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ABSTRACT

Wearepresentinganovel codingalgorithmbasedonthetreestruc-
turedsegmentation,which achievesthe oraclelike exponentially
decayingrate-distortion(R-D) behavior for a simpleclassof sig-
nals, namelypiecewise polynomialsin the high bit rate regime.
We areconsideringR-D optimizationframework, which employs
optimalbit allocationstrategy amongdifferentsignalsegmentsto
achieve thebesttradeoff betweendescriptioncomplexity andap-
proximationquality. First,we describethebasicideaof thealgo-
rithm for the 1-D case. It canbe shown that the proposedcom-
pressionalgorithmbasedon an optimalbinary treesegmentation
achieves the oraclelike R-D behavior �	��

�������������������! with
the computationalcostof the order "#

$&%('*)+$,� . We thenshow
theextensionof theschemeto the2-D casewith thesimilar R-D
behavior without sacri�cing the computationalease.Finally, we
will concludewith someexperimentalresults.

1. INTRODUCTION

Imagecodingfor strippingtheredundancy from thetypicalhighly
correlatedimagewaveformsis anactiveareaof research.The�eld
of imagecompressionoffersdiversesourcecodingschemesrang-
ing from classicallosslesstechniquesandpopulartransformap-
proachesto thesegmentationbasedcodingmethods[3, 4, 8]. For
low bit ratecompressionapplications,segmentationbasedcoding
methodsgenerallyprovide high compressionratios when com-
paredwith traditional transform,vector quantization(VQ) and
subband(SB)codingschemes.

Quadtreebasedimagecompression,whichrecursively divides
the image into simple geometricregions has beenone of the
mostpopularsegmentationbasedcodingschemesinvestigatedby
researchers[5, 6, 13, 14]. The tree structurebasedsegmenta-
tion for imagecodinghasbeenconsideredby several researchers
[12, 14, 15], however nonehave incorporateda schemeto �nd
truly optimal treestructures,given someadditive distortionmea-
suresuchassquarederror or absolutedifference.Few methods,
which arepartially capableof searchingsuchoptimal structures,
werepresentedby Chouetal.'s (G-BFOS)[1], SullivanandBaker
[13], RamchandranandVetterli [9] andRadhaet al. [8]. All of
theseschemesarevery elegantandpracticalbut resultin subopti-
malR-D behavior becausetheseschemesfail to exploit thedepen-
dency amongtheneighboringnodeswith differentparents.As we
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will �gure out in this paper, theindependentcodingof dependent
nodesleadsto thesuboptimalR-D behavior.

Sincegeometricalregions, imagesemanticslike edges,and
imagesignalwithin asmallregioncanbewell describedby simple
polynomialmodels,recentlytherehasbeena growing interestin
thestudyof piecewisepolynomialfunctionsasanapproximation
to piecewise smoothfunctions. Waveletshave long beenconsid-
eredideal candidatesfor piecewise smoothfunction dueto their
vanishingmomentproperties.It wasshown in [2, 7] thatfor piece-
wisepolynomialsignals,thedistortionof waveletbasedcoderde-
caysas �-

�.�/��01�32 �4�

��5��76 �
. But in thesamecase,it is possi-

ble to achieve
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usinganoraclemethod,andthiscanberealizedwith areasonable
(polynomial)computationalcostusingdynamicprogramming[7].
At low rates,suchanalgorithmworkswell for piecewisesmooth
signalstoo. The basicingredientis to preciselymodelsingulari-
ties.Thedynamicsegmentationalgorithmin [7] achievestheright
R-D characteristic,but its computationalcostis high. Moreover,
thisalgorithmcannotbegeneralizedto the2-D case.

In this paper, we are interestedin a coding scheme,which
achieves oracle like asymptoticR-D behavior with polynomial
complexity for 1-D aswell as2-D signals.In particular, for the1-
D casewepresentacodingschemewhichutilizesbinarytreeseg-
mentationwith optimal bit allocationamongdifferentsegments.
Investigationof thealgorithmrevealstheinherentweaknessin the
initial codingscheme,leadingto asuboptimalperformance
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�A@ . Reinvestigationof thealgorithmalso
revealsthepathto anoptimalscheme,which achievesthedesired
R-D behavior asindicatedin eqn.(1).

Most importantly, the optimalbinary treeschemein the 1-D
casecanbeeasilyextendedto the2-D caseasanoptimalquadtree
schemewith thesimilarcomputationalcost.Theproposedoptimal
quadtreeschemealsoachievestheoraclelikeR-D performancefor
somesimpleclassesof imageswhereasfor the 2-D casethereis
noknown algorithm,whichachievestheright R-D behavior with a
reasonablecomputationalcost.Thispaperis organizedasfollows:
�rst, we will brie�y outline the codingschemefor the 1-D case
in the form of the binary treesegmentationalgorithm. Then,we
show theextensionof 1-D schemeto 2-D usingthequadtreebased
schemealongwith theR-D behavior of thealgorithmfor thesim-
pleimageclass.Finally, wepresenttheperformanceof thiscoding
schemein comparisonto thewaveletbasedcoder.



2. 1-D CASE: BINARY TREE ALGORITHM

Our goal is to implementa compressionalgorithmbasedon the
modelingassumptionthatsignalsarepiecewisesmoothfunctions.
In this case,if we segment the signal into smallerpieces,then
eachsub-signalcanbe well representedby a simplersignal(e.g.
polynomial)model. For instance,we canchoosea very simple
polynomialmodelof degreeone.

Classicalbinary tr eealgorithm: Our algorithmemploys a
binary treesegmentationfollowedby a codingalgorithmon each
signalblock in anoperationalR-D optimalsense.We employ an
operationalrate-distortionoptimizationthat is similar to the ap-
proachusedin [9] in �nding the bestwavelet packet bases. A
decisionstrategy basedon optimizingR-D performancefor each
signalblock is designedso that the codercandecideif a signal
block is worth to be furtherdivided andcodedwith someappro-
priate quantizationlevel. The algorithm can be summarizedas
follows [9]:
1. Segmentationof the input signal: a binary treesegmentation
schemeis employed.
2. Optimal representationof eachsub-signalby the polynomial
model,in aR-D sense.
3. Optimizationof this representationto achieve the bestrecon-
structedsignalfor agivenbit rateconstraintanddistortionmeasure
(MSE).Optimizationis performedin R-D senseusingLagrangian
costfunctionalfor anoptimalquality factor
	BC� [10].
Sincethebinarytreesegmentationactslike a singularitydetector,
sowhenthetreegrows to capturethesingularityin a region, it di-
videsthesamepolynomialpiecerepeatedly. Theclassicalcoding
schemeencodesthesesubdivided piecesof the samepolynomial
separately(seeFig. 1(b)). This independentcodingof thedepen-
dentnodesresultsin asuboptimalR-D behavior.

Impr oved binary tr eealgorithm: Investigationin theearlier
paragraphsuggeststhat the inter nodedependency shouldbe ex-
ploited. For instance,if neighboringleaveshave thesamemodel
(polynomial)parameters,thenthey shouldbeencodedjointly. For
ensuringthat, we have introduceda binary variablewhich indi-
cateswhetherneighborsare codedjointly or separately. Fig. 1
illustrates,how theimprovedcodingschemeoutperformsthebal-
ancedaswell astheclassicalbinarytreealgorithmsfor thepiece-
wise polynomialsignalclass. The improved codingschemeem-
ploys the sameprevious classicalbinary treecodingschemefol-
lowed by the neighborjoint codingalgorithmwhich, in fact, de-
cideswhetherincominginformationshouldbetransmittedor not.
Thustheneighborjoint codingalgorithmis essentiallyintroduced
to accountfor thealreadytransmittedinformation.Wehaveshown
in ourearlierwork [11] thatthisdependentcodingleadsto thede-
siredexponentiallydecayingR-D behavior with thecomputational
complexity of theorder "D
E$-%('*)+$,� . It is interestingto notethat
theimprovedtreesegmentationmapis shift invariant if thetreeis
decomposedup to thefull depth,e.g. up to thepixel level for the
discretecase.

3. EXTENSION TO 2-D

Althoughthesituationis muchmoreopenandcomplex in two di-
mensions(2-D), yet it is not hardto visualizetheextensionof the
proposed1-D codingschemeto the2-D codingscheme.Sinceall
thesub-algorithmsdevelopedfor the1-D schemehaveaverynice
equivalentin the2-D world, e.g. thebinarytreesegmentationcan
bereplacedby thequadtreesegmentation,polynomialmodelcan
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Fig. 1. Comparative studyof differentalgorithms.

be replacedby the 2-D geometricalmodelconsistingof two 2-D
polynomialsseparatedby apolynomialboundary. TheLagrangian
optimizationalgorithmremainsthesame.Theneighborjoint cod-
ing algorithmis a bit moreinvolvedbut canbeimplementedef�-
ciently. Thereforewe canhave anef�cient quadtreebasedcoding
schemefor 2-D signalswith areasonablecomputationalcost.

Image model and Oracle R-D performance: we consider
thecasewheretheedgeis a piecewisepolynomialcurve. In par-
ticular, with piecewise linearedge,we have the“Polygon” model
wherethereis a polygon-shapedobjectagainsta uniform back-
ground.In suchcase,apossibleoraclemethodwouldsimplycode
thepositionof the F verticesof thepolygon. With ��G*F bits for
eachvertex, a regular grid on the unit squareprovidesquantized
pointswithin a distanceHJIK�

�L�LM

<ON from theoriginal vertices.
Let P bethe�nite lengthof theedge(or theboundaryof thepoly-
gon) then the distortion for the 2-D object is upperboundedby

��

���RQSP+H . Thereforefor the“Polygon” model,theoracleR-D
functiondecaysexponentiallyas
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4. CLASSICAL QUADTREE ALGORITHM

Our algorithm employs a quadtreesegmentationfollowed by a
codingalgorithmoneachimageblock in anoperationalR-D opti-
malsense.Weemploy anoperationalR-Doptimizationthatissim-
ilar to theapproachusedin [9] in �nding thebestwaveletpacket
bases.A decisionstrategy basedon optimizingR-D performance
for eachimageblock is designedsothatthecodercandecideif an
imageblock is worth to be further divided andcodedwith some
appropriatequantizationlevel.

4.1. R-D analysisof the classicalquadtreecompressionalgo-
rithm for the polygonal imageclass

In this section, we will considerthe “Polygon” image model,
wherethe edgeis a piecewise linear curve with a �nite number
of discontinuitypointsandderive anasymptoticR-D behavior of
thequadtreebasedcodingscheme.In anoptimalquadtree,ateach
level, theonly dyadicblocksthatneedto bedividedfurtherarethe
onescontainingasingularitypoint(vertex) of theedgein thegiven
image. Otherdyadicblockscontaineitherno edgeor a straight
edge,whichcanbeef�ciently representedby anedgetile.

An optimaltreeis obtainedvia recursively dividingnodeswith
transition(vertex) points. Essentiallyquadtreegrows only in the
region wherealgorithmobservestransitionpoints(seeFig. 4(a)).



Thatmeansquadtreesegmentationalgorithmactslike thesingu-
larity (vertex) detector. Assumethat the polygonalimagehas F

vertices,then at eachlevel thereare at most F splitting nodes.
Thusthey will generatenomorethan XYF leaveswith straightedge
at thenext level. Thereforethetotalnumberof theterminal-nodes
(leaves)in anoptimalquadtreeareboundedasfollows:
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In thesimilar fashion,thetotalnumberof nodesin anoptimal
treecanbederived: $_c�Zd�fe

`

F . Weareinvestigatingtheperfor-
manceof thealgorithmin thehighbit rateregimeandinterestedin
theasymptoticR-D behavior. Supposethatthequadtreeis decom-
posedup to depth

`

. Let ussimply allocatè bits to eachof the
quantizedpointsto ensurethatthemaximumdistancebetweenthe
trueverticesandtheir quantizedversionis boundedby ":�g���

Z

 .
Thetotalbit ratecanbeseenasthesumof thecostsof codingthe
quadtreeitself andthequantizedmodelparametersof theleaves.
Hencethetotaldescriptioncomplexity canbewrittenasfollows:
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For thecomputationof theassociateddistortion,�rstly wehave to
observe that the edgelength in the given original polygonalim-
ageis �nite, assumetotal edgelength is P . Secondly, sincethe
maximumdistancebetweenthe true verticesandtheir quantized
versionis boundedby "
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 , thenetdistortionwill be
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Therefore
2

�4c term is presentin the exponent,which indicates
a suboptimaldecayin comparisonto the desiredexponentialde-
caygivenby eqn.(2).Hence,theclassicalquadtreealgorithmalso
exhibits thesuboptimalR-D performancedueto the independent
codingof thedependentnodes(seeFig. 4(a)). For correctingthe
suboptimalbehavior, weproposeanimprovedquadtreealgorithm.

5. IMPROVED QUADTREE ALGORITHM

Theimprovedcodingschemeemploys thesamepreviousclassical
quadtreecodingschemefollowedby theneighborjoint codingal-
gorithmwhich,in fact,decideswhetherneighborsshouldbecoded
jointly or independently(seeFig. 2).

5.1. Neighbor joint codingalgorithm

Theneighborjoint codingalgorithmcanbedescribedasfollows:
1. As soonasneighborjoint codingalgorithmreceives the leaf
information,thealgorithmlooksfor theleaf'sneighbor, whichhas
alreadybeentransmittedor encounteredby thealgorithm.
2. If thealgorithm�nds a transmittedneighbor, thenit compares
themodelparametersfor boththeleavesusinga suitablecompar-
ison metric. Onepossiblechoiceof comparisonmetric could be

t

< -error. Thatmeansif the
t

< -errorbetweenthemodelparameters
of the leaf andits neighboris with in someprede�neddistortion,
thentheincomingleaf informationwill notbetransmittedandthe
neighborjoint codingvariablewill be setto onefollowed by the
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Fig. 2. Illustrationof the joint encodingby the improved coding
scheme.

two bits for neighborindex (consideringonly 4 neighbors),oth-
erwiseleaf informationwill betransmittedandtheneighborjoint
codingvariablewill besetto zero.
3. If theneighborjoint codingalgorithmdoesnot �nd any trans-
mittedneighbor, thentheneighborjoint codingvariablewill beset
to zeroandtheleaf informationwill besent.

5.2. Rate-distortion analysis

Wearepresentingasimpli�ed asymptoticR-D analysisof thepro-
posedcodingscheme.TheR-D functioncanbecomputedin two
steps.First,we will computetherateandthedistortionasa func-
tion of thedecompositiondepth

`

, thencombinetherateandthe
distortionby eliminating

`

. Optimal treeleavescountingwill be
donein thesimilar fashionasit wasdonefor thepreviousscheme
thatmeans$_Zu�fX

`

F (eqn.3).
In theimprovedcodingscheme,thesideinformationconsists

of two parts: 1) Bits requiredto encodethe quadtree. 2) Bits
requiredtoencodeleafjoint codingtree.Thequadtreesplit-merge
decisionvariablewill consumebits equalto the total numberof
the nodes 

$_c�Zd�fe

`

Fv� in the optimal quadtreewhereasjoint
codingdecisionvariablewill consumebitsproportionalto thetotal
numberof leaves 
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Fv� in the optimal quadtree. Hence
coding of the side informationwill cost the following bit rates:
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bits to every linear pieceof the
polygonaledgeto ensurethatthedistortionfor any leaf is around
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 . The total bit ratecanbe seenasthe sumof the costs
of coding the quadtree, leaf joint codingtreeandthe quantized
modelparametersof theleaves.Thetotalbit budgetcanberelated
to thedecompositionlevel 
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Thenetdistortioncomputationis similar to theanalysisdonefor
thepreviousversionof thecodingschemeandit follows that

�[c � P+�
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Therefore introduction of the joint coding binary variable
itself consumesbits but provide the desiredrate-distortionbe-
haviour, which is exponentiallydecaying.Thusthejoint encoding



schemeachievestheright asymptoticrate-distortioncharacteristic.

6. SIMULA TION RESULTS

Numericalexperimentsareper-
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formed for the two type of
image classes: 1) B/W im-
ageswith polygonal singular-
ity. Polygon's verticesaregen-
eratedrandomlyusinguniform
distributiononthespace{ |~}�b7•
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For experimentation,polygons
with 5 and 6 verticesare con-
sideredassingularities.2) Real
life imageslike Lena. For both
caseswehaveobservedabetter
R-D behavior of the improved
quadtreealgorithmwith respect
to JPEG-2000.
Theexperimentalresultsshown

for thePolygonalimageclassin Fig. 3 alsocon�rm thetheoretical
R-D behaviors. Fig. 4 presentsexampleof reconstructedimages
by theclassicalandimprovedquadtreealgorithm.
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Fig. 4. Examplesof thequadtreerepresentation.
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Fig. 5. Comparisonof operationalR-D curves using a wavelet
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7. DISCUSSIONAND FURTHER WORK

In this work we have analyzedthe asymptoticR-D behavior of
thebinarytreeandquadtreedecompositionalgorithmsandwehave
proposedanimprovedversionof thesealgorithmswhichhave the
optimalR-D behavior for thecaseof 1-D and2-D piecewisepoly-
nomialsignals.

Numericalsimulations(Fig. 3) con�rm that thesealgorithms
achieve optimalperformanceif theinput image�ts themodelex-
actly. In addition,preliminarysimulationsshow thatourquad-tree
algorithmoutperformsJPEG2000alsoin thecaseof compression
of real life imagessuchas 'Lena'. Our aim is to improve such
a performancefurther by bettercompressingthe texture present
in images. Another issueis to understandwhetherthe proposed
quad-treeschemeprovidesanef�cient andfasttool to detectand
compresscontoursin objectorientedmultimediaapplications.
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