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Abstract

The accurateregistrationof multiview imagesis of centralimportancein mary advancedimageprocessing
applicationslmagesuperresolution for example,is a typical applicationwherethe quality of the superresohed
imageis degrading as registration errors increase.Popularregistration methodsare often basedon features
extracted from the acquiredimages.The accurag of the registrationis in this casedirectly relatedto the
numberof extractedfeaturesandto the precisionat which the featuresare located:imagesare bestregistered
when mary featuresare found with a good precision.However, in low-resolutionimages,only a few features
canbe extractedandoftenwith a poorprecision.By takinga samplingperspectie, we proposen this papemew
methodsfor extracting featuresin low resolutionimagesin orderto develop efcient registrationtechniques.
We considerin particular the samplingtheory of signalswith nite rate of innovation [10] and shov that
somefeaturesof interestfor registration can be retrieved perfectly in this framework, thus allowing an exact
registration. We also demonstratehrough simulationsthat the samplingmodel which enableghe useof nite
rate of innovation principlesis well-suitedfor modelingthe acquisitionof imagesby a camera.Simulationsof
image registration and image supefresolutionof arti cially sampledimagesare rst presentedanalyzedand
comparedo traditionaltechniquesWe nally presentfavorableexperimentalresultsof superresolutionof real

imagesacquiredby a digital cameraavailable on the market.

I. INTRODUCTION

Multiview camerasystemsare composedf a setof cameragpositionedat differentlocationsand focusing

on the samesceneof interest.Thus, at ary given time, the i-th cameraacquiresa sampledimageg; [m; n] of
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the particularview f; (x;y) it hasof the scene.To take advantageof suchsystemsand use advancedimage
processingechniquedik e supefresolution,motion estimationor occlusionremovals, the rst processingask
of utmostimportanceis the accurateregistrationof the acquiredimages.The exact registrationof two images
consistsin nding the geometrictransformatiorthat exists betweenthe view f; of onecameraandthe view f;
of a secondcamerawith a differentlocation. However, the continuousviews are usually not available and the
registrationis doneon the acquireddigital sampledimagesg; andg; .

Various suneys and books on image registration are available for an in-depthreview of recentand more
classicimageregistrationtechniqued5], [49], [19]. Thesetechniquesoperateeitherin the spatialdomainor
the frequeny domainof the image.Frequeng domainmethodscan be computationallyef cient but are often
limited to global rigid motion asthe translationsand rotation are estimatedrom the aliasedspectra[28], [18],
[45]. Thereare a wide variety of registrationtechniquesn the spatialdomain. Earliestmethodsinvolved the
useof the cross-correlatiotetweenmagesasit is maximizedwhenthe two imagesare correctlyoverlaid [35].
Many variationsof this modelhave beenproposedg.g. by preprocessinghe imageswith an edgedetector{1].
Ragistrationbasedon mutualinformationis alsoa standardnethodusedin medicalimaging[34]. In [23], the
Taylor expansiornof the rst orderis usedto nd theparametersf theregistration.A large setof methodsconsist
rst in extracting featuresin imagesand then matchingthem acrossimagesin orderto calculatethe existing
transformationsln thatcase the registrationis basedonly on the retrieved featureslLocal featuresare pointsof
interestin theimagelik e the centerof gravity of closedboundaryregions[17], [27] or cornersVariousautomatic
cornerdetectorshave beenproposedlik e the famousHarris-Plessg detector{20] or the SUSAN detecto39].
More details on different corner detectorscan be found in [37]. In [7], correspondencéetweenfeaturesis
efciently carriedout by rst computingputative correspondencewith a correlationmatchingalgorithm and
thenre ning themwith a RANSAC algorithm[16]. Anothertypesof featuresare global featureswhich take
into accountthe whole image.They do not requireary featurecorrespondencstepbut a singletransformation
occurringbetweenary pair of imagesmustbe assumedimagemomentsarethe prevailing global featuresused
for estimatingimagedisparity and allow the retrieval of af ne transformationg40], [21], [2].

Imageregistrationis an inverseproblemasit tries to estimatefrom the sampledimagesg;;i = 1;2;:::;N

the camerausedfor imageacquisitionlik e the samplingrate (or resolution)of the sensortheimperfectionof the
lensthataddsblur, andthe noiseof the device. As the resolutiondecreasedhe local two-dimensionaktructure
of an image degradesand an exact registration of two low-resolutionimagesbecomesncreasinglydif cult.

In this respect,we obsene that registration and samplingare intimately related.In orderto achieve perfect
registration,one “brute-force” solutionwould consistin reconstructingoerfectlythe continuoussignalsf; from

their sampledversionsg; and run a registration algorithm on the reconstructectontinuoussignals. Another
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solution is to carry out a perfectestimationof relevant image featuresin f; from g; and run a registration
algorithmbasedon suchfeaturesalone.

Perfectreconstructiorof a signal from its sampledversionis the fundamentabroblemin samplingtheory
For bandlimitedsignals,the well-knowvn Nyquist-Shannorsamplingtheoremshaws that exact reconstruction
is possiblefrom the samplesonly. Moreover, nev samplingschemeshave recentlyemeged allowing perfect
reconstructiorof a certainclassof non-bandlimitedsignalscalled signalswith Finite Rateof Innovation (FRI)
[46]. The peculiarity of thesesignalsresidesin the fact thatthey canbe completelydescribedoy a parametric
expressionwith a nite numberof degreesof freedom.By takinginto accountknown propertiesof the sampling
setup,the parameter®f the obsered FRI signal can be exactly retrieved. The nev samplingschemesor FRI
signalswere rst proposedy Vetterlietal in [46] andthenextendedin [10] to the caseof kernelswith compact
support.The multidimensionalscenariohasbeenconsideredn [29] and [38].

In this paperwe provide exactresultsfor featureextractionin low-resolutionimagesfor registrationpurposes.
We are primarily interestedn nding the exactlocalizationof features.In that respect featureextraction (or
localization)algorithmsdiffer from featuredetectiontechniqueswvhich are merelyconcernedvith the existence
or not of featurein animage.We assumehat the samplingkernelis knowvn and considerthe latesttheoretical
resultsfrom the samplingtheory of FRI signalsto derive new featureextraction techniques.The underlying
motivation in using the FRI samplingtheory is due to the fact that somefeaturesusedfor registration can
be modelledas FRI signalsfor which perfectreconstructionmethodscan be establishedIn particular we
presenttwo novel feature extraction techniquesthat allow to retrieve exactly global featureslike moments
or local featureslike stepedgesin low-resolutionimages.From the extractedfeatures,standartéature-based
registrationalgorithmsare usedto performimagesuperresolutionas this applicationrequiresa registrationof
high quality. We rst shownv supefresolutionresultson syntheticimagesobtainedby simulatingan acquisition
device with known characteristicsWe then apply the proposedalgorithmsto image supefresolutionof real
imagescapturedwith a cameraavailable on the market. The quality of the supefresohed imagesin both cases
gives evidenceof the accurag of the registrationand also highlights the validity of our acquisitionmodel.

The organizationof the paperis as follows. Sectionll presentghe principlesof samplingFRI signalsand
describeghe samplingkernelsandtheir properties.t alsointroducesthe imageacquisitionmodel considered
and detailsthe problemof imageregistration.In Sectionlll, we presentan exact methodthat retrieves global
featureswhich are then usedfor registration purposes.In SectionlV, we demonstratea local approachof
feature extraction. We focus on the extraction of step edgesfrom which cornersare inferred. In SectionV,
both registration methodsare usedin the contet of image supefresolutionand various experimentalresults

are provided. We then concludein SectionVI.
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Il. PROBLEM SET-UP
A. Image AcquisitionModel

This sectionreviews the idealizedimage formation model consideredn this paperand describeshow the
samplesare relatedto the obsered view via the Point-Spread-unction (PSF)of the camera.The diagramin
Figure 1(a) presentdhe main component®f a camerawhich leadto a digital imageof a given obsened view.
Thelight raysare rst focusedby the lensof the camerabut, becausea lensis never perfect,they areinevitably
blurred before hitting the image sensor As the quality of the materialand the size of the lens decreasethe
amountof blur introducedincreasesVariousothersourcesof blur alsoparticipateto the overall ltering of the
ray lights. Thus, a diffraction phenomenoroccurswhen the size of the cameraapertureis of the sameorder
asthe wavelengthof the light rays. This introducesinterference®n the cameraplanewhich are often referred
asthe “airy disk” or “blob”. Also, someamountof blur causedby motion or atmospheriaconditionscan be
introducedand deterioratethe obsenred view.

Anothermain componenbf a camerais the imagesensoreithera CCD (Chage CoupledDevice) or CMOS
(ComplementaryMetal Oxide Semiconductorjarray It measuregshe amountof light receved and outputsa
sampledmage,the termdigital imageusuallyreferringto the quantizedsampledmage.Sinceeachpixel value
resultsfrom the integration of the incominglight over a nite spatialregion de ned by the characteristicof
the sensorarray (physical size, numberof pixel, technology),the sensorarray also contritutesin blurring the
image.In this researchyve considerthat the overall blur introducedby the camerais characterizedy the PSE
The PSFis often modeledby a Gaussianpulsein the literature but we model here the PSFwith B-spline
functionsfor mainly two reasonsFirst, B-splinesare very similar to a Gaussiamulse[44]. Second B-splines
possesgropertiedik e polynomialreproductionthat we want to take advantageof. B-splineshave alreadybeen
usedasa PSFmodelin [33] but their polynomial reproductioncapabilitieshave not yet beenexploited.

Figure 1(b) presentsthe equialent idealizedmodel to Figure 1(a) in termsof Iter and analog-to-digital
corverter The incoming continuousirradiancelight- eld f (x;y) is rst Itered with the function' (x;y).
This two-dimensionalfunction is the PSF that characterizeshe cameraand is assumecdknown. The blurred
obserationg(x;y) = f (x;y) &' (j Xx=T;i y=T) is thenuniformly sampledso that the discreterepresentation

of the obsered view is given by the following equivalentexpressions:
zz

f(xy)' (x=Tj m;y=T i n)dxdy

g[m;n]= g(m;n)

H(y):" (x=T i my=Tj n)i, (1)

wherex;y 2 R, m;n 2 Z. We assumethroughoutthis paperthat the sampling period is equalto T in
both dimensionsin order to simplify notations.As seenin Equation (1), the impulse responseof the lter

representinghe lens is expandedby a factor T correspondingo the samplingperiod. As in the sampling
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Realworld = tLens_ o= ! Digital image

Camera

(a) From the real obsered view to its digital representation

f(x;y) a(x;y) T g[m;n]
— ' (i x=T;i y=T)

(b) Model of a camerain termsof lter andanalog-to-digitalcorverter

Fig. 1. Cameramodel: (a) the incomingirradiancelight eld is blurred by the lens and sampledby the imagesensor;(b) Equivalent
model:f is theirradiancelight eld, ' is the point-spreadunction of thelens,g is the blurredirradiancelight eld, T is the sampling
periodandg is the sampledimage.

theoryof FRI signalsthe PSFis thereaftereferredto asthe samplingkernel’ (x;y) of the acquisitiondevice.
The samplingkernel is the time-reversedversion of the impulseresponseof the Iter in Figure 1(b). When
writing Equation(1), it is implicitly assumedhatthe samplingkernelis spatiallyinvariant.Finally if the kernel
is separablejt can be written as a tensorproductof two 1D functions:' (x;y) = ' 1(x) - ' 2(y) so that:

glmin]= CFOGy) 1T M) 2(y=T i n)dxdy:

B. SamplingKernelsand Finite Rate of Innovation

The recentsamplingtheory for FRI signalsis concernedvith the problemof perfectreconstructiorof non-
bandlimitedsignals.Examplesof FRI signalsare streamsof Diracs or piecavise polynomial functions. Such
signalsare non-bandlimitecbut follow a parametricexpressionwith a nite numberof degreesof freedom.For
example,a streamof Diracsis completelyde ned by the location andthe amplitudeof eachDirac.

In anacquisitiondevice, theincomingsignalx (t) is rst ltered andthensampled.The obtainedsamplesare
givenby y, = hx (t);' (t=T i n)i wherethe function' (t) is the samplingkernel.In this study we consider
the set of samplingkernelsknown as polynomial reproducing kernels as describedin [10]. The particular
propertyof thesekernelsis their ability to reproducepolynomialsup to a certaindegreeby linearly combining
several shifted versionssuchas:

P (=T n)=t° p=0;:::;P; )
n2z
where ¢P are known coefcients and P dependson the kernel itself. Such functions are said to have an

approximationorder equalto (P + 1). In [42], Strangand Fix proved the necessaryand sufcient conditions
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for afunction' (x) to possespolynomial reproductionqualities:

()b (2i8
b(0) 6 0 and wzo for 122 f0g; k=0;:::;P; (3)

where'b (! ) is the Fourier transformof ' (t). Theseconditionsare called the Strang-Fixconditionsof order

(P + 1). The coefcients c,(f)) usedfor the reproductionof the monomialtP are computedas follows [4]:

P = hP;~(t=T i n)i = TEZ tP~(t=T i n)dt; p=0;::::P; (4)
where '~(t) is the dual of ' (t). The computationof the coefcients cﬁp) is straightforvard when' (t) is
orthogonal,that is, whenh (t);' (tj n)i = #,. In this case,'~(t) = ' (t) and cﬁp) = HP;" (=T n)i. It
is moreinvolved when' (t) is not orthogonal.In this secondsituation,one hasto evaluatethe dual function
rst andthenthe coefcients. The computationof the dual of a B-splineis discussedater in this section.

Thereexists a variety of functionssatisfying Strang-Fixconditions.We considerin this paperthe family of
B-spline [43]. This function called centeredB-spline of degree P is denotedby p (x) and can be obtained

recursvely by successie convolution of the box B-spline ¢ (x):

8
2L ixi<3
- = — e . — 1. = 1
p(X) |o(X)‘O‘-{-Z- .0 o(X; ;o o(X) ; 2 jxj=1
(P + 1) times T 0 otherwise.
The Fourier transformof ~ p (x) is given by:
Bo(1) = [sing(! )7 (5)

and satis es Strang-Fixconditionsof order (P + 1). Now assumethat' (x) is a B-spline p (x). The dual
B-spline'~(x) thatforms a biorthonormalbasiswith ' (x) sothath (xj m);'~(x)i = %, canbe computed
as[44]:
% o
~(x) = (bzp+1)' “[N] ¢ p(x i n);

n=il

where:

(bap+1)  1[N]$ (Bopss (2))71:

Here,B,p+1 (2) is the z-transformof byp+1 [N] = “2p+1 (N), N 2 Z. For further detailson the computationof
the dual we refer to [44]. Figure 2(a) and (b) shawv, as example,the cubic B-spline andits dual. Figure 2(c)
presentghe reproductionwith B-splinesof the polynomial5x3 j 120 over the interval [ 4; 4].

In two dimensionssimilar resultscanbe derived. In particular when' (Xx;y) is a separable&kernel,eachof
its componentss reproducingpolynomialsso that we have:

PO (x=T i m)' 2(y=Ti n)=xPy% p=0;::5;P; q=0:::;Q; with  cPP = B ¢c(®:
mn2Z7Z
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@ ’ (b) * (€)

Fig. 2. (a) Cubic B-spline; (b) Cubic Dual spline usedto calculatethe coefcient P (c) Reproduction(in red) of the polynomial

5x% | 120x (dottedline) with a linear combinationof scaledand shifted cubic B-splines(in blue) over the support[j 4; 4].

A closerlook at Equation(1) also revealsthat the samplingperiod T is also usedto rescalethe sampling
kernel. The reasonof this coupling is to maintain a unit spacing(relative to ' ) betweentwo consecutie
samplesn orderto satisfy the polynomial reproductionpropertyasre ected in Equation(2). However, it can
happenthat,in areal scenariothe shift betweenwo sampless smallerthanT. For example,imageacquisition
deviceslike mobile phonesor webcamsusually introducea strongblur dueto the low quality of the lens.In
that scenariothe supportof the correspondingsamplingkernelis large althoughthe image sensorhasa good
resolution.If we assumehat the samplingperiodis reducedby an integer factor M , thenthe imagesamples

arein this casegiven by:
glm;nl=H (X;y);" (x=T i m=M;y=T i n=M)i:
The samplescan be divided into their polyphasecomponentg(i) i = 0;:::M j 1andj = 0;:::M j 1:
gf) [m;n] = H (xy);' (=Ti mi i=M;y=T| nj j=M)i
= Moyt @ =T my=Ti n)i;
where' 1) (x=Tj m;y=Tj n)="' (x=Tj i=M;y=T i j=M). Eachpolyphasecomponents treatedinde-

(p:9)
M m+i;M n+j

kernel' (i), This polyphasedecompositiorwill be usedin SectionV-B.

pendentlyand the correspondingoefcients ¢ are obtainedusing Equations(4) with the sampling

C. Multiview Images and Ragistration Problem

Assumingthat eachcameraof a multiview systemhasthe sameintrinsic parameterandthe samesampling

kernel' (x;y), thenthe acquiredimageby the i-th sensoris expresseds:
gi[mn]l=H;(xy);" Xx=Ti myy=Tj n)i: (6)

By ngylecting bordereffects, it is often assumedhat the different obsenationsf; canbe relatedto a single

obsenation of reference(e.g. f1) via a geometrictransformationT; of the coordinatesx; y:
fi(y) = f1(Ti(x;y)); (7)
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whereT; is the identity matrix. The transformationsT; can be of varioustypesdependingon the compleity

of the scene Transformationsangefrom simpletranslationto complex nonlineartransformationsWe consider
here linear transformationsj.e. translation,rotation, af ne transformationand projective transformation.The
imagingsituationcorresponds$o anobsened scenghatis at, orto a 3D scenehatis obseredfrom a distance
muchgreaterthanthe distancebetweencamerasothat parallaxeffectsarengjligible [7]. CombiningEquations

(6) and (7), we obtainthe following popularmodel:
gi[m;n]= Hy(Ti(xy));" (x=T i myy=Tj nji: (8)

The goal of imageregistrationis thusto nd the differenttransformationsl; as accuratelyas possiblegiven
the acquiredimagesf go; g1;: : :g. As theresolutionof theimagesdecreasedessinformationis availableanda
correctestimationof the T; getsmoreandmoredif cult. Imageregistrationbasedon (local or global) features

thereforerelies on the accurateextraction of featuresin ff;g given the information provided by f g;g.

I1l. IMAGE REGISTRATION WITH CONTINUOUS MOMENTS FROM SAMPLES

This sectiondescribeshow the continuousmomentsof an image can be calculatedexactly from a discrete
imagewhenthe assumptionselatedto the imagingmodelconsideredare satis ed. From theseresults,an exact

registrationcan be achieved.

A. Continuousmoments

Sincethe rst work of Hu [22], functionsof momentshave beenextensively usedin patternrecognitionto
build featuresthat areinvariantto a given transformationf21]. In imagereconstructionMilanfar et al shaved
how a corvex bilevel polygonalshapecan be perfectly reconstructedrom a nite numberof moments[30]
[13]. Finally, momentshave beenusedin variouswaysto performimageregistration[17][27][48].

A momentis de ned by its type (geometric,centralor comple ...) andits order The basicmomentsare
the geometricmomentsmy,q, of orderp + g, which are obtainedin 2D by inner productbetweenpolynomial

planesandthe function of interestf (x;y):

YA
Mpg = (xy)xPyddxdy; p;g2 N: )
s .
The barycentern(xy; yp) of f (x;y) is de ned as (Xp; Yp) = m;g ; % : The centralmoments? . are then
expresseds: L
VA ATAI
p q X p g bk (o i |
Tpg= T OCy)(Xi xp)°(yi yo)'dxdy = o X Gy mig: (10)
k=0 1=0
The complex momentsCp,.q arede ned on the comple im%gelg\lar}ez =X+jy,j= P i 1as:
ZZ ¥ xd : :
Coa= Y X+ Iy (xi jy) dxdy = oG T M e g (D)

k=0 1=0
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As showvn above, the various types of momentscan be obtainedby a linear combinationof the geometric
momentswhich thereforeconstitutethe basicelementsof moment-baseanalysis.

With animageacquisitionsystem the obsered view f (x;y) is not available so the true momentsmpq of
the continuousfunctionf (x;y) cannotbe directly computedlnsteadthey areapproximatedrom the acquired

imageg usingthe discretizedversionof Equation(9):

Mp:q = X. g [m; n](mT)P (nT)4: (12)

When the resolutionof g gets low, the discrete momentsm,., do not provide a good approximationof
the continuousmomentsand this discrepang can degradethe performanceof ary moment-basedechniques
dramatically An alternatve solution might be to decomwolve eachimage rst and then evaluatethe discrete
momentson the decowvolved samplesThis approactmayimprove the endresultbut doesnot solve the problem
whenthe resolutionis low asindicatedin Figure 3.

In [10] and[38], new samplingresultswere proposedior 1D and 2D FRI signals.In particular it is shavn
thatit is possibleto computethe exact momentsof an FRI signal from its sampledversion, provided that the
samplingkernelsatis esthe Strang-Fixconditions.In this paper we proposeto usetheseresultson realimages

in orderto extractthe true continuousmomentsf areal objectf from its samplegy. The continuousmoments
(p;a)

are obtainedby linear combinationof the sampleswith the coefcients ¢y’ asfollows:
ZZ
Mpq = f (x;y) xPy%dxdy
ZZ X X
@ f () R (x=T i m;y=Ti n)dxdy
z"z "
= clpia) f(x;y)" (x=Ti m;y=Ti n)dxdy
m n
X X )
O c®iPg [m; n]; (13)
m n
where(a) and(b) follow respectrely from Equationg2) and(1). Thusthe proposeccombinationof the samples

with cﬁﬁfﬁ) allows the extraction of the exact momentsfrom a sampledversion of the obsened continuous

scene.Oncethe continuousgeometricmomentsare obtained,othertypesof continuousmoments(e.g. central
or comple) canbe calculatedusing Equationslike (10) and (11).

Figure 3 (a) and (b) shav how the estimationof the momentsusing Equation(12) or (13) changeswhen
the resolutiondecreaseskigure 3 (a) is the casewhen thereis no noise on the samplesand Figure 3 (b) is
when a white Gaussiamoiseis addedto the samples(SNR=18dB).For this experiment,20 standardmages
(e.g. Lena, Goldhill, PeppersMandril) of size 512512 are arti cially blurred and downsampledto generate
differentsquareimageswith resolutions256, 128, 64, 32, 16 and 8 pixels. Given theselow resolutionimages,

the estimatednomentsh,,.q using either Equations(12) or (13) arecomparedo the true momentsmp,q of the

Octoberl15, 2008 DRAFT



IEEE TRANSACTIONS ON IMAGE PROCESSING 10

~

[

--Discrete moment order 2
-©-Continuous moment order 2
*Discrete moment order 2 (deconv)

-e-Discrete moment order 2
-©-Continuous moments order 2
% Discrete moment order 2 (deconv)) |

o
©
o))

o
o)
G

w

Normalized Distance
o
s

o
N
Normalized Distance

N

[

o

0 50 100 150 | 200 250 0 50 200 250
Image Resolution (pixel)

(@) (b)
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the true momentsand the discretemomentsobtainedfrom Equation(12); the continuousmomentsobtainedfrom Equation(13); the

discretemomentsobtainedfrom Equation(12) usingthe decowolved samples(a) Noiselesscase;(b) Noisy case(SNR = 18dB).

original imageby calculatingthe normalizeddistancebetweenthem:
X (i i mi; )2.

dk =
2
mi

i+j=k
wherek de nes the orderof the momentsconsideredFigure 3 shavs the variation of the averagenormalized
distanced, with respectto the resolutionof the sampledimagesfor momentsof order 2. For completeness,
we also plot the normalizeddistanceof the momentsestimatedusing Equation (12) and the samplesafter
decorolution. When the samplingkernelis known and reproducegolynomials,the momentsobtainedwith
Equation (13) provide much more accurateresultsthan those obtainedwith Equation(12) (with or without

decorvolution beforecomputation)andthis is true evenin the presenceof noise.

B. Raistration Methodand SimulationResults

Momentsof animagecanbe usedasfeaturedor registration.Sincethey areobtainedfrom all the samplesof
the consideredmage,momentscorvey a globalinformationon theimage.Thus,in orderto usethe momentsof
two differentimagesfor registration,the obsered views shouldnot have new objectsappearingr disappearing.
We considerthe caseof objectswhich arealwaysvisible on a uniform backgroundlf the backgrounds uniform
only in the neighborhoodof the object of interest,then backgroundsubtractionand segmentationtechniques
can be usedto extract the objectsof interestfrom the backgroundand treateachobjectasif the background
was globally uniform. This was shavn in [8].

Let g1 andg, betwo acquiredmagesof theviewsf 1 andf , obtainedasin Equation(6). Usingthecontinuous
moments,we wantto nd the transformationT, which relatesthe coordinatesof f, to the coordinatesof 1
(seeEquation(7)). We assumehatthe transformatioril, is anaf ne transformatiorrepresentethy a translation

t in x andy directionsand by a 2x2 matrix A composeddf a rotation, a scaling(X scale; Y scale) anda shear
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@ (b) () (d)

Fig. 4. (a)-(b) Thetwo original views f 1 andf, (512x512pixels each);(c)-(d) The two correspondingcquirediow-resolutionimages
g1 andg: (16x16 pixels each).Original image“Blue Marble” by NASA's Earth Obsenatory

(Xshear; Y shear):
2 3 2 3

COSp j sin X X
T206y)=Alx yl'+t with A=4" "1 g Jeee s
SinpL COosp Yshear Y scale

(14)

It is shavn in [40] thatif f, andf, aretransformednto their canonicalforms (i.e. their covariancematrix is
equalto the identity matrix), thenthe af ne problemsimpli es to nding a rotation anglewhich canthenbe
retrieved using complex moments.This can be achieved by applying a whitening transformasin [21] where
the expressiongelating the centralmomentsof the original signalsand the complex momentsof the signals
in their canonicalforms can also be found. Thus, since Equation(13) provides us with the exact continuous
momentsin the absenceof noise,it is possiblein theoryto register exactly low-resolutionimages.

To measurethe accurayg of the estimatedransformationthe averageand maximumgeometricregistration
errors” and"nax are calculatedasin [47]:

1 X
=Nz KTy i Tay)ke and "mac= maxkT (x1y)i T (xy)ke; (15)
Xy ’

whereT is the calculatedestimationof the exactaf ne transformationT , andN is the size of the considered
imagesf, andf,.

In Figure 4 (a)-(b), two high resolutionimagesof size 512x512pixels are consideredas the two different
views f 1 andf, of the samesceneThe af ne transformatiorbetweerf ; andf, consistsof a rotationof angle
u= 36%, ascalingfactorof (X scae; Yscale) = (0:8;0:9), a shearfactor of (X shear; Yshear) = (0:1;j 0:1) and

a translationof -12 pixels and 7 pixelsin X andY directionrespectiely. We have:
2 3 2 3

0:706 j 0:4481 P12
T(xy)=Ax ylI'+t with A=4 ! 5 and t=4' "°5:
0:3893 0:7869 7

Thesetwo views are sampledwith a cubic B-splineto generatdwo low-resolutionimagesg: andg, of size

16x16 pixels (decimationfactor of 32) as shavn in Figure 4 (c)-(d). Given thesetwo low-resolutionimages,
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Fig. 5. Stepedgemodel.A straightstepedgeis describecby 3 parametersits amplitude®, its orientationp andits offset °.

we apply the registration methodwith the continuousmomentsto estimateA andt. The calculatedaf ne

transformationTs is: 2 3 ) 3
0:7064  0:4471 i 12004
A=4 ! 5- and t=4"' 5.
0:3885 0:7872 7:007
The averageand maximumgeometricregistrationerrorsare" = 0:0413 pixels and" nax = 0:148 pixels which
arethe sameerrorsobtainedfrom the true momentsof f1 andf,. For comparisonthe samesimulationis run
with the discretemomentsm,, . As expected,they do not perform as well at this resolution. The retrieved
transformatioris in this case:
2 3 2 3
0:7244 | 0:4475 i 1249
A =4 : 5 and t=4"' 5.
0:3941 0:7953 8:23
with anaverageandmaximumerrorof " = 11:2 pixelsand" max = 40:4 pixels. Theimprovementof the average

registrationerror is by a factor280in this simulation.

V. IMAGE REGISTRATION WITH LOCAL FEATURES
A. StepEdge Extraction

In this Section,the featuresconsideredare now local. Whenworking at low-resolution,featuresare usually
moredif cult to nd andlocateaccuratelyaseachsampleintegratesa larger partof the original sceneThusthe
propertiesof very localizedfeaturessuchascornerscanbelost whenimagesareacquiredat low resolution.We
focuson the extraction of straightstepedgesA straightstepedgeis describedoy threeparameterspamelyits
amplitude®, its orientationp andits offset® with respecto a given axis. This model of stepedgeis presented
in Figure5. We now demonstratdnow to retrieve the exact parametergrom the samples.

Let N = (j siny; cosp)T be the vector normal to the edgeand @ = (xj ° ;y)T the vector of ary point

(x;y) in R2. Given N andd, a stepedgefunction h (x; y) canbe expresseds:
3D FE
h(x;y)=@H &N ; (16)
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whereH (t) is theunit stepfunctionwhosevalueis 1if t |, 0andOif t < 0. We assumeéhatthesignalh (x; y) is
sampledusinga 2-D B-splinesamplingkernel' (x;y). Thereforefollowing Equation(1), the obtainedsamples
h [m; n] aresimply:

h[m;n]=h(x;y);" (x=Tj m;y=Tj n)i:

The set of samplesis ltered with a nite differenceoperatorto give d [m; n] which are referredto as the
differentiatedsamples:
dm;n]=h[m+ 1;n]j h[m;n]: @

It is shawvn in [10] that the samplesd [m; n] are the samplesthat would have beendirectly obtainedby inner
productof the derivative of h(x; y) alongx andthe modi ed kernel' (x;y) @ ¢ (x). The differentiationof a

discretesampledsignalis thusrelatedto the derivation of its continuouscounterparias follows:

¢ . A
d[m;n] = dh((;)((’y);' (x=T i miy=Tj n)o o(x=Tj m)
& i i A
= DUV =T maToe=T i m) - o (y=Ti N

wherethekernel' hasbeenassumedo be separableComparedo’ (x=T;y=T), thenew kernel' (x=T;y=T)=n
~0(x=T) can also reproducepolynomialswith one degree higher along the x direction and has a support
increasedby one unit on the x axis. When the samplingkernelis ' (x;y) = p(x) - p(y), the modi ed

kernelis a 2-D B-splinekernel of degreeP + 1 alongx andP alongy:

¢ A
dh (x; _ _
dimny= T T m) - =T )
3
Moreover, the rst derivative of the unit stepfunction is given by % = j ®sinu¢x d¢N which nally
yields the following relation:
D s ’ E

d[m;n]=j ®sinp¢ + a¢N ;' (x=Tj m;y=Tj n)a o(x=T j m)
We now computethe weighted sum of the differentiatedsamplesaffected by the edgein row n with the

coefcients cﬁﬁ) usedfor reproductiorof polynomialxP with themodi ed kernel' 1 (x=T j m)g o(x=T j m):

X (p)
éon = ¢d [m;n]; (18)
m2S,

where S, is the setof columnindicesof the samplesaffectedby the edgealongrow n. It canbe shovn that

A dixA): X
(seeAppendix A) 0 A1 o 1,

P Mpij o, N : (19)
= | (tanp)P] tanp

pn =i ®

_ R, . . . .
wherem; arethe momentsof the samplingkernel: m; = 11 t/" o (t) dt. Since' ,(t) is known, its moments

m; canbe computednumericallyonceand stored.Besidesmo = 1 because » (t) satis es partition of unity.
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Algorithm 1 Subpiel EdgeLocation
1: De ne weight = 1,

2: Run a Canry-like edgedetectoron sampledimage,

3: Computethe differentiatedsamplesusing Equation(17),

4: for all position(i; j) detectedasan edgedo

5: nd the differentiatedsamplesn the neighborhoodf (i; ),
6: calculate¢p;, ¢1; and¢égj+1 using Equation(18),

7 calculate®, tan u and® using Equations(22),

8: store[® tanp ° weight] asa candidateedge

9: end for
10: while thereexists similar edgesdo
11: Merge similar edgesi.e. average[® tanpu °] andaddweight together
12: end while

13: Discardedgeshaving a too small weight.

Also, for symmetricfunctionslike B-splines,the odd ordermomentsare equalto zero.In the caseof B-spline,
it turns out that the even order momentsmy; can be calculatedanalytically To simplify notations,we now

write the quantityu, = ° + ﬁl For p= 0;1;2, formula(19) becgmes:

#
m m
Ly + 2_
tan p (tan )

Solving directly this systemof equationdor ®, ° andu leadsto an ambiguity aboutthe sign of the anglepu of

, . . . my ° 2
éon = | ®Mg; a;n=|®moun+m, éan =i ® moup + 2

(20)

the edge.To overcomethis and nd the angley, we considerinsteadtwo consecutie rows, i.e. n andn + 1,

and computeéx-n andéxn+1 . It turnsout that this approachgives a simple relation for
tanp= — S0 (21)
din+l | <dLn
The completesolutionfor a single stepedgeis thengiven by:

A, n + 1 . . n. X
®=j épn; tanp= ———— w'_” —; and ° = ( )C’l_’n' clin+l (22)
dn+l | dLn in

whereit hasbeenassumedhatmg = 1 andm; = 0. Thus Equations(22) allows the calculationof the exact
parameterof a stepedgefrom its sampledversionusing only two consecutie rows and measurementgy .,
up to orderone.

It is possibleto extend this analysisto any numberK of parallel step edges.Suchsignalis speci ed by

NS 3D E
h(x;y)= &H doN (23)
k=1
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(@) (b) ()

Y/ !
RN

Fig.6. (a)Originalimage(1024x1024pirls); (b) Sampledmagewith a B-spline(64x64pixels); (c) Horizontally differentiatedsamples;

N\ L/
\

(d) Canry edgedetection;(e) Retrieved edgeswith Algorithm 1; (f) Retrieved edgesplotted againstthe original image.

with dic = (X i °k;y)". We prove in AppendixB that the anglept canbe retrieved usingthe sameformula as

in Equation(21). Moreover, by de ning the quantity g,, asfollows:
8

2 .. -0
_ a;n s p= o;
QD;n—> . Poi1ipt m,, . >0 (24)
o doni =0 ng”’ p ;
we canshaw that this quantity can be written in the form of a powersumseries:
X
Gn= L kCU)®  P=OLInMI L (25)
k=1
whereuygn = °k + =+ and, x = i ®&mg. The K pairs of unknavns f | \; ux.ng can then be retrieved by

tan
applyingthe annihilating lter method(a.k.a.Prory's method)providedthatM | 2K . For moredetailson the

annihilating Iter method,we referto [46], [10], [41].

To determinethe correctsetof samplesaffectedby a given edge,we rst run a simple edgedetectore.g. a
Canry edgedetector We thenretrieve the sampleson the row surroundingeachposition labeledas an edge.
Since the kernel has a compactsupport,the numberof samplesaffected by an edgeis nite. The samples
arethenusedto computethe parameter®f potentialstepedgesfrom Equations(22). Edgeshaving the same
parameterarefusedtogetherby averagingthe parametersogetherandby increasinghe weightof this edgeby
one.Thus,a stepedgethathasbeenextractedk timeshasin the enda weightequalto k. Finally, edgeswith a
weight below a given thresholdare discardedn orderto keeponly edgeswith sufciently large weights.This
procedurds describedn the pseudo-codef Algorithm 1. By consideringonly horizontaldifferentiationsasin

Equation(17), horizontaledgescannotbe extracted.In practice,Algorithm 1 is run on the sampledmageand
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on the transposedmagein orderto nd all possiblestepedgesandboth resultsare fusedagain. The rational
of this approachis to nd the largestpossibleregion wherea stepedgeoccursby discardingoutliers so that
averagingof the parametersmpraves stability and robustnesso noise (seethe CramérRao bounds).

Figure 6 shavs how the edgeextraction is performedwith Algorithm 1 on a syntheticimage presenting
different step edgeswith various orientations,amplitudesand offsets. Figure 6(a) shavs the original scene
beforeacquisition(1024x1024pixels). Figure 6(b) is the acquiredimage of size 64x64 pixels obtainedwith a
guadraticB-spline samplingkernel. Figure 6(c) is the differentiatedsamplesd [m; n]. Figure 6(d) shows the
position of potential step edgesusing the Canry Edge detector The retrieved edgesare presentedn Figure
6(e) and are also plotted againstthe original scenein Figure 6(f).

It is of interestto seehow the estimationof the parametersf the stepedgedegradesvhennoiseis presenbn
the samplesWe thereforeconsiderthe Cranér-Raolower boundwhich provideson averagethe bestestimation
of a setof parameteraising ary unbiasedalgorithm. In [24], Kakaralaet al have calculatedthe Cramér-Rao
boundfor the problemof edgelocalization.However, as opposedio our work, they do not take into account
the effect of sampling.Our proposedapproachcan provide exact resultseven for heavily dovnsampledsignals
andthe CranérRaoboundderivedin this caseprovidesa morerealisticboundthanthe onegivenin [24]. With
no loss of generality we assumea zero meanwhite Gaussiamoisewith variance¥?. The Cramér-Rao lower
boundis derivedin the caseof our stepedgedetectorin AppendixC. Figure7 (a) and(b) shav the scatterplots
of the stepedgeparametergu = ¥#4 and® = 0) comparedo the Cranmer-Rao boundsfor SNR levels from 0
to 50 dB for a sampledimage of size 8x8 pixels (N = 8). Similarly, the averagestandarddeviations of these
parametersare also plotted versusthe Cranmér-Rao boundin Figure 7 (c) and (d). Simulationsshav that the

proposedalgorithm behaeswell down to noiselevel of 13 dB.

B. Image Ragistration

We follow a similar registrationapproacho the oneof CapelandZissermarusedfor supefresolutionin [7].
In their work, the featuresusedare cornerswhich are extractedwith the Harris cornerdetector This detector
can generallyachieve sub-pi>el accurag only up to 1/3 to 1/4 of a pixel by using quadratic tting in the
neighborhoodf the local maxima.However, it is still possibleto achieve a preciseregistrationprovided that
a large numberof featurecan be extracted(several hundreds).Thus,in this case,the registrationerror due to
the approximateocation of eachcornertendsto diminish asthe numberof extractedfeaturesincreases.

On imageswith low resolution,only a small numberof features,say betweenl10 to 20, can usually be
extractedin eachimage and matched.Thus, very accurateextraction of featuresis essentialto obtaining a
preciseimage registration. For this reason,the step edge extraction techniquedescribedin Algorithm 1 is

usedto nd possiblecontoursin the low-resolutionimages.Intersectionf edgesare thencomputedto locate
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Fig. 7. Retrieval of a stepedgewith parametergp = ¥=4 and® = 0) in an8x8 pixelsimageundernoisy condition.(a)-(b) Scatterplots
of angleand offset versusCramérRao bound;(c)-(d) Standarddeviation (averagesover 10000realizations)versusCramér-Rao bound.

(a) (b) (c) (d)

Fig. 8. (a)-(b) Extractededgesandcornerswith our approacton two low-resolutionimagesof size64x64pixels each;(c)-(d) 6 corners

are matchedwith correlation+RANSA methodsplotted againstthe high resolutionimages(512x512pixels).

possiblecornersin theimage.A rst putative transformatioris calculatedrom correspondindeaturesobtained
by usinga correlation-basethatchingalgorithm. The estimatedransformations theniteratively re ned using
a RANSAC proceduresimilarly to [7].

To assesghe accurag of the proposedfeature extraction methodin the context of image registration, we
compareit to the Harris corner detectorin the following experiment.A high resolutionimage of a simple
scene favorableto both our methodand the Harris cornerdetectoris rst acquired.The scenecontainssteps
edges,sharpcorners,text and textures. The acquiredpictureis then croppedat two differentknown locations

to createtwo picturesf; andf, with different elds of view and size 512x512pixels. The transformation(a
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Fig. 9. (a)-(b) Extractedcornersusing Harris methodon two low-resolutionimagesof size 64x64 pixels each;(c)-(d) 18 cornersare
matchedusing correlation+tRANSA methodsplotted againstthe high resolutionimages(512x512pixels).

single translation)betweeneachpicture is known exactly andis givenby: t = [0 28]" : Eachimageis then
arti cially downsampledwith a quadraticB-spline of scale8 giving two imagesof size 64x64 pixels each.
Featuresare then extractedfrom g; and g, using either the Harris cornerdetectoror our step edgedetector
The functionsusedin this researchfor the subpidel Harris cornerdetectoy the correlationmatchingand the
RANSAC tting areavailablefrom [26].

The featuresextractedwith our approachare shavn in Figure 8(a) and (b). Six cornersin total have been
successfullyocatedfrom the extractededgesandmatchedacrosghetwo imagesusingcorrelationandRANSAC
techniquesThe matchedeaturesare plottedagainstf ; andf , for avisual appreciatiorof the subpixel accurag
(see8(c) and (d)). The featurepoints returnedby the Harris cornerdetectoron eachimage are presentedn
Figure9(a) and (b). Eighteencornershave beenmatchedsuccessfullyacrossmagesandare plotted againstf 1
andf, on Figure9(c) and (d).

Eachsetof featureds independentlyisedto estimateghetranslationt betweerthetwo images.The estimated

translationand registrationerrorswith our approachare:
t=1[ 0:15 28:13]T and " = "nax= 0:039 pixel:
Similarly, the estimatedranslationand registrationerrorswith the Harris featuresare:
t=1[ 0:94 2693 and "= "pu= 2:04 pixel:

Thus, althoughonly one third of the numberof cornerpoints have beenextractedwith the proposedmethod
in comparisorto the Harris cornerdetectoy the registrationaccuray is improved by a factor50 usingthe step

edgeextractor

V. APPLICATION TO IMAGE SUPER-RESOLUTION

The goal of imagesuperfresolutionis to constructa single,detailed high-resolutionmageusinga setof low-

resolutionimagesof the samescene.The problemof image superresolutioncan be conceptuallydivided into
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(a) (b) () (d)

Fig. 10. Image supefresolutionfrom translatedimageswith registration basedon moments;(a) Original high resolutionimage
(512x512piels); (b) One of the 24 low-resolutionimages(64x64 pixels) usedin the supefresolutionsimulation; (c) Supefresolhed
imageobtainedfrom the discretemomentsandthe Wiener lter, 512x512pixels, PSNR= 16.8dB; (d) Supefresohed imageobtained

from the continuousmomentsandthe Wiener lter, 512x512pixels, PSNR= 19.6 dB.

two sub-problem&nown asimageregistrationandimagereconstructionlmageregistrationaimsat nding the
disparitybetweerthe low-resolutionimageswhereasmagereconstructiorconsistan fusingthe setof registered
imagesinto a singleimageandremaoving ary blur andnoiseintroducedduring acquisition([11])*. We consider
in this work two restorationtechniquesthe Wienerdecoivolution approachandtheiteratve Modi ed Residual
Norm SteepesDescent(MRNSD) [31](a.k.a.EMLS [25])2. The Matlab function deconvwnr is usedfor the
Wiener decowolution taking the known PSF as input parameterThe MRNSD techniqueis an Expectation-
Maximization iterative algorithmwhich forcesthe solutionto be nonneative.

An overvien andtutorial of supefresolutiontechniquesanbefoundin [32][14]. Most earlierworks focused
on the restorationstageassuminghat traditional registrationmethodsprovided a sufciently accuratesolution.
However, asalsoobsened in [36], the quality of the restorationin supefresolutionproblemsdependsheavily
on the accurag of the registration.lt is thereforequite naturalto testour registrationalgorithmsin the context

of imagesuperfresolution.

A. Image Superfresolution: Simulations

1) Moment-base®Rggistration: The moment-basedegistrationmethodis appliedto the caseof imagesuper
resolution.The rst experimentis shavn in Figure 10. As in the registrationexperimentswe usea single high
resolutionimage(Satelliteimage,512x512pixels) shavn in Figure 10(a)to generate?4 otherimagesrelatedby
translationsEachof theseimagesis blurred and downsampledwith a cubic B-splineto give a low-resolution

imageof size 64x64 pixels (seee.g. Figure 10(b)). This setof low-resolutionimagesis thenusedas input for
!Notice thatit is correctto divide the supesresolutionprobleminto the two aforementionegub-problemsonly when the motion is

linear andthe PSFis spatially and rotationally invariant [12].

20ther methodshasedon Total Variation ([9] [15]) are not considerechere.
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(a) (b) (c) (d)
Fig. 11. Imagesupetresolutionfrom translatedmageswith registrationfrom the extractededgesand detectedcorners;(a) Original

high resolutionimage (512x512pixls); (b) One of the 20 low-resolutionimages(64x64 pixels) usedin the supefresolutionsimulation;
(c) Superresohedimagewith the Harris cornerdetectorand Wiener lter , 512x512pixels, PSNR= 15.1dB; (d) Supefresohedimage
with the proposededgedetectorand Wiener lter, 512x512pixels, PSNR= 15.6 dB.

supefresolution.The translationsareretrieved from the discreteandthe continuousnomentsof eachimagefor
comparisonlin the caseof the discretemomentsthe registrationerror averagedover the 24 framesis 2 = 0:11
pixels with a maximum registrationerror of 2,5x = 2:5 pixels. In the caseof the continuousmoments,the
registration obtainedis exact to machineprecision.For a fair comparisonthe Wiener Iter is usedin both
casedor restoratiomasit is fastanddoesnot involve iterations.The superresohed imagesareshavn in Figure
10(c) and(d). Theimagein Figure 10(c) is obtainedafter registrationwith the discretemomentsandthe nal

PSNRis equalto 16.8dB. The supefresoled imageshowvn in Figure 10(d) resultsfrom the utilization of the
continuousmomentsfor registration. The image hasa higher PSNR= 19:6 dB. Thus, by consideringmore
accuratdeaturedik e the continuousmomentsinsteadof the discretemomentsthe registrationis improved and
canleadto superresohed imagesof higher quality.

2) Edge-basedRaistration: In this secondexperiment,we considerthe registrationbasedon the extraction
of stepedgesAs in the previous section,we generated®0 imagesof scene(Figure 11(a)) by croppinga high
resolutionimageat differentlocations.Theimagesarethusrelatedby translationsandeachimageis thenblurred
and downsampledwith a quadraticB-splineto generate20 low-resolutionimagesof size 64x64 pixels (Figure
11(b)). In this simulation,two featureextraction methodsare consideredthe proposedstepedgeextractorand
the subpidel Harris cornerdetector As previously, in orderto do a fair comparisonwe do not usean iteratve
methodbut considerthe Wiener Iter asrestoratiormethodin both casesThe supefresolutionalgorithmbased
on the Harris featuresis inspired by the work of Capelet al in [7] wherea similar approachis considered.
With Harris features,the averageregistration error averagedover the 20 framesis ¢ = 0:44 pixels and the
maximumregistrationerror obsened in the 20 imagesis 2nax = 2:04 pixels. The numberof matchedfeatures
variesbetweenl3 and 21 corners.With our extractedfeaturesthe averageregistrationerror averagedover the

20 framesis = 0:044 pixels and the maximumregistrationerror obsened in the 20 imagesis 2,5« = 0:14
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Fig. 12. Estimationof the PSFwith the SlantedEdgeMethod; (a) Imageof a slantedwhite squarewith stepedgesfor PSFestimation

(acquiredwith a Nikon D70sdigital camera);(b) Zoom on the tamget; (c) MeasuredLine SpreadFunction(solid line). Its supporthas
length 8 rangingfrom -4 to 4. The samplingkernel' (t) caneitherbe modeledby a B-splineof degree?7, ;7 (t) (dashedine) or by a
B-spline of degree3 scaledby 2, "3 (t=2) (dash-dotline).

pixels. Six featuresare matchedin arny pair of imagesin the setand the registrationis improved on average
by a factor 10. The supefresolutionresultsare similar to the previous casewhere global featureswere used.
Figure 11(c) presentghe supefresohed image obtainedwith Harris features.This image shavs more artefact
(PSNR= 15.1 dB) comparedto the supefresolhed image obtainedwith the proposedregistrationtechnique
which delivers a bettervisual quality anda PSNR= 15.6 dB. This simulation,thus, betterhighlights the fact

that more accurateregistrationleadsto bettersupetresolution.

B. Image Supefresolution: Real-caseScenario

In this sectionwe considerthe caseof imagesupefresolutionfrom realimagesacquiredwith a digital camera
(Nikon D70s). The following experimentsthus naturally include the naturalnoisethat occurson the samples
during acquisition. The registration approachconsideredhereis basedon the continuousmoments.Since it
takes a samplingpoint of view, we don't want our image samplesto be modi ed by internal post-processing
thatis usuallyappliedinside a digital cameraright after acquisition(e.g. edgesharpeningr noiseattenuation).
For this reason,the set of imagesis acquiredin RAW format. In a rst experiment,picturesare taken in a
classroonmwith afocal lengthat 18mm(35mmequialent:27mm)andothersettingsat F16,1/60sand1SO 200.
The slantededgemethodis usedto estimateshe PSFindirectly by measuringrst the Edge SpreadFunction
(ESF)[4. By differentiatingalongthe edges normaldirection,the Line Spreadrunction(LSF) canbe obtained
and representsa cross-sectiorof the PSFE Only one LSF is necessarfo characterizea circularly symmetric
andspatiallyinvariant PSE The estimationof the PSFis presentedn Figure 12. The acquiredimageis shavn
in Figure 12(a)andthe target usedfor the PSFestimationis shavn in Figure 12(b). The estimated_SF is the
solid line in Figure 12(c). It canbe obsenred thatits supportis approximately8 pixels, rangingfrom -4 to 4.

The PSFis thereforemodeledby two differentB-splineswith support8: a B-splineof degree7, 7 (t) (dashed
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(@)

(b) (€) (d)

Fig. 13. Realimagesupefresolutionfrom 40 imagesacquiredwith a Nikon D70s SLR camera;(a) One of the 40 imagesacquired
by the camera;(b) Region of interest(128x128pixels) usedfor supefresolution;(c) Supefresohed image of size 1024x0124pixels
(SRfactor= 8). The PSFin this caseis modeledby a B-splineof order7 (scalel); (d) Supefresohed imageof size 1024x0124pixels
(SR factor= 8). The PSFin this caseis modeledby a B-spline of order3 (scale2). Both imagesare restoredwith 60 iterationsof the
MRNSD method.

line), and a B-spline of degree3 scaledby 2, 3 (t=2) (dash-dotine).

The target usedfor PSFestimationis thenreplacedwith a Tiger plushanda nenvspapern(seeFigure 13(a))).
Keepingthe camerasettingsunchanged40 imagesare taken from random positionsby moving the camera
horizontally and vertically betweeneachacquisition.It shouldbe notedthat the distancebetweenforeground
objects(desks,chairs)and backgroundobjects(blackboard)is large and traditional registrationtechniqueghat
considersthe whole image would not achieve good subpidel accurag unlesssegmentationis rst applied.
Sincethe proposedfeatureextraction techniquescan be exact on low-resolutionimage, we considerdirectly
the regions of interestfor registrationand thus estimatean accuratdocal motion. The sameregion of interest
of size128x128pixelsis selectedn eachimage(Figure 13(b)) andonly this region is usedfor registrationand
restoration.

The samplingkernelis rst modeledby the B-spline of degree 7. We register the imagesusing continuous
momentsand the fusedimageis restoredwith the MRNSD method.The obtainedsupefresoled image (SR
factor=8) is shavn in Figure 13(c). In the secondcase the samplingkernelis modeledby a B-spline of degree
3 scaledby two. Becauseof the scaledkernel, the device is oversamplingby a factor two with respectto
our model. The samplingperiod is consequentlyeducedby a factor two and the samplescan be written as:

g[m;n] = K (x;y);" (Xx=T i m=2;y=Tj n=2)i: Two consecutie samplesare now distantby T=2 instead
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(@) (b)
Fig. 14. Realsupefresolutionof the Moon from 60 imagesacquiredwith a Nikon D70s SLR cameraanda lens(18-70mm,F3.5-4.5)

setat a focal length of 38mm (35mm equi.: 57mm).(a) The Moon as acquiredby the camera(60x60 px); (b) Supefresolhed image
of the Moon (600x600px) with MRNSD restorationmethod.

of T andeven and odd samplesmustbe treatedindependentlyso that polynomialreproductionis satis ed. We

thus decomposehe obsenred samplesinto their four polyphasecomponentg10]:
8

% gl2m;2n] =K (xy);" (x=T i my=Tj n)i
g2m;2n+ 1] =KW (x;y);" Xx=Tj m;y=Tj nj 1=2)i
gl2m+ 1;2n] = H (x;y);" (Xx=Ti mj 1=2,y=Tj n)i

gl2m+ L2n+ 1] = H (Xy);" (X=Tj mj 1=2,y=T | nj 1=2)i

For eachregion of size 128x128pixels (Figure 13(b)), four sub-imagesf size 64x64 pixels are considered
separatelyeachone correspondingo a polyphasecomponent.The continuousmomentsof each polyphase
componenarecomputedandusedfor registration.For eachimagepairs,four estimationof the registrationare
obtainedandthenaveragedThe supefresohedimageachieved afterregistrationfrom the polyphasecomponents
is shavn in Figure 13(d). As in the previous case,we restoredthe image using 60 iterationsof the MRNSD
algorithm.The supefresohedimagepresentsa goodlevel of detailandis lesssaturatedhanthe imageobtained
with B-spline of level 7.

Anotherexperimentis presentedn Figurel14. Sixty picturesof the Moon aretakenwith a digital SLR camera
anda lenswith afocal lengthat 38mm (35mmequvalent: 57mm)andsettings:F16, 1/60s,1SO 200. The PSF
in this caseis not estimatedas previously andis directly approximatedwith a cubic B-spline at scalel. The
MRNSD algorithmis usedasrestorationrmethod.Figure 14(a) shavs the Moon asacquiredby the cameraand

Figure 14(b) presentghe obtainedsupefresohed imagewherenew detailsof the Moon cannow be obsened.

V1. CONCLUSION

We have presentedn this papertwo novel approachegor featureextraction that take maximumadwantage
of thea priori knowledgeof the acquisition Iter andthatarebasedon the basicprinciplesbehindthe sampling
of FRI signals.The rst proposedmethodallows the exact retrieval of the continuousmomentsof an object
from its sampledimage. The secondmethodretrieves the exact location of local image featuressuchas step

edgesor parallel edges.Theseare then usedto retrieve the exact location of cornerpoints which are utilized
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for the exact registrationof low resolutionimageslike in the context of image supefresolution.Experimental
resultson arti cially sampledmagesandnaturalimagesshows the ef ciency of the proposedeatureextraction
methodsandthe validity of the proposedacquisitionmodel.

Althoughthe useof thesenew methodswasdemonstrateanly for registration,thesetechniquesanalsobe

usedfor patternrecognition,cameracalibrationand photogrammetryThis is part of our on-goingresearch.

APPENDIX A
W Equation(19): e 1 m e, 0 %,
e now prove Equation(19): éon = i o U @y e

Proof: We rst recall the following relation betweenthe momentsm,, of functionf (t) andthe moments

mg of the translatedfunctionf (tj T):

z z Ar 5 Al
0 ® T p i i k X p i
mp= f(ti T)tPdt=f (x)(x+ T)Pdx = K TC f (x)xPi ¥dx = K T mpi k. (26)
k=0 k=0
Let- = [j L; L] bethe supportof the samplingkernel' 5 (t). For simplicity, we assumerl = 1:
X
in = cPd [m; n]
m2S, .
X D s E
= | ®sinp P+ @eN ;' (xj miyi n)e o(xi m)
m2S,
* 0 1 +

’ X
= [ ®sinp £ dON ;@ Py (xj m)aTo(xi mA- " a(yi n)
m2S,

D s ’ E
= j®sinp = d¢N ;xP- ' o(yi n)
Z il z
= j ®sinpu "2(yi n) (i xsinp+ ycosu+ ° sinp) xPdxdy
nj L
Ll z Hop To gt
e . ] . + . + + o 1
i ®Zlnu - 2(yi n) (it yj]osu sin ) sin —Sinud
n+L My cosu+ ° sinp' P
= i® a(yqon) LERET STE gy
ni L sinpu
= '®ZL‘ t ut+n+°ﬂpdt
L 2(t) fan
. ® Z L
| ' ) p .
— +n+
@n P . 2()(t+n tan W" dt;
. P io¢ - R .
thenapplying Equation(26), we obtain: ¢p:n = (t_al% P "i’ Mp; i (N + °tanp)'; wherem; =t ,(t) dt
hich nally yields: K
wnicn nally Yyielas )(PA! . u 1,
_— P Mpii o n :
éon =i ® L it Le—
o | (tanp tan
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Letd [m; n] bethedlfferentlatedsampIeS)f thesignalh (x; y) composeaf K parallelstepedged ®; °k; Ug.

We have h(x;y) = I(1®<H di(, ; with dg = (X j k,y) .
2= We now prove thatfor K parallel stepedges Equation(21) is true: tan p=

Proof. From the previous Appendix, it is straightforvard to shov that:

. X (p)
pin ayd [m; n]
m2S,
X X D3 ’ B E
= i &sinp P £ G ON ;' (xi myj n)a o(xi m)
k=1 Amlzsn
= X( i ®K)@ P Li,u°k+ L I
e S I (tan P ta:n H
X  Me X .
= p % i ®K(Uk;n)I ;
izo ! (tanp) k=1
whereug., = °k + tan'& We then have: 3
! A
m; X X m; X X
dn+l i én = i ®& + mg i ®&Uicn+r i i ®& + mg
tany, k=1 tany,_, k=1
X @ ,
| ain
= mo i ®& (Ukn+1 i Ukn) = Mo = —;
o1 oy AN tanp
which nally leadsto the desiredresult.
> We now prove Equation(25) with | x = | me® andug., = °k + ﬁﬁ
8
X 2 on s p=0;
&n=  ,k(ucn)®; where gn=_ " p ¢
_ - ;. H pl p mFHJ > 0
k=0 Qn | J=0 | mo(tan H)Px ] g n. P )

Proof: First, the casefor p = 0 is straightforvard sinceby de nition, we have:

X X
&:n = éon = Mo i ®& = .,k
k=0 k=0
For p> 0, we have: 9{1;\ !
m .o
&n = épni P i | Jg;n'

j=0 j mo(tan P! .

Moving the summationterm to the left side of the expressiongives:
A

X p Mpij

=0 | mo(tanpP

&in t

oin

éin+1 i éun

(27)

i ®Uk:n

After assimilatinggh:n in the left summationand recalling the de nition of ¢y, in Equation (27), we

obtain: Al Al A
. - n 149 . D U————
j=o mo (tan P! o | (tanpP' o,
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Then by identifying eachterm of the summationon eachside of the expressionabove, we have:

1 X :
—@n = i ®& (Ukn) :
Mo k=1
We canthen concludewith the desiredresult:

X X .
gn = i Mo® (Un)' = ok (Ukn)'

k=1 k=1

APPENDIX C

DERIVATION AND EVALUATION OF THE CRAMER-RAO BOUNDS

The signal we consideris madeof K step edges,eachstep edgeis determinedby the three parameters

ai; ;i We form a vector of the unknavn parametersas follows:
£ = (aog;a1; = ak ;s Hos s =5 M s %03 015 0 Pk
We aim to retrieve £ from the measuredsamples
Yom = HEOGY)" (=T i ny=Ti m)i+2ym; nm=01:Nj 1

where?,.,, is i.i.d. additve Gaussiamoisewith zeromeanand variance¥#. For simplicity we denoteyn.m as
follows:

Yam = F(E;n;m) + 20

The performanceof ary unbiasedestimatorf is lower boundedby the CragnerRao bound:,var(ﬁ) N,
wherel (£) is the FisherInformation Matrix (FIM) dened asl(£) = E r I(E)r I(E) T andI(f) is the
log-likelihood function.

First noticethat pp($nmi£) = P(Yrym i T (1 N; M)); where
A !

22

n;m

P(?nm) = p]':exp i a
' YR 2%

Hence,usingindependeng of the noisesampleswve have:

N 1N 1 i 1 1
[(W) = INP(Yo0; P00 59N 1wy JE) = In Py($nmJE) = INp($am i f(E;N;m)):

n=0 m=0 n=0 m=0
Next, we computethe partial derivative of the log-likelihoodwith respectto the parametergy;. We obtain:
@E) _ 1XIXL @ E;mn)
A nom —————"
@ v n=0 m=0 @
1 N 1N 1
r i) = % 2omr T(E;n;m):

n=0 m=0
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We cannow determinethe Fisherinformation matrix:

3 -

IE) = Eri@ri@’
|
EAlx XXX, f(E:n; f£'|'kT.
= %n | kn;ml;kr (E;n,m)r f(£;1;k)
1X X X X
@ 7 E Crm 214" (€ ;nim)r £ (€11 K)T
n - m | k
i 10K 1
& % rfE;n;mr fE;n;m)’;
n=0 m=0

where (a) follows from the linearity of the expectationand (b) from the fact that the noiseis uncorrelated
(independent)The CranerRao boundis thus given by:
N EUE it
CRB(f) = %% rfE:nmrfE;n,m?’

n=0 m=0

The evaluationof the FIM is not straightforvard, however, if we assumehatthe edgesaresufciently apart,
thenwe cantreateachedgeindependentlyMoreover, sinceour maininterestis the localizationof the edge,we
assumehatthe edgehas x ed knovn amplitudeap = 1 sothatthe parametricspaceis reducedio £ = (1; °).
We assumehatthe signalf (x;y) is de ned over the domain[0; ¢] £ [0; ¢] with the samplingperiodT = ¢=N.
The samplingkernelis ' (x;y) = o(X) o(y), where o(x) = 1 for x 2 [0; 1]. We thusobtain:

- Z, 2,
@Enm _ @ F0GY) o(x=T i n)o(y=Ti m)dxdy

? £oe, i i
= —u(j Xsinp+ ycospu+ °sinp) o(Xx=T j n) o(y=Tj m)dxdy
il il @
V4 1 Z 1
= sinpt(j X sinp+ ycosp+ ° sinp) o(Xx=T i n) o(y=T i m)dxdy
Z% 77 ) ) it
= sinp(j t+ ycospu+ ° sinpl) o(t=(T sin) i n) o(y=T i m)mdy
75 M o i 1T 1
_ — T ycosu+ sinp - Ty
i 0 T sinp ! ° T y
ZmapT_ Ky o T
T 0 T'[an|1+?l n dy
and
Z, Z
£;n;m 11 _ _
SELM = 2 H0ay) oeT i) oy=Ti mdey
91[ 2,
= L @u(i Xsinp+ ycosp+ °siny) o(x=T j n) o(y=T i m)dxdy
zz !
= (i xcospj ysinp+ ° cospt(j xsinp+ ycosp+ °siny) o(Xx=T j n) o(y=Tj m)dxdy
22 1y dt
= (tallTui ysinp+ ° cosp)#(j t + ycosp+ °sinp) o(t=(T sinp) i n) o(y=T i m)mdy
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Z, U . M . T 1
_ 1 17 ycosu+ °sinp . R — ycosp+ °sinp -y
T osinpg g ! tan p Pysinps cost o T sinp o 7! dy
Z (m+1) T y _H oy o T
= i + —j n dy
mT "sirPp © Ttanp T y

Given the above two equationsijt is possibleto evaluate(at leastnumerically)the Fisherinformation matrix
for speci c valuesof ° and . Disregarding the trivial casesy = 0 and = ¥&2, an interestingscenariois

when® = 0 andp = ¥#4. In this casewe have:

@(E;n;m)_2 T forn=0;1;=;Nj 1 and m= n:
@ " 0 Otherwise
and 8
@E;mm) < i@n+1T? forn=0;1;:5;Nj 1 and m= n:
@ N Otherwise

This leadsto the following Fisherinformation matrix:
1ry<i1u@ﬂ2 T4 1
| (E) 11 = 75 —_— = -

4 n=0 @ v n=0
1% thglz NT2
% @ @ %

n=0

(2n + 1)%;

I (£) 22 =

1X'@@ _iNT?,
3%nzo@@1 %
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