grid on the unit squareprovidesquantized
pointswithin a distance from the original vertices.
Let bethe nite lengthof theedge(or theboundaryof thepoly-
gon) thenthe distortionfor the 2-D objectis upperboundedby
. Thereforefor the“Polygon” model,theoracleR-D
functiondecaysxponentiallyas

@)

4. CLASSICAL QUADTREE ALGORITHM

Our algorithm emplg/s a quadtreesggmentationfollowed by a
codingalgorithmon eachimageblockin anoperationaR-D opti-
malsenseWe emplg/ anoperationaR-D optimizationthatis sim-
ilar to the approactusedin [9] in nding the bestwaveletpaclet
basesA decisionstratgy basedon optimizingR-D performance
for eachimageblockis designedothatthecodercandecideif an
imageblock is worth to be further divided and codedwith some
appropriateuantizatiorievel.

4.1. R-D analysisof the classicalquadtreecompressionalgo-
rithm for the polygonalimageclass

In this section,we will considerthe “Polygon” image model,
wherethe edgeis a piecavise linear curve with a nite number
of discontinuitypointsandderive an asymptoticR-D behaior of
thequadtredasedcodingschemeln anoptimalquadtreeateach
level, theonly dyadicblocksthatneedto bedividedfurtherarethe
onescontainingasingularitypoint (vertex) of theedgen thegiven
image. Otherdyadicblocks containeitherno edgeor a straight
edge which canbeef ciently representedly anedgetile.

An optimaltreeis obtainedvia recursvely dividing nodeswith
transition(vertex) points. Essentiallyquadtreegrows only in the
region wherealgorithmobserestransitionpoints(seeFig. 4(a)).



Thatmeansguadtree sggmentatioralgorithmactslike the singu-
larity (vertex) detector Assumethatthe polygonalimagehas
vertices,then at eachlevel thereare at most  splitting nodes.
Thusthey will generatmomorethan  leaveswith straightedge
atthenext level. Thereforethetotal numberof theterminal-nodes
(leaves)in anoptimalquadtreeareboundedasfollows:

®)

In thesimilar fashion thetotal numberof nodesn anoptimal
treecanbederived: . We areinvestigatinghe perfor
manceof thealgorithmin thehighbit rateregimeandinterestedn
theasymptotidR-D behaior. Supposehatthequadtreds decom-
posedup to depth . Let ussimply allocate bits to eachof the
guantizedointsto ensurehatthe maximumdistancebetweerthe
true verticesandtheir quantizedversionis boundecby .
Thetotal bit ratecanbe seenasthe sumof the costsof codingthe
guadtreeitself andthe quantizednodelparametersf the leaves.
Hencethetotal descriptioncompleity canbewritten asfollows:

Treelnfo Leaves

— (4)

For thecomputatiorof theassociatedistortion, rstly we haveto
obsere that the edgelengthin the given original polygonalim-
ageis nite, assumeotal edgelengthis . Secondly sincethe
maximumdistancebetweernthe true verticesandtheir quantized
versionis boundedby , thenetdistortionwill be

®)
Combiningeqn.(4)and(5). (6)

Therefore = termis presentin the exponentwhich indicates
a suboptimaldecayin comparisorto the desiredexponentialde-
caygivenby eqn.(2).Hence theclassicalquadtreaalgorithmalso
exhibits the suboptimalR-D performancelueto the independent
codingof the dependennhodes(seeFig. 4(a)). For correctingthe
suboptimabehaior, we proposeanimproved quadtrealgorithm.

5. IMPROVED QUADTREE ALGORITHM

Theimprovedcodingschemeemplg/s the samepreviousclassical
quadtreecodingschemedollowed by the neighborjoint codingal-
gorithmwhich,in fact,decidesvhethemeighborshouldbecoded
jointly or independentlyseeFig. 2).

5.1. Neighborjoint codingalgorithm

Theneighborjoint codingalgorithmcanbedescribedasfollows:
1. As soonas neighborjoint codingalgorithmrecevesthe leaf
information thealgorithmlooksfor theleaf s neighborwhich has
alreadybeentransmittecbr encounteredy thealgorithm.
2. If thealgorithm nds atransmittedcheighboy thenit compares
themodelparameters$or boththe leavesusinga suitablecompar
ison metric. One possiblechoiceof comparisormetric could be
-error Thatmeansf the -errorbetweerthe modelparameters
of the leaf andits neighboris with in someprede neddistortion,
thentheincomingleafinformationwill notbetransmittecandthe
neighborjoint codingvariablewill be setto onefollowed by the

Joint Encoding

Joint Encoding

Joint Encodiny

(a) Improved quad tree
segmentation.

(b) Corresponding optimal
quadtree.

Fig. 2. lllustration of the joint encodingby the improved coding
scheme.

two bits for neighborindex (consideringonly 4 neighbors)oth-
erwiseleaf informationwill betransmittecandthe neighborjoint
codingvariablewill besetto zero.

3. If the neighborjoint codingalgorithmdoesnot nd ary trans-
mittedneighborthentheneighborjoint codingvariablewill beset
to zeroandtheleafinformationwill besent.

5.2. Rate-distortion analysis

We arepresenting@ simpli ed asymptotidr-D analysisof thepro-

posedcodingscheme.The R-D functioncanbe computedn two

steps.First,we will computetherateandthe distortionasafunc-

tion of the decompositiordepth , thencombinethe rateandthe

distortionby eliminating . Optimaltreeleavescountingwill be

donein the similarfashionasit wasdonefor the previousscheme
thatmeans (egn.3).

In theimproved codingschemethe sideinformationconsists
of two parts: 1) Bits requiredto encodethe quadtree. 2) Bits
requiredto encoddeafjoint codingtree. Thequadtreesplit-mege
decisionvariablewill consumebits equalto the total numberof
the nodes in the optimal quadtree whereagoint
codingdecisionvariablewill consumébits proportionako thetotal
numberof leaves in the optimal quadtree. Hence
coding of the side informationwill costthe following bit rates:

Treelnfo and Leaf Joint .

Let us naively allocate  hits to every linear piece of the

polygonaledgeto ensurethatthe distortionfor ary leafis around

. Thetotal bit rate canbe seenasthe sumof the costs
of codingthe quadtree, leaf joint codingtree andthe quantized
modelparametersf theleaves. Thetotal bit budgetcanberelated
to thedecompositiorevel in thefollowing way:

Treelnfo Leaf Joint Leaves

— @)

The netdistortioncomputationis similar to the analysisdonefor
the previous versionof the codingschemeandit follows that

fromeqgn
— fromegn (8)

Therefore introduction of the joint coding binary variable
itself consumedbits but provide the desiredrate-distortionbe-
haviour, whichis exponentiallydecaying.Thusthejoint encoding



schemeachierestheright asymptotiaate-distortiorcharacteristic.

6. SIMULATION RESULTS

o005 oo
Bit Rate (bpp)

Fig. 3. Theoretical(solidandnu-
merical(dottedR-D cunesfor the
classicandimprovedquadtreal-
gorithms for the B/W Polygonal
imageclass.

Numericalexperimentsareper
formed for the two type of
image classes: 1) B/W im-
ageswith polygonal singular
ity. Polygons verticesaregen-
eratedrandomlyusinguniform
distributiononthespace

For experimentation polygons
with 5 and 6 verticesare con-
sideredassingularities.2) Real
life imagedike Lena. For both
casewe hase obseredabetter
R-D behaior of the improved
quadtrealgorithmwith respect
to JPEG-2000.
Theexperimentatresultsshavn

for the Polygonalimageclassin Fig. 3 alsocon rm thetheoretical
R-D behaiors. Fig. 4 presentsxampleof reconstructedmages
by the classicabndimproved quadtreealgorithm.

(a) Classical quadtree
segmentation.

(b) Improved quadtree
segmentation.

Fig. 4. Exampleof the quadtregepresentation.

(a) Improved quad tree
(0.12bpp).

MSE Distortion (dB)

R D behaviors for LENA
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(b) R-D performance.

Fig. 5. Comparisonof operationalR-D curves usinga wavelet
coder(JPEG-2000andquadtreecodersfor Lenaimage.

7. DISCUSSIONAND FURTHER WORK

In this work we have analyzedthe asymptoticR-D behaior of
thebinarytreeandquadtreelecompositiolgorithmsandwe have
proposedanimproved versionof thesealgorithmswhich have the
optimal R-D behaior for thecaseof 1-D and2-D piecavise poly-
nomialsignals.

Numericalsimulations(Fig. 3) con rm thatthesealgorithms
achieve optimalperformanceéf theinputimage ts themodelex-
actly. In addition,preliminarysimulationsshav thatour quad-tree
algorithmoutperformsIPEG200@&lsoin the caseof compression
of reallife imagessuchas'Lena’. Our aim is to improve such
a performancedurther by bettercompressinghe texture present
in images. Anotherissueis to understandvhetherthe proposed
quad-treeschemeprovidesan ef cient andfasttool to detectand
compresgontoursin objectorientedmultimediaapplications.
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