
IEEE TRANSACTIONS ON IMAGE PROCESSING 1

ExactFeatureExtractionusing

Finite Rateof Innovation Principles

with an Application to ImageSuper-resolution
Lo�̈c Baboulaz*,StudentMember, IEEE, andPier Luigi Dragotti, Member, IEEE,

EDICS: MRP-WAVL (Wavelets),ISR-RGST(Registration/ alignment)and ISR-SUPR(Super-resolution)

Abstract

The accurateregistrationof multiview imagesis of centralimportancein many advancedimageprocessing

applications.Imagesuper-resolution,for example,is a typical applicationwherethequality of thesuper-resolved

image is degrading as registration errors increase.Popular registration methodsare often basedon features

extracted from the acquiredimages.The accuracy of the registration is in this casedirectly related to the

numberof extractedfeaturesand to the precisionat which the featuresare located:imagesarebestregistered

when many featuresare found with a good precision.However, in low-resolutionimages,only a few features

canbeextractedandoftenwith a poorprecision.By takinga samplingperspective,we proposein this papernew

methodsfor extracting featuresin low resolutionimagesin order to develop ef�cient registrationtechniques.

We considerin particular the sampling theory of signalswith �nite rate of innovation [10] and show that

somefeaturesof interestfor registrationcan be retrieved perfectly in this framework, thus allowing an exact

registration.We alsodemonstratethroughsimulationsthat the samplingmodelwhich enablesthe useof �nite

rateof innovation principlesis well-suitedfor modelingthe acquisitionof imagesby a camera.Simulationsof

imageregistrationand imagesuper-resolutionof arti�cially sampledimagesare �rst presented,analyzedand

comparedto traditionaltechniques.We �nally presentfavorableexperimentalresultsof super-resolutionof real

imagesacquiredby a digital cameraavailableon the market.

I . INTRODUCTION

Multiview camerasystemsare composedof a set of cameraspositionedat different locationsand focusing

on the samesceneof interest.Thus,at any given time, the i -th cameraacquiresa sampledimagegi [m; n] of

The authors are with the Communicationsand Signal ProcessingGroup, Imperial College London. E-mails: f L.Baboulaz,

P.Dragottig@imperial.ac.uk.Address:Communicationsand Signal ProcessingGroup, Electrical and ElectronicEngineering,Imperial

College London,Exhibition Road,LondonSW7 2AZ, England;Tel: +44 (0)20 759-46192; Fax: +44 (0)20 759-46234.

This work was in part presentedat ICIP'06 andICIP'07 [2][3].

October15, 2008 DRAFT



IEEE TRANSACTIONS ON IMAGE PROCESSING 2

the particularview f i (x; y) it hasof the scene.To take advantageof suchsystemsand useadvancedimage

processingtechniqueslike super-resolution,motion estimationor occlusionremovals, the �rst processingtask

of utmostimportanceis the accurateregistrationof the acquiredimages.The exact registrationof two images

consistsin �nding the geometrictransformationthat exists betweenthe view f i of onecameraandthe view f j

of a secondcamerawith a different location.However, the continuousviews areusuallynot availableand the

registrationis doneon the acquireddigital sampledimagesgi andgj .

Various surveys and books on image registration are available for an in-depth review of recentand more

classicimageregistrationtechniques[5], [49], [19]. Thesetechniquesoperateeither in the spatialdomainor

the frequency domainof the image.Frequency domainmethodscanbe computationallyef�cient but areoften

limited to global rigid motion asthe translationsandrotationareestimatedfrom the aliasedspectra[28], [18],

[45]. Thereare a wide variety of registrationtechniquesin the spatialdomain.Earliestmethodsinvolved the

useof thecross-correlationbetweenimagesasit is maximizedwhenthe two imagesarecorrectlyoverlaid [35].

Many variationsof this modelhave beenproposed,e.g. by preprocessingthe imageswith an edgedetector[1].

Registrationbasedon mutual informationis alsoa standardmethodusedin medicalimaging[34]. In [23], the

Taylorexpansionof the�rst orderis usedto �nd theparametersof theregistration.A largesetof methodsconsist

�rst in extracting featuresin imagesand then matchingthem acrossimagesin order to calculatethe existing

transformations.In thatcase,theregistrationis basedonly on theretrieved features.Local featuresarepointsof

interestin theimagelike thecenterof gravity of closedboundaryregions[17], [27] or corners.Variousautomatic

cornerdetectorshave beenproposed,like the famousHarris-Plessey detector[20] or the SUSAN detector[39].

More details on different corner detectorscan be found in [37]. In [7], correspondencebetweenfeaturesis

ef�ciently carriedout by �rst computingputative correspondenceswith a correlationmatchingalgorithm and

then re�ning them with a RANSAC algorithm [16]. Another typesof featuresare global featureswhich take

into accountthe whole image.They do not requireany featurecorrespondencestepbut a singletransformation

occurringbetweenany pair of imagesmustbeassumed.Imagemomentsaretheprevailing global featuresused

for estimatingimagedisparityandallow the retrieval of af�ne transformations[40], [21], [2].

Imageregistrationis an inverseproblemas it tries to estimatefrom the sampledimagesgi ; i = 1; 2; : : : ; N

the transformationthatoccurredbetweentheviews f i ; i = 1; 2; : : : ; N . It is alsodependenton thepropertiesof

thecamerausedfor imageacquisitionlike thesamplingrate(or resolution)of thesensor, theimperfectionof the

lensthataddsblur, andthenoiseof thedevice. As the resolutiondecreases,the local two-dimensionalstructure

of an imagedegradesand an exact registrationof two low-resolutionimagesbecomesincreasinglydif�cult.

In this respect,we observe that registration and samplingare intimately related.In order to achieve perfect

registration,one“brute-force” solutionwould consistin reconstructingperfectlythe continuoussignalsf i from

their sampledversionsgi and run a registration algorithm on the reconstructedcontinuoussignals.Another
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solution is to carry out a perfect estimationof relevant image featuresin f i from gi and run a registration

algorithmbasedon suchfeaturesalone.

Perfectreconstructionof a signal from its sampledversionis the fundamentalproblemin samplingtheory.

For bandlimitedsignals,the well-known Nyquist-Shannonsamplingtheoremshows that exact reconstruction

is possiblefrom the samplesonly. Moreover, new samplingschemeshave recentlyemerged allowing perfect

reconstructionof a certainclassof non-bandlimitedsignalscalledsignalswith Finite Rateof Innovation (FRI)

[46]. The peculiarityof thesesignalsresidesin the fact that they canbe completelydescribedby a parametric

expressionwith a �nite numberof degreesof freedom.By takinginto accountknown propertiesof thesampling

setup,the parametersof the observed FRI signalcanbe exactly retrieved. The new samplingschemesfor FRI

signalswere�rst proposedby Vetterli et al in [46] andthenextendedin [10] to thecaseof kernelswith compact

support.The multidimensionalscenariohasbeenconsideredin [29] and [38].

In this paper, we provide exactresultsfor featureextractionin low-resolutionimagesfor registrationpurposes.

We are primarily interestedin �nding the exact localizationof features.In that respect,featureextraction (or

localization)algorithmsdiffer from featuredetectiontechniqueswhich aremerelyconcernedwith theexistence

or not of featurein an image.We assumethat the samplingkernel is known andconsiderthe latesttheoretical

resultsfrom the samplingtheory of FRI signalsto derive new featureextraction techniques.The underlying

motivation in using the FRI samplingtheory is due to the fact that somefeaturesusedfor registration can

be modelledas FRI signals for which perfect reconstructionmethodscan be established.In particular, we

presenttwo novel featureextraction techniquesthat allow to retrieve exactly global featureslike moments

or local featureslike stepedgesin low-resolutionimages.From the extractedfeatures,standardfeature-based

registrationalgorithmsareusedto performimagesuper-resolutionasthis applicationrequiresa registrationof

high quality. We �rst show super-resolutionresultson syntheticimagesobtainedby simulatingan acquisition

device with known characteristics.We then apply the proposedalgorithmsto imagesuper-resolutionof real

imagescapturedwith a cameraavailableon the market. The quality of the super-resolved imagesin both cases

givesevidenceof the accuracy of the registrationandalsohighlights the validity of our acquisitionmodel.

The organizationof the paperis as follows. SectionII presentsthe principlesof samplingFRI signalsand

describesthe samplingkernelsand their properties.It also introducesthe imageacquisitionmodel considered

anddetailsthe problemof imageregistration.In SectionIII, we presentan exact methodthat retrievesglobal

featureswhich are then used for registration purposes.In Section IV, we demonstratea local approachof

featureextraction. We focus on the extraction of step edgesfrom which cornersare inferred. In SectionV,

both registrationmethodsare usedin the context of imagesuper-resolutionand variousexperimentalresults

areprovided. We thenconcludein SectionVI.
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I I . PROBLEM SET-UP

A. Image AcquisitionModel

This sectionreviews the idealizedimageformation model consideredin this paperand describeshow the

samplesare relatedto the observed view via the Point-SpreadFunction(PSF)of the camera.The diagramin

Figure1(a) presentsthe main componentsof a camerawhich leadto a digital imageof a given observed view.

The light raysare�rst focusedby the lensof thecamerabut, becausea lensis never perfect,they areinevitably

blurred beforehitting the imagesensor. As the quality of the materialand the size of the lens decrease,the

amountof blur introducedincreases.Variousothersourcesof blur alsoparticipateto the overall �ltering of the

ray lights. Thus,a diffraction phenomenonoccurswhen the size of the cameraapertureis of the sameorder

asthe wavelengthof the light rays.This introducesinterferenceson the cameraplanewhich areoften referred

as the “airy disk” or “blob”. Also, someamountof blur causedby motion or atmosphericconditionscan be

introducedanddeterioratethe observed view.

Anothermaincomponentof a camerais the imagesensor, eithera CCD (ChargeCoupledDevice) or CMOS

(ComplementaryMetal Oxide Semiconductor)array. It measuresthe amountof light received and outputsa

sampledimage,the termdigital imageusuallyreferringto thequantizedsampledimage.Sinceeachpixel value

resultsfrom the integration of the incoming light over a �nite spatialregion de�ned by the characteristicsof

the sensorarray (physical size,numberof pixel, technology),the sensorarrayalsocontributesin blurring the

image.In this research,we considerthat the overall blur introducedby the camerais characterizedby the PSF.

The PSF is often modeledby a Gaussianpulse in the literature but we model here the PSF with B-spline

functionsfor mainly two reasons.First, B-splinesarevery similar to a Gaussianpulse[44]. Second,B-splines

possesspropertieslike polynomialreproductionthatwe want to take advantageof. B-splineshave alreadybeen

usedasa PSFmodel in [33] but their polynomial reproductioncapabilitieshave not yet beenexploited.

Figure 1(b) presentsthe equivalent idealizedmodel to Figure 1(a) in terms of �lter and analog-to-digital

converter. The incoming continuousirradiancelight-�eld f (x; y) is �rst �ltered with the function ' (x; y).

This two-dimensionalfunction is the PSFthat characterizesthe cameraand is assumedknown. The blurred

observation g(x; y) = f (x; y) ¤ ' (¡ x=T; ¡ y=T) is thenuniformly sampledso that the discreterepresentation

of the observed view is given by the following equivalentexpressions:

g [m; n] = g(m; n) =
ZZ

f (x; y) ' (x=T ¡ m; y=T ¡ n) dxdy

= hf (x; y) ; ' (x=T ¡ m; y=T ¡ n)i ; (1)

where x; y 2 R, m; n 2 Z. We assumethroughoutthis paper that the sampling period is equal to T in

both dimensionsin order to simplify notations.As seenin Equation(1), the impulse responseof the �lter

representingthe lens is expandedby a factor T correspondingto the samplingperiod. As in the sampling
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Real-world
SensorLens Digital image

Camera

(a) From the real observed view to its digital representation

Tg(x; y)f (x; y)
' (¡ x=T; ¡ y=T)

g [m; n]

(b) Model of a camerain termsof �lter andanalog-to-digitalconverter

Fig. 1. Cameramodel: (a) the incoming irradiancelight �eld is blurredby the lensandsampledby the imagesensor;(b) Equivalent

model: f is the irradiancelight �eld, ' is the point-spreadfunction of the lens,g is the blurredirradiancelight �eld, T is the sampling

periodandg is the sampledimage.

theoryof FRI signals,thePSFis thereafterreferredto asthesamplingkernel ' (x; y) of theacquisitiondevice.

The samplingkernel is the time-reversedversionof the impulse responseof the �lter in Figure 1(b). When

writing Equation(1), it is implicitly assumedthat thesamplingkernelis spatiallyinvariant.Finally if thekernel

is separable,it can be written as a tensorproduct of two 1D functions: ' (x; y) = ' 1 (x) ­ ' 2 (y) so that:

g [m; n] =
RR

f (x; y) ' 1 (x=T ¡ m) ' 2 (y=T ¡ n) dxdy:

B. SamplingKernelsand Finite Rateof Innovation

The recentsamplingtheory for FRI signalsis concernedwith the problemof perfectreconstructionof non-

bandlimitedsignals.Examplesof FRI signalsare streamsof Diracs or piecewise polynomial functions.Such

signalsarenon-bandlimitedbut follow a parametricexpressionwith a �nite numberof degreesof freedom.For

example,a streamof Diracs is completelyde�ned by the locationand the amplitudeof eachDirac.

In anacquisitiondevice, the incomingsignalx (t) is �rst �ltered andthensampled.Theobtainedsamplesare

given by yn = hx (t) ; ' (t=T ¡ n)i wherethe function ' (t) is the samplingkernel.In this study, we consider

the set of samplingkernelsknown as polynomial reproducing kernels as describedin [10]. The particular

propertyof thesekernelsis their ability to reproducepolynomialsup to a certaindegreeby linearly combining

several shiftedversionssuchas:

X

n2 Z

c(p)
n ' (t=T ¡ n) = tp p = 0; : : : ; P; (2)

where c(p)
n are known coef�cients and P dependson the kernel itself. Such functions are said to have an

approximationorder equalto (P + 1). In [42], Strangand Fix proved the necessaryand suf�cient conditions
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for a function ' (x) to possesspolynomial reproductionqualities:

b' (0) 6= 0 and
d(k) b' (2i¼)

d! k = 0 for i 2 Z ¡ f 0g; k = 0; : : : ; P; (3)

where b' (! ) is the Fourier transformof ' (t). Theseconditionsare called the Strang-Fixconditionsof order

(P + 1). The coef�cients c(p)
n usedfor the reproductionof the monomialtp arecomputedas follows [4]:

c(p)
n = htp; ~' (t=T ¡ n)i =

1
T

Z
tp ~' (t=T ¡ n) dt; p = 0; : : : ; P; (4)

where ~' (t) is the dual of ' (t). The computationof the coef�cients c(p)
n is straightforward when ' (t) is

orthogonal,that is, when h' (t); ' (t ¡ n)i = ±n . In this case, ~' (t) = ' (t) and c(p)
n = htp; ' (t=T ¡ n)i . It

is more involved when ' (t) is not orthogonal.In this secondsituation,one hasto evaluatethe dual function

�rst and then the coef�cients. The computationof the dual of a B-spline is discussedlater in this section.

Thereexists a variety of functionssatisfyingStrang-Fixconditions.We considerin this paperthe family of

B-spline [43]. This function called centeredB-spline of degreeP is denotedby ¯ P (x) and can be obtained

recursively by successive convolution of the box B-spline ¯ 0 (x):

¯ P(x) = ¯ 0(x) ¤ : : : ¤ ¯ 0(x)
| {z }

(P + 1) times

; ¯ 0(x) =

8
>>>><

>>>>:

1; jxj < 1
2

1
2 ; jxj = 1

2

0; otherwise.

The Fourier transformof ¯ P (x) is given by:

b̄
P(! ) = [sinc(! )]P+1 (5)

and satis�es Strang-Fixconditionsof order (P + 1). Now assumethat ' (x) is a B-spline ¯ P (x). The dual

B-spline ~' (x) that forms a biorthonormalbasiswith ' (x) so that h' (x ¡ m) ; ~' (x)i = ±m canbe computed

as [44]:

~' (x) =
1X

n= ¡1

(b2P+1 )¡ 1 [n] ¢¯ P(x ¡ n);

where:

(b2P+1 )¡ 1 [n] $ (B2P+1 (z)) ¡ 1 :

Here,B2P+1 (z) is the z-transformof b2P+1 [n] = ¯ 2P+1 (n), n 2 Z. For further detailson the computationof

the dual we refer to [44]. Figure 2(a) and (b) show, as example,the cubic B-spline and its dual. Figure 2(c)

presentsthe reproductionwith B-splinesof the polynomial5x3 ¡ 120x over the interval [¡ 4; 4].

In two dimensions,similar resultscanbe derived. In particular, when ' (x; y) is a separablekernel,eachof

its componentsis reproducingpolynomialsso that we have:

X

m;n 2 Z

c(p;q)
m;n ' 1 (x=T ¡ m) ' 2 (y=T ¡ n) = xpyq; p = 0; : : : ; P; q = 0; : : : ; Q; with c(p;q)

m;n = c(p)
m ¢c(q)

n :
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Fig. 2. (a) Cubic B-spline; (b) Cubic Dual spline usedto calculatethe coef�cient c( p)
m ; (c) Reproduction(in red) of the polynomial

5x3 ¡ 120x (dottedline) with a linear combinationof scaledandshiftedcubic B-splines(in blue) over the support[¡ 4; 4].

A closer look at Equation(1) also revealsthat the samplingperiod T is also usedto rescalethe sampling

kernel. The reasonof this coupling is to maintain a unit spacing(relative to ' ) betweentwo consecutive

samplesin order to satisfy the polynomial reproductionpropertyas re�ected in Equation(2). However, it can

happenthat, in a realscenario,theshift betweentwo samplesis smallerthanT . For example,imageacquisition

devices like mobile phonesor webcamsusually introducea strongblur due to the low quality of the lens. In

that scenario,the supportof the correspondingsamplingkernel is large althoughthe imagesensorhasa good

resolution.If we assumethat the samplingperiod is reducedby an integer factor M , then the imagesamples

are in this casegiven by:

g [m; n] = hf (x; y) ; ' (x=T ¡ m=M ; y=T ¡ n=M )i :

The samplescanbe divided into their polyphasecomponentsg(i;j ) , i = 0; : : : M ¡ 1 and j = 0; : : : M ¡ 1:

g(i;j ) [m; n] = hf (x; y) ; ' (x=T ¡ m ¡ i=M ; y=T ¡ n ¡ j =M )i

= hf (x; y) ; ' (i;j ) (x=T ¡ m; y=T ¡ n)i ;

where ' (i;j ) (x=T ¡ m; y=T ¡ n) = ' (x=T ¡ i=M ; y=T ¡ j =M ). Eachpolyphasecomponentis treatedinde-

pendentlyandthe correspondingcoef�cients c(p;q)
M m+ i;M n+ j areobtainedusingEquations(4) with the sampling

kernel ' (i;j ) . This polyphasedecompositionwill be usedin SectionV-B.

C. Multiview Imagesand Registration Problem

Assumingthat eachcameraof a multiview systemhasthe sameintrinsic parametersandthe samesampling

kernel ' (x; y), then the acquiredimageby the i -th sensoris expressedas:

gi [m; n] = hf i (x; y) ; ' (x=T ¡ m; y=T ¡ n)i : (6)

By neglecting bordereffects, it is often assumedthat the different observations f i can be relatedto a single

observation of reference(e.g. f 1) via a geometrictransformationTi of the coordinatesx; y:

f i (x; y) = f 1 (Ti (x; y)) ; (7)
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whereT1 is the identity matrix. The transformationsTi can be of varioustypesdependingon the complexity

of thescene.Transformationsrangefrom simpletranslationto complex nonlineartransformations.We consider

here linear transformations,i.e. translation,rotation, af�ne transformationand projective transformation.The

imagingsituationcorrespondsto anobservedscenethat is �at, or to a 3D scenethat is observedfrom a distance

muchgreaterthanthedistancebetweencamerassothatparallaxeffectsarenegligible [7]. CombiningEquations

(6) and(7), we obtain the following popularmodel:

gi [m; n] = hf 1 (Ti (x; y)) ; ' (x=T ¡ m; y=T ¡ n)i : (8)

The goal of imageregistrationis thus to �nd the different transformationsTi as accuratelyas possiblegiven

theacquiredimagesf g0; g1; : : :g. As the resolutionof the imagesdecreases,lessinformationis availableanda

correctestimationof the Ti getsmoreandmoredif�cult. Imageregistrationbasedon (local or global) features

thereforerelieson the accurateextractionof featuresin f f i g given the informationprovided by f gi g.

I I I . IMAGE REGISTRATION WITH CONTINUOUS MOMENTS FROM SAMPLES

This sectiondescribeshow the continuousmomentsof an imagecan be calculatedexactly from a discrete

imagewhentheassumptionsrelatedto the imagingmodelconsideredaresatis�ed.Fromtheseresults,anexact

registrationcanbe achieved.

A. Continuousmoments

Sincethe �rst work of Hu [22], functionsof momentshave beenextensively usedin patternrecognitionto

build featuresthat are invariant to a given transformation[21]. In imagereconstruction,Milanfar et al showed

how a convex bilevel polygonalshapecan be perfectly reconstructedfrom a �nite numberof moments[30]

[13]. Finally, momentshave beenusedin variousways to performimageregistration[17][27][48].

A momentis de�ned by its type (geometric,centralor complex . . . ) and its order. The basicmomentsare

the geometricmomentsmp;q, of orderp + q, which areobtainedin 2D by inner productbetweenpolynomial

planesand the function of interestf (x; y):

mp;q =
ZZ

f (x; y) xpyqdxdy; p;q 2 N: (9)

The barycenter(xb; yb) of f (x; y) is de�ned as (xb; yb) =
³

m 1; 0

m 0; 0
; m 0; 1

m 0; 0

´
: The centralmoments¹ p;q are then

expressedas:

¹ p;q =
ZZ

f (x; y) (x ¡ xb)
p (y ¡ yb)

q dxdy =
pX

k=0

qX

l=0

Ã
p
k

! Ã
q
l

!

(¡ xb)
p¡ k (¡ yb)

q¡ l mk;l : (10)

The complex momentsCp;q arede�ned on the complex imageplanez = x + j y, j =
p

¡ 1 as:

Cp;q =
ZZ

f (x; y) (x + j y)p (x ¡ j y)q dxdy =
pX

k=0

qX

l=0

Ã
p
k

!Ã
q
l

!

j p¡ k+ q+ l (¡ 1)q¡ l mk+ l ;p¡ k+ q¡ l : (11)
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As shown above, the various types of momentscan be obtainedby a linear combinationof the geometric

momentswhich thereforeconstitutethe basicelementsof moment-basedanalysis.

With an imageacquisitionsystem,the observed view f (x; y) is not availableso the true momentsmp;q of

thecontinuousfunction f (x; y) cannotbedirectly computed.Instead,they areapproximatedfrom theacquired

imageg using the discretizedversionof Equation(9):

mp;q =
X

m;n
g [m; n] (mT )p (nT )q : (12)

When the resolution of g gets low, the discretemomentsmp;q do not provide a good approximationof

the continuousmomentsand this discrepancy can degradethe performanceof any moment-basedtechniques

dramatically. An alternative solution might be to deconvolve eachimage �rst and then evaluatethe discrete

momentson thedeconvolvedsamples.This approachmayimprove theendresultbut doesnot solve theproblem

whenthe resolutionis low as indicatedin Figure3.

In [10] and [38], new samplingresultswereproposedfor 1D and2D FRI signals.In particular, it is shown

that it is possibleto computethe exact momentsof an FRI signal from its sampledversion,provided that the

samplingkernelsatis�estheStrang-Fixconditions.In this paper, we proposeto usetheseresultson real images

in orderto extract the true continuousmomentsof a realobjectf from its samplesg. The continuousmoments

areobtainedby linear combinationof the sampleswith the coef�cients c(p;q)
m;n as follows:

mp;q =
Z Z

f (x; y) xpyqdxdy

(a)
=

Z Z
f (x; y)

X

m

X

n
c(p;q)

m;n ' (x=T ¡ m; y=T ¡ n) dxdy

=
X

m

X

n
c(p;q)

m;n

Z Z
f (x; y) ' (x=T ¡ m; y=T ¡ n) dxdy

(b)
=

X

m

X

n
c(p;q)

m;n g [m; n] ; (13)

where(a) and(b) follow respectively from Equations(2) and(1). Thustheproposedcombinationof thesamples

with c(p;q)
m;n allows the extraction of the exact momentsfrom a sampledversion of the observed continuous

scene.Oncethe continuousgeometricmomentsareobtained,other typesof continuousmoments(e.g. central

or complex) canbe calculatedusingEquationslike (10) and(11).

Figure 3 (a) and (b) show how the estimationof the momentsusing Equation(12) or (13) changeswhen

the resolutiondecreases.Figure 3 (a) is the casewhen there is no noiseon the samplesand Figure 3 (b) is

when a white Gaussiannoiseis addedto the samples(SNR=18dB).For this experiment,20 standardimages

(e.g. Lena, Goldhill, Peppers,Mandril) of size 512x512 are arti�cially blurred and downsampledto generate

differentsquareimageswith resolutions256, 128, 64, 32, 16 and8 pixels. Given theselow resolutionimages,

the estimatedmomentsm̂p;q usingeitherEquations(12) or (13) arecomparedto the true momentsmp;q of the
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Fig. 3. Estimationof imagemomentsof order2 in function of the imageresolution.Lines representthe normalizeddistancesbetween

the true momentsand the discretemomentsobtainedfrom Equation(12); the continuousmomentsobtainedfrom Equation(13); the

discretemomentsobtainedfrom Equation(12) using the deconvolved samples.(a) Noiselesscase;(b) Noisy case(SNR = 18dB).

original imageby calculatingthe normalizeddistancebetweenthem:

dk =
X

i + j = k

(m̂i;j ¡ mi;j )2

m2
i;j

;

wherek de�nes the orderof the momentsconsidered.Figure3 shows the variationof the averagenormalized

distanced2 with respectto the resolutionof the sampledimagesfor momentsof order 2. For completeness,

we also plot the normalizeddistanceof the momentsestimatedusing Equation(12) and the samplesafter

deconvolution. When the samplingkernel is known and reproducespolynomials,the momentsobtainedwith

Equation(13) provide much more accurateresultsthan thoseobtainedwith Equation(12) (with or without

deconvolution beforecomputation)and this is true even in the presenceof noise.

B. Registration Methodand SimulationResults

Momentsof an imagecanbeusedasfeaturesfor registration.Sincethey areobtainedfrom all thesamplesof

theconsideredimage,momentsconvey a global informationon theimage.Thus,in orderto usethemomentsof

two differentimagesfor registration,theobservedviews shouldnot have new objectsappearingor disappearing.

We considerthecaseof objectswhich arealwaysvisible on a uniform background.If thebackgroundis uniform

only in the neighborhoodof the object of interest,then backgroundsubtractionand segmentationtechniques

can be usedto extract the objectsof interestfrom the backgroundand treat eachobject as if the background

wasglobally uniform. This wasshown in [8].

Let g1 andg2 betwo acquiredimagesof theviews f 1 andf 2 obtainedasin Equation(6). Usingthecontinuous

moments,we want to �nd the transformationT2 which relatesthe coordinatesof f 2 to the coordinatesof f 1

(seeEquation(7)). We assumethat thetransformationT2 is anaf�ne transformationrepresentedby a translation

t in x andy directionsandby a 2x2 matrix A composedof a rotationµ, a scaling(X scale; Yscale) anda shear
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(a) (b) (c) (d)
Fig. 4. (a)-(b) The two original views f 1 andf 2 (512x512pixels each);(c)-(d) The two correspondingacquiredlow-resolutionimages

g1 andg2 (16x16pixels each).Original image“Blue Marble” by NASA's EarthObservatory.

(X shear ; Yshear ):

T2 (x; y) = A [x y]T + t with A =

2

4
cosµ ¡ sinµ

sinµ cosµ

3

5 ¢

2

4
Xscale Xshear

Yshear Yscale

3

5 : (14)

It is shown in [40] that if f 1 and f 2 are transformedinto their canonicalforms (i.e. their covariancematrix is

equalto the identity matrix), then the af�ne problemsimpli�es to �nding a rotation anglewhich can then be

retrieved using complex moments.This can be achieved by applying a whitening transformas in [21] where

the expressionsrelating the centralmomentsof the original signalsand the complex momentsof the signals

in their canonicalforms can also be found. Thus, sinceEquation(13) provides us with the exact continuous

momentsin the absenceof noise,it is possiblein theory to registerexactly low-resolutionimages.

To measurethe accuracy of the estimatedtransformation,the averageand maximumgeometricregistration

errors" and "max arecalculatedas in [47]:

" =
1

N 2

X

x;y
kT (x; y) ¡ ~T (x; y) k2; and "max = max

x;y
kT (x; y) ¡ ~T (x; y) k2; (15)

where ~T is the calculatedestimationof the exact af�ne transformationT , andN is the sizeof the considered

imagesf 1 and f 2.

In Figure 4 (a)-(b), two high resolutionimagesof size 512x512pixels are consideredas the two different

views f 1 and f 2 of the samescene.The af�ne transformationbetweenf 1 and f 2 consistsof a rotationof angle

µ = 36±, a scalingfactor of (X scale; Yscale) = (0:8; 0:9), a shearfactor of (X shear ; Yshear ) = (0:1; ¡ 0:1) and

a translationof -12 pixels and7 pixels in X andY directionrespectively. We have:

T2 (x; y) = A [x y]T + t with A =

2

4
0:706 ¡ 0:4481

0:3893 0:7869

3

5 and t =

2

4
¡ 12

7

3

5 :

Thesetwo views aresampledwith a cubic B-splineto generatetwo low-resolutionimagesg1 andg2 of size

16x16 pixels (decimationfactor of 32) as shown in Figure 4 (c)-(d). Given thesetwo low-resolutionimages,
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° x

y

®
~N

h (x; y)

µ

Fig. 5. Stepedgemodel.A straightstepedgeis describedby 3 parameters:its amplitude®, its orientationµ and its offset ° .

we apply the registration methodwith the continuousmomentsto estimateA and t . The calculatedaf�ne

transformation~T2 is:

~A =

2

4
0:7064 ¡ 0:4471

0:3885 0:7872

3

5 ; and ~t =

2

4
¡ 12:004

7:007

3

5 :

The averageandmaximumgeometricregistrationerrorsare " = 0:0413pixels and " max = 0:148 pixels which

are the sameerrorsobtainedfrom the true momentsof f 1 and f 2. For comparison,the samesimulationis run

with the discretemomentsmp;q. As expected,they do not perform as well at this resolution.The retrieved

transformationis in this case:

~A =

2

4
0:7244 ¡ 0:4475

0:3941 0:7953

3

5 and ~t =

2

4
¡ 12:49

8:23

3

5 ;

with anaverageandmaximumerrorof " = 11:2 pixelsand" max = 40:4 pixels.Theimprovementof theaverage

registrationerror is by a factor280 in this simulation.

IV. IMAGE REGISTRATION WITH LOCAL FEATURES

A. StepEdge Extraction

In this Section,the featuresconsideredarenow local. Whenworking at low-resolution,featuresareusually

moredif�cult to �nd andlocateaccuratelyaseachsampleintegratesa largerpartof theoriginal scene.Thusthe

propertiesof very localizedfeaturessuchascornerscanbe lost whenimagesareacquiredat low resolution.We

focuson the extractionof straightstepedges.A straightstepedgeis describedby threeparameters,namelyits

amplitude®, its orientationµ andits offset ° with respectto a given axis.This modelof stepedgeis presented

in Figure5. We now demonstratehow to retrieve the exact parametersfrom the samples.

Let ~N = (¡ sinµ; cosµ)T be the vector normal to the edgeand ~d = (x ¡ ° ; y)T the vector of any point

(x; y) in R2. Given ~N and ~d, a stepedgefunction h (x; y) canbe expressedas:

h (x; y) = ®H
³ D

~d; ~N
E´

; (16)
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whereH (t) is theunit stepfunctionwhosevalueis 1 if t ¸ 0 and0 if t < 0. Weassumethatthesignalh (x; y) is

sampledusinga 2-D B-splinesamplingkernel' (x; y). Therefore,following Equation(1), theobtainedsamples

h [m; n] aresimply:

h [m; n] = hh (x; y) ; ' (x=T ¡ m; y=T ¡ n)i :

The set of samplesis �ltered with a �nite differenceoperatorto give d [m; n] which are referredto as the

differentiatedsamples:

d [m; n] = h [m + 1; n] ¡ h [m; n] : (17)

It is shown in [10] that the samplesd [m; n] are the samplesthat would have beendirectly obtainedby inner

productof the derivative of h (x; y) alongx andthe modi�ed kernel ' (x; y) ¤ ¯ 0 (x). The differentiationof a

discretesampledsignal is thus relatedto the derivation of its continuouscounterpartas follows:

d [m; n] =
¿

dh (x; y)
dx

; ' (x=T ¡ m; y=T ¡ n) ¤ ¯ 0 (x=T ¡ m)
À

=
¿

dh (x; y)
dx

; (' 1 (x=T ¡ m) ¤ ¯ 0 (x=T ¡ m)) ­ ' 2 (y=T ¡ n)
À

;

wherethekernel' hasbeenassumedto beseparable.Comparedto ' (x=T; y=T), thenew kernel' (x=T; y=T)¤

¯ 0 (x=T) can also reproducepolynomialswith one degree higher along the x direction and has a support

increasedby one unit on the x axis. When the samplingkernel is ' (x; y) = ¯ P (x) ­ ¯ P (y), the modi�ed

kernel is a 2-D B-splinekernelof degreeP + 1 alongx andP alongy:

d [m; n] =
¿

dh (x; y)
dx

; ¯ P+1 (x=T ¡ m) ­ ¯ P (y=T ¡ n)
À

:

Moreover, the �rst derivative of the unit stepfunction is given by dh(x;y )
dx = ¡ ®sinµ ¢±

³
~d ¢ ~N

´
which �nally

yields the following relation:

d [m; n] = ¡ ®sinµ ¢
D

±
³

~d ¢ ~N
´

; ' (x=T ¡ m; y=T ¡ n) ¤ ¯ 0 (x=T ¡ m)
E

:

We now computethe weightedsum of the differentiatedsamplesaffected by the edge in row n with the

coef�cients c(p)
m usedfor reproductionof polynomialxp with themodi�ed kernel' 1 (x=T ¡ m)¤¯ 0 (x=T ¡ m):

¿p;n =
X

m2S n

c(p)
m d [m; n] ; (18)

whereSn is the setof column indicesof the samplesaffectedby the edgealong row n. It canbe shown that

(seeAppendixA):

¿p;n = ¡ ®
pX

j =0

Ã
p
j

!
mp¡ j

(tan µ)p¡ j

µ
° +

n
tan µ

¶ j

; (19)

wheremj are the momentsof the samplingkernel: m j =
R1

1 t j ' 2 (t) dt. Since ' 2 (t) is known, its moments

mj canbe computednumericallyonceandstored.Besides,m0 = 1 because' 2 (t) satis�es partition of unity.
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Algorithm 1 Subpixel EdgeLocation
1: De�ne weight = 1,

2: Run a Canny-like edgedetectoron sampledimage,

3: Computethe differentiatedsamplesusingEquation(17),

4: for all position (i; j ) detectedasan edgedo

5: �nd the differentiatedsamplesin the neighborhoodof (i; j ),

6: calculate¿0;j , ¿1;j and¿1;j +1 usingEquation(18),

7: calculate®, tan µ and ° usingEquations(22),

8: store[® tan µ ° weight ] asa candidateedge

9: end for

10: while thereexists similar edgesdo

11: Merge similar edgesi.e. average[® tan µ ° ] andaddweight together,

12: end while

13: Discardedgeshaving a too small weight.

Also, for symmetricfunctionslike B-splines,the odd ordermomentsareequalto zero.In the caseof B-spline,

it turns out that the even order momentsm2j can be calculatedanalytically. To simplify notations,we now

write the quantityun = ° + n
tan µ . For p = 0; 1; 2, formula (19) becomes:

¿0;n = ¡ ®m0; ¿1;n = ¡ ®
·
m0un +

m1

tan µ

¸
; ¿2;n = ¡ ®

"

m0u2
n + 2

m1

tan µ
un +

m2

(tan µ)2

#

: (20)

Solving directly this systemof equationsfor ®, ° andµ leadsto an ambiguityaboutthe sign of the angleµ of

the edge.To overcomethis and �nd the angleµ, we considerinsteadtwo consecutive rows, i.e. n andn + 1,

andcompute¿k;n and¿k;n+1 . It turnsout that this approachgivesa simple relation for µ:

tan µ =
¿0;n

¿1;n+1 ¡ ¿1;n
: (21)

The completesolution for a singlestepedgeis thengiven by:

® = ¡ ¿0;n ; tan µ =
¿0;n

¿1;n+1 ¡ ¿1;n
; and ° =

(n + 1) ¿1;n ¡ n¿1;n+1

¿0;n
; (22)

whereit hasbeenassumedthat m0 = 1 andm1 = 0. ThusEquations(22) allows the calculationof the exact

parametersof a stepedgefrom its sampledversionusing only two consecutive rows and measurements¿k;n

up to orderone.

It is possibleto extend this analysisto any numberK of parallel stepedges.Suchsignal is speci�ed by

2K + 1 parameters,namely(®k ; ° k ) for k = 1; : : : ; K andthe angleµ. It is expressedas:

h (x; y) =
KX

k=1

®kH
³D

~dk ; ~N
E´

; (23)
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(a) (b) (c)

(d) (e) (f)
Fig. 6. (a) Original image(1024x1024pixels); (b) Sampledimagewith a B-spline(64x64pixels);(c) Horizontallydifferentiatedsamples;

(d) Canny edgedetection;(e) Retrieved edgeswith Algorithm 1; (f) Retrieved edgesplottedagainst the original image.

with ~dk = (x ¡ ° k ; y)T . We prove in AppendixB that the angleµ canbe retrieved using the sameformula as

in Equation(21). Moreover, by de�ning the quantity d¿p;n as follows:

d¿p;n =

8
><

>:

¿0;n ; p = 0;

¿p;n ¡
P p¡ 1

j =0
¡p

j

¢ m p ¡ j

m 0 (tan µ)p ¡ j d¿j ;n ; p > 0;
(24)

we canshow that this quantitycanbe written in the form of a powersumseries:

d¿p;n =
KX

k=1

¸ k ¢(uk;n )p p = 0; 1; : : : ; M ¡ 1; (25)

whereuk;n = ° k + n
tan µ and ¸ k = ¡ ®km0. The K pairs of unknowns f ¸ k ; uk;n g can then be retrieved by

applyingthe annihilating�lter method(a.k.a.Prony's method)provided that M ¸ 2K . For moredetailson the

annihilating�lter method,we refer to [46], [10], [41].

To determinethe correctsetof samplesaffectedby a given edge,we �rst run a simpleedgedetector, e.g. a

Canny edgedetector. We then retrieve the sampleson the row surroundingeachposition labeledas an edge.

Since the kernel has a compactsupport,the numberof samplesaffected by an edgeis �nite. The samples

are then usedto computethe parametersof potentialstepedgesfrom Equations(22). Edgeshaving the same

parametersarefusedtogetherby averagingtheparameterstogetherandby increasingtheweightof this edgeby

one.Thus,a stepedgethat hasbeenextractedk timeshasin the enda weight equalto k. Finally, edgeswith a

weight below a given thresholdarediscardedin order to keeponly edgeswith suf�ciently large weights.This

procedureis describedin the pseudo-codeof Algorithm 1. By consideringonly horizontaldifferentiationsasin

Equation(17), horizontaledgescannotbe extracted.In practice,Algorithm 1 is run on the sampledimageand
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on the transposedimagein order to �nd all possiblestepedges,andboth resultsare fusedagain. The rational

of this approachis to �nd the largestpossibleregion wherea stepedgeoccursby discardingoutliers so that

averagingof the parametersimprovesstability androbustnessto noise(seethe Craḿer-Raobounds).

Figure 6 shows how the edgeextraction is performedwith Algorithm 1 on a synthetic image presenting

different step edgeswith various orientations,amplitudesand offsets. Figure 6(a) shows the original scene

beforeacquisition(1024x1024pixels). Figure6(b) is the acquiredimageof size64x64pixels obtainedwith a

quadraticB-spline samplingkernel. Figure 6(c) is the differentiatedsamplesd [m; n]. Figure 6(d) shows the

position of potential stepedgesusing the Canny Edgedetector. The retrieved edgesare presentedin Figure

6(e) andarealsoplottedagainst the original scenein Figure6(f).

It is of interestto seehow theestimationof theparametersof thestepedgedegradeswhennoiseis presenton

thesamples.We thereforeconsidertheCraḿer-Raolower boundwhich provideson averagethebestestimation

of a set of parametersusing any unbiasedalgorithm. In [24], Kakaralaet al have calculatedthe Craḿer-Rao

boundfor the problemof edgelocalization.However, as opposedto our work, they do not take into account

the effect of sampling.Our proposedapproachcanprovide exact resultseven for heavily downsampledsignals

andtheCraḿer-Raoboundderived in this caseprovidesa morerealisticboundthantheonegiven in [24]. With

no loss of generality, we assumea zeromeanwhite Gaussiannoisewith variance¾2. The Craḿer-Rao lower

boundis derived in thecaseof our stepedgedetectorin AppendixC. Figure7 (a) and(b) show thescatterplots

of the stepedgeparameters(µ = ¼=4 and ° = 0) comparedto the Craḿer-Raoboundsfor SNR levels from 0

to 50 dB for a sampledimageof size8x8 pixels (N = 8). Similarly, the averagestandarddeviationsof these

parametersare also plotted versusthe Craḿer-Rao boundin Figure 7 (c) and (d). Simulationsshow that the

proposedalgorithmbehaveswell down to noiselevel of 13 dB.

B. Image Registration

We follow a similar registrationapproachto theoneof CapelandZissermanusedfor super-resolutionin [7].

In their work, the featuresusedare cornerswhich are extractedwith the Harris cornerdetector. This detector

can generallyachieve sub-pixel accuracy only up to 1/3 to 1/4 of a pixel by using quadratic�tting in the

neighborhoodof the local maxima.However, it is still possibleto achieve a preciseregistrationprovided that

a large numberof featurecanbe extracted(several hundreds).Thus, in this case,the registrationerror due to

the approximatelocationof eachcornertendsto diminish as the numberof extractedfeaturesincreases.

On imageswith low resolution,only a small numberof features,say between10 to 20, can usually be

extractedin eachimage and matched.Thus, very accurateextraction of featuresis essentialto obtaining a

preciseimage registration. For this reason,the step edgeextraction techniquedescribedin Algorithm 1 is

usedto �nd possiblecontoursin the low-resolutionimages.Intersectionsof edgesarethencomputedto locate
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Fig. 7. Retrieval of a stepedgewith parameters(µ = ¼=4 and° = 0) in an8x8 pixels imageundernoisycondition.(a)-(b)Scatterplots

of angleandoffset versusCraḿer-Raobound;(c)-(d) Standarddeviation (averagesover 10000realizations)versusCraḿer-Raobound.

(a) (b) (c) (d)
Fig. 8. (a)-(b)Extractededgesandcornerswith our approachon two low-resolutionimagesof size64x64pixelseach;(c)-(d) 6 corners

arematchedwith correlation+RANSAC methodsplottedagainst the high resolutionimages(512x512pixels).

possiblecornersin the image.A �rst putative transformationis calculatedfrom correspondingfeaturesobtained

by usinga correlation-basedmatchingalgorithm.The estimatedtransformationis theniteratively re�ned using

a RANSAC proceduresimilarly to [7].

To assessthe accuracy of the proposedfeatureextraction methodin the context of imageregistration,we

compareit to the Harris corner detectorin the following experiment.A high resolutionimage of a simple

scene,favorableto both our methodand the Harris cornerdetector, is �rst acquired.The scenecontainssteps

edges,sharpcorners,text and textures.The acquiredpicture is thencroppedat two different known locations

to createtwo picturesf 1 and f 2 with different �elds of view and size 512x512pixels. The transformation(a
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(a) (b) (c) (d)
Fig. 9. (a)-(b) ExtractedcornersusingHarris methodon two low-resolutionimagesof size64x64pixels each;(c)-(d) 18 cornersare

matchedusingcorrelation+RANSAC methodsplottedagainst the high resolutionimages(512x512pixels).

single translation)betweeneachpicture is known exactly and is given by: t = [0 28]T : Eachimageis then

arti�cially downsampledwith a quadraticB-spline of scale8 giving two imagesof size 64x64 pixels each.

Featuresare then extractedfrom g1 and g2 using either the Harris cornerdetectoror our stepedgedetector.

The functionsusedin this researchfor the subpixel Harris cornerdetector, the correlationmatchingand the

RANSAC �tting areavailable from [26].

The featuresextractedwith our approachare shown in Figure 8(a) and (b). Six cornersin total have been

successfullylocatedfrom theextractededgesandmatchedacrossthetwo imagesusingcorrelationandRANSAC

techniques.Thematchedfeaturesareplottedagainstf 1 andf 2 for a visualappreciationof thesubpixel accuracy

(see8(c) and (d)). The featurepoints returnedby the Harris cornerdetectoron eachimageare presentedin

Figure9(a) and(b). Eighteencornershave beenmatchedsuccessfullyacrossimagesandareplottedagainst f 1

and f 2 on Figure9(c) and(d).

Eachsetof featuresis independentlyusedto estimatethetranslationt betweenthetwo images.Theestimated

translationandregistrationerrorswith our approachare:

~t = [¡ 0:15 28:13]T and " = "max = 0:039 pixel:

Similarly, the estimatedtranslationandregistrationerrorswith the Harris featuresare:

~t = [¡ 0:94 26:93]T and " = "max = 2:04 pixel:

Thus,althoughonly one third of the numberof cornerpoints have beenextractedwith the proposedmethod

in comparisonto the Harris cornerdetector, the registrationaccuracy is improved by a factor50 usingthe step

edgeextractor.

V. APPLICATION TO IMAGE SUPER-RESOLUTION

Thegoalof imagesuper-resolutionis to constructa single,detailed,high-resolutionimageusinga setof low-

resolutionimagesof the samescene.The problemof imagesuper-resolutioncanbe conceptuallydivided into
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(a) (b) (c) (d)
Fig. 10. Image super-resolution from translatedimageswith registration basedon moments;(a) Original high resolution image

(512x512pixels); (b) One of the 24 low-resolutionimages(64x64 pixels) usedin the super-resolutionsimulation; (c) Super-resolved

imageobtainedfrom the discretemomentsandthe Wiener �lter , 512x512pixels, PSNR= 16.8 dB; (d) Super-resolved imageobtained

from the continuousmomentsandthe Wiener �lter , 512x512pixels, PSNR= 19.6 dB.

two sub-problemsknown asimageregistrationandimagereconstruction.Imageregistrationaimsat �nding the

disparitybetweenthelow-resolutionimageswhereasimagereconstructionconsistsin fusingthesetof registered

imagesinto a singleimageandremoving any blur andnoiseintroducedduringacquisition([11])1. We consider

in this work two restorationtechniques:theWienerdeconvolution approachandthe iterative Modi�ed Residual

Norm SteepestDescent(MRNSD) [31](a.k.a.EMLS [25])2. The Matlab function deconvwnr is usedfor the

Wiener deconvolution taking the known PSF as input parameter. The MRNSD techniqueis an Expectation-

Maximization iterative algorithmwhich forcesthe solution to be nonnegative.

An overview andtutorial of super-resolutiontechniquescanbefound in [32][14]. Most earlierworks focused

on the restorationstageassumingthat traditionalregistrationmethodsprovided a suf�ciently accuratesolution.

However, asalsoobserved in [36], the quality of the restorationin super-resolutionproblemsdependsheavily

on the accuracy of the registration.It is thereforequite naturalto testour registrationalgorithmsin the context

of imagesuper-resolution.

A. Image Super-resolution:Simulations

1) Moment-basedRegistration: Themoment-basedregistrationmethodis appliedto thecaseof imagesuper-

resolution.The �rst experimentis shown in Figure10. As in the registrationexperiments,we usea singlehigh

resolutionimage(Satelliteimage,512x512pixels)shown in Figure10(a)to generate24 otherimagesrelatedby

translations.Eachof theseimagesis blurredanddownsampledwith a cubic B-spline to give a low-resolution

imageof size64x64pixels (seee.g. Figure10(b)). This setof low-resolutionimagesis thenusedas input for

1Notice that it is correctto divide the super-resolutionprobleminto the two aforementionedsub-problemsonly when the motion is

linear and the PSFis spatiallyandrotationally invariant [12].

2Othermethodsbasedon Total Variation([9] [15]) arenot consideredhere.
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(a) (b) (c) (d)
Fig. 11. Imagesuper-resolutionfrom translatedimageswith registrationfrom the extractededgesand detectedcorners;(a) Original

high resolutionimage(512x512pixels); (b) Oneof the 20 low-resolutionimages(64x64pixels) usedin the super-resolutionsimulation;

(c) Super-resolved imagewith the Harris cornerdetectorandWiener�lter , 512x512pixels,PSNR= 15.1dB; (d) Super-resolved image

with the proposededgedetectorandWiener �lter , 512x512pixels, PSNR= 15.6 dB.

super-resolution.The translationsareretrieved from thediscreteandthecontinuousmomentsof eachimagefor

comparison.In the caseof the discretemoments,the registrationerror averagedover the 24 framesis ¹² = 0:11

pixels with a maximumregistrationerror of ¹²max = 2:5 pixels. In the caseof the continuousmoments,the

registration obtainedis exact to machineprecision.For a fair comparison,the Wiener �lter is usedin both

casesfor restorationasit is fastanddoesnot involve iterations.Thesuper-resolved imagesareshown in Figure

10(c) and(d). The imagein Figure10(c) is obtainedafter registrationwith the discretemomentsandthe �nal

PSNRis equalto 16.8dB.The super-resolved imageshown in Figure10(d) resultsfrom the utilization of the

continuousmomentsfor registration.The imagehasa higher PSNR= 19:6 dB. Thus, by consideringmore

accuratefeatureslike thecontinuousmomentsinsteadof thediscretemoments,the registrationis improvedand

can lead to super-resolved imagesof higherquality.

2) Edge-basedRegistration: In this secondexperiment,we considerthe registrationbasedon the extraction

of stepedges.As in the previous section,we generated20 imagesof scene(Figure11(a))by croppinga high

resolutionimageat differentlocations.Theimagesarethusrelatedby translationsandeachimageis thenblurred

anddownsampledwith a quadraticB-splineto generate20 low-resolutionimagesof size64x64pixels (Figure

11(b)). In this simulation,two featureextractionmethodsareconsidered:the proposedstepedgeextractorand

the subpixel Harris cornerdetector. As previously, in order to do a fair comparison,we do not usean iterative

methodbut considertheWiener�lter asrestorationmethodin bothcases.Thesuper-resolutionalgorithmbased

on the Harris featuresis inspiredby the work of Capelet al in [7] wherea similar approachis considered.

With Harris features,the averageregistration error averagedover the 20 framesis ¹² = 0:44 pixels and the

maximumregistrationerror observed in the 20 imagesis ¹²max = 2:04 pixels. The numberof matchedfeatures

variesbetween13 and21 corners.With our extractedfeatures,the averageregistrationerror averagedover the

20 framesis ¹² = 0:044 pixels and the maximumregistrationerror observed in the 20 imagesis ¹²max = 0:14
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Fig. 12. Estimationof the PSFwith the SlantedEdgeMethod;(a) Imageof a slantedwhite squarewith stepedgesfor PSFestimation

(acquiredwith a Nikon D70sdigital camera);(b) Zoom on the target; (c) MeasuredLine SpreadFunction(solid line). Its supporthas

length8 rangingfrom -4 to 4. The samplingkernel ' (t) caneitherbe modeledby a B-splineof degree7, ¯ 7 (t) (dashedline) or by a

B-splineof degree3 scaledby 2, ¯ 3 (t=2) (dash-dotline).

pixels. Six featuresare matchedin any pair of imagesin the set and the registrationis improved on average

by a factor 10. The super-resolutionresultsare similar to the previous casewhereglobal featureswere used.

Figure11(c) presentsthe super-resolved imageobtainedwith Harris features.This imageshows moreartefact

(PSNR = 15.1 dB) comparedto the super-resolved image obtainedwith the proposedregistration technique

which delivers a bettervisual quality and a PSNR= 15.6 dB. This simulation,thus,betterhighlights the fact

that moreaccurateregistrationleadsto bettersuper-resolution.

B. Image Super-resolution:Real-caseScenario

In this section,we considerthecaseof imagesuper-resolutionfrom realimagesacquiredwith a digital camera

(Nikon D70s).The following experimentsthus naturally include the naturalnoisethat occurson the samples

during acquisition.The registration approachconsideredhere is basedon the continuousmoments.Since it

takes a samplingpoint of view, we don't want our imagesamplesto be modi�ed by internal post-processing

that is usuallyappliedinsidea digital cameraright afteracquisition(e.g. edgesharpeningor noiseattenuation).

For this reason,the set of imagesis acquiredin RAW format. In a �rst experiment,picturesare taken in a

classroomwith a focal lengthat 18mm(35mmequivalent:27mm)andothersettingsat F16,1/60sandISO 200.

The slantededgemethodis usedto estimatesthe PSFindirectly by measuring�rst the EdgeSpreadFunction

(ESF)[6]. By differentiatingalongtheedge's normaldirection,theLine SpreadFunction(LSF) canbeobtained

and representsa cross-sectionof the PSF. Only one LSF is necessaryto characterizea circularly symmetric

andspatially invariantPSF. The estimationof the PSFis presentedin Figure12. The acquiredimageis shown

in Figure12(a)andthe target usedfor the PSFestimationis shown in Figure12(b). The estimatedLSF is the

solid line in Figure12(c). It canbe observed that its supportis approximately8 pixels, rangingfrom -4 to 4.

The PSFis thereforemodeledby two differentB-splineswith support8: a B-splineof degree7, ¯ 7 (t) (dashed
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(a)

(b) (c) (d)

Fig. 13. Real imagesuper-resolutionfrom 40 imagesacquiredwith a Nikon D70s SLR camera;(a) One of the 40 imagesacquired

by the camera;(b) Region of interest(128x128pixels) usedfor super-resolution;(c) Super-resolved imageof size 1024x0124pixels

(SR factor= 8). The PSFin this caseis modeledby a B-splineof order7 (scale1); (d) Super-resolved imageof size1024x0124pixels

(SR factor= 8). The PSFin this caseis modeledby a B-splineof order3 (scale2). Both imagesarerestoredwith 60 iterationsof the

MRNSD method.

line), anda B-splineof degree3 scaledby 2, ¯ 3 (t=2) (dash-dotline).

The target usedfor PSFestimationis thenreplacedwith a Tiger plushanda newspaper(seeFigure13(a))).

Keepingthe camerasettingsunchanged,40 imagesare taken from randompositionsby moving the camera

horizontally and vertically betweeneachacquisition.It shouldbe notedthat the distancebetweenforeground

objects(desks,chairs)andbackgroundobjects(blackboard)is large andtraditional registrationtechniquesthat

considersthe whole image would not achieve good subpixel accuracy unlesssegmentationis �rst applied.

Since the proposedfeatureextraction techniquescan be exact on low-resolutionimage,we considerdirectly

the regionsof interestfor registrationand thusestimatean accuratelocal motion. The sameregion of interest

of size128x128pixels is selectedin eachimage(Figure13(b))andonly this region is usedfor registrationand

restoration.

The samplingkernel is �rst modeledby the B-spline of degree7. We register the imagesusing continuous

momentsand the fusedimageis restoredwith the MRNSD method.The obtainedsuper-resolved image(SR

factor=8) is shown in Figure13(c). In thesecondcase,thesamplingkernelis modeledby a B-splineof degree

3 scaledby two. Becauseof the scaledkernel, the device is oversamplingby a factor two with respectto

our model.The samplingperiod is consequentlyreducedby a factor two and the samplescan be written as:

g [m; n] = hf (x; y) ; ' (x=T ¡ m=2; y=T ¡ n=2)i : Two consecutive samplesare now distantby T=2 instead
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(a) (b)
Fig. 14. Realsuper-resolutionof the Moon from 60 imagesacquiredwith a Nikon D70sSLR cameraanda lens(18-70mm,F3.5-4.5)

set at a focal lengthof 38mm (35mm equiv.: 57mm).(a) The Moon as acquiredby the camera(60x60px); (b) Super-resolved image

of the Moon (600x600px) with MRNSD restorationmethod.

of T andeven andodd samplesmustbe treatedindependentlyso that polynomialreproductionis satis�ed. We

thusdecomposethe observed samplesinto their four polyphasecomponents[10]:
8
>>>>>>><

>>>>>>>:

g [2m; 2n] = hf (x; y) ; ' (x=T ¡ m; y=T ¡ n)i

g [2m; 2n + 1] = hf (x; y) ; ' (x=T ¡ m; y=T ¡ n ¡ 1=2)i

g [2m + 1; 2n] = hf (x; y) ; ' (x=T ¡ m ¡ 1=2; y=T ¡ n)i

g [2m + 1; 2n + 1] = hf (x; y) ; ' (x=T ¡ m ¡ 1=2; y=T ¡ n ¡ 1=2)i

For eachregion of size 128x128pixels (Figure 13(b)), four sub-imagesof size 64x64 pixels are considered

separately, eachone correspondingto a polyphasecomponent.The continuousmomentsof eachpolyphase

componentarecomputedandusedfor registration.For eachimagepairs,four estimationsof theregistrationare

obtainedandthenaveraged.Thesuper-resolvedimageachievedafterregistrationfrom thepolyphasecomponents

is shown in Figure 13(d). As in the previous case,we restoredthe imageusing 60 iterationsof the MRNSD

algorithm.Thesuper-resolvedimagepresentsa goodlevel of detailandis lesssaturatedthantheimageobtained

with B-splineof level 7.

Anotherexperimentis presentedin Figure14.Sixty picturesof theMoon aretakenwith a digital SLR camera

anda lenswith a focal lengthat 38mm(35mmequivalent:57mm)andsettings:F16,1/60s,ISO 200.The PSF

in this caseis not estimatedas previously and is directly approximatedwith a cubic B-spline at scale1. The

MRNSD algorithmis usedasrestorationmethod.Figure14(a)shows the Moon asacquiredby the cameraand

Figure14(b) presentsthe obtainedsuper-resolved imagewherenew detailsof the Moon cannow be observed.

VI . CONCLUSION

We have presentedin this papertwo novel approachesfor featureextraction that take maximumadvantage

of thea priori knowledgeof theacquisition�lter andthatarebasedon thebasicprinciplesbehindthesampling

of FRI signals.The �rst proposedmethodallows the exact retrieval of the continuousmomentsof an object

from its sampledimage.The secondmethodretrieves the exact location of local imagefeaturessuchas step

edgesor parallel edges.Theseare then usedto retrieve the exact location of cornerpoints which are utilized
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for the exact registrationof low resolutionimageslike in the context of imagesuper-resolution.Experimental

resultson arti�cially sampledimagesandnaturalimagesshows theef�ciency of theproposedfeatureextraction

methodsand the validity of the proposedacquisitionmodel.

Although the useof thesenew methodswasdemonstratedonly for registration,thesetechniquescanalsobe

usedfor patternrecognition,cameracalibrationandphotogrammetry. This is part of our on-goingresearch.

APPENDIX A

We now prove Equation(19): ¿p;n = ¡ ®
P p

i=0
¡ p

i

¢ m i

(tan µ) i

¡
° + n

tan µ

¢p¡ i :

Proof: We �rst recall the following relationbetweenthe momentsmp of function f (t) and the moments

m0
p of the translatedfunction f (t ¡ T):

m0
p =

Z
f (t ¡ T) tpdt =

Z
f (x) (x + T)p dx =

pX

k=0

Ã
p
k

!

T k
Z

f (x) xp¡ kdx =
pX

k=0

Ã
p
k

!

T kmp¡ k (26)

Let ­ = [¡ L; L ] be the supportof the samplingkernel ' 2 (t). For simplicity, we assumeT = 1:

¿p;n =
X

m2S n

c(p)
m d [m; n]

= ¡ ®sinµ
X

m2S n

c(p)
m

D
±

³
~d ¢ ~N

´
; ' (x ¡ m; y ¡ n) ¤ ¯ 0 (x ¡ m)

E

= ¡ ®sinµ

*

±
³

~d ¢ ~N
´

;

0

@
X

m2S n

c(p)
m ' 1 (x ¡ m) ¤ ¯ 0 (x ¡ m)

1

A ­ ' 2 (y ¡ n)

+

= ¡ ®sinµ
D

±
³

~d ¢ ~N
´

; xp ­ ' 2 (y ¡ n)
E

= ¡ ®sinµ
Z n+ L

n¡ L
' 2 (y ¡ n)

Z
±(¡ x sinµ + y cosµ + ° sinµ) xpdxdy

= ¡ ®sinµ
Z n+ L

n¡ L
' 2 (y ¡ n)

Z
±(¡ t + y cosµ + ° sinµ)

µ
t

sinµ

¶ p dt
sinµ

dy

= ¡ ®
Z n+ L

n¡ L
' 2 (y ¡ n)

µ
y cosµ + ° sinµ

sinµ

¶ p

dy

= ¡ ®
Z L

¡ L
' 2 (t)

µ
t + n
tan µ

+ °
¶ p

dt

=
¡ ®

(tan µ)p

Z L

¡ L
' 2 (t) (t + n + ° tan µ)p dt;

thenapplyingEquation(26), we obtain:¿p;n = ¡ ®
(tan µ)p

P p
i=0

¡p
i

¢
mp¡ i (n + ° tan µ) i ; wheremi =

R
t i ' 2 (t) dt

which �nally yields:

¿p;n = ¡ ®
pX

i =0

Ã
p
i

!
mp¡ i

(tan µ)p¡ i

µ
° +

n
tan µ

¶ i

:
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APPENDIX B

Let d [m; n] bethedifferentiatedsamplesof thesignalh (x; y) composedof K parallelstepedgesf ®k ; ° k ; µg.

We have h (x; y) =
P K

k=1 ®kH
³D

~dk ; ~N
E´

; with ~dk = (x ¡ ° k ; y)T .

² We now prove that for K parallelstepedges,Equation(21) is true: tan µ = ¿0;n

¿1;n +1 ¡ ¿1;n

Proof: From the previous Appendix, it is straightforward to show that:

¿p;n ´
X

m2S n

c(p)
m d [m; n]

=
KX

k=1

¡ ®k sinµ
X

m2S n

c(p)
m

D
±

³
~dk ¢ ~N

´
; ' (x ¡ m; y ¡ n) ¤ ¯ 0 (x ¡ m)

E

=
KX

k=1

¡ ®k

pX

i =0

Ã
p
i

!
mp¡ i

(tan µ)p¡ i

µ
° k +

n
tan µ

¶ i

=
pX

i =0

Ã
p
i

!
mp¡ i

(tan µ)p¡ i

Ã KX

k=1

¡ ®k (uk;n ) i

!

; (27)

whereuk;n = ° k + n
tan µ . We thenhave:

¿1;n+1 ¡ ¿1;n =

Ã
m1

tan µ

KX

k=1

¡ ®k + m0

KX

k=1

¡ ®kuk;n+1

!

¡

Ã
m1

tan µ

KX

k=1

¡ ®k + m0

KX

k=1

¡ ®kuk;n

!

= m0

KX

k=1

¡ ®k (uk;n+1 ¡ uk;n ) = m0

KX

k=1

¡ ®k

tan µ
=

¿0;n

tan µ
;

which �nally leadsto the desiredresult.

² We now prove Equation(25) with ¸ k = ¡ m0®k anduk;n = ° k + n
tan µ :

d¿p;n =
KX

k=0

¸ k (uk;n )p ; where d¿p;n =

8
><

>:

¿0;n ; p = 0;

¿p;n ¡
P p¡ 1

j =0
¡p

j

¢ m p ¡ j

m 0 (tan µ)p ¡ j d¿j ;n : p > 0;

Proof: First, the casefor p = 0 is straightforward sinceby de�nition, we have:

d¿0;n = ¿0;n = m0

KX

k=0

¡ ®k =
KX

k=0

¸ k

For p > 0, we have:

d¿p;n = ¿p;n ¡
p¡ 1X

j =0

Ã
p
j

!
mp¡ j

m0 (tan µ)p¡ j d¿j ;n :

Moving the summationterm to the left sideof the expressiongives:

d¿p;n +
p¡ 1X

j =0

Ã
p
j

!
mp¡ j

m0 (tan µ)p¡ j d¿j ;n = ¿p;n :

After assimilating d¿p;n in the left summationand recalling the de�nition of ¿p;n in Equation(27), we

obtain:
pX

j =0

Ã
p
j

!
mp¡ j

m0 (tan µ)p¡ j d¿j ;n =
pX

i =0

Ã
p
i

!
mp¡ i

(tan µ)p¡ i

Ã KX

k=1

¡ ®k (uk;n ) i

!

:
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Thenby identifying eachterm of the summationon eachsideof the expressionabove, we have:

1
m0

d¿i;n =
KX

k=1

¡ ®k (uk;n ) i :

We canthenconcludewith the desiredresult:

d¿i;n =
KX

k=1

¡ m0®k (uk;n ) i =
KX

k=1

¸ k (uk;n ) i :

APPENDIX C

DERIVATION AND EVALUATION OF THE CRAMER-RAO BOUNDS

The signal we consideris madeof K step edges,eachstep edgeis determinedby the three parameters

ai ; µi ; ° i . We form a vectorof the unknown parametersas follows:

£ = (a0; a1; :::; aK ; µ0; µ1; :::; µK ; °0; °1; :::; °K )T :

We aim to retrieve £ from the measuredsamples

ŷn;m = hf (x; y); ' (x=T ¡ n; y=T ¡ m)i + ²n;m ; n; m = 0; 1; :::N ¡ 1;

where²n;m is i.i.d. additive Gaussiannoisewith zeromeanandvariance¾2. For simplicity we denoteŷn;m as

follows:

ŷn;m = f (£ ; n; m) + ²n;m :

The performanceof any unbiasedestimator£̂ is lower boundedby the Cramer-Raobound:var(£̂) ¸ I ¡ 1(µ);

where I (£) is the Fisher Information Matrix (FIM) de�ned as I (£) = E
³
r l (£) r l (£) T

´
and l (£) is the

log-likelihood function.

First notice that pŷ(ŷn;m j£) = p² (ŷn;m ¡ f (µ; n; m)) ; where

p² (²n;m ) =
1

p
2¼¾2

exp

Ã

¡
²2
n;m

2¾2

!

:

Hence,using independency of the noisesampleswe have:

l (µ) = ln P(ŷ0;0; ŷ1;0; :::; ŷN ¡ 1;N ¡ 1j£) = ln
N ¡ 1Y

n=0

N ¡ 1Y

m=0

pŷ(ŷn;m j£) =
N ¡ 1X

n=0

N ¡ 1X

m=0

ln p² (ŷn;m ¡ f (£ ; n; m)) :

Next, we computethe partial derivative of the log-likelihoodwith respectto the parametersµi . We obtain:

@l(£)
@µi

=
1
¾2

N ¡ 1X

n=0

N ¡ 1X

m=0

²n;m
@f (£ ; m; n)

@µi

r l (£) =
1
¾2

N ¡ 1X

n=0

N ¡ 1X

m=0

²n;m r f (£ ; n; m):
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We cannow determinethe Fisherinformationmatrix:

I (£) = E
³
r l (£) r l (£) T

´

= E

Ã
1
¾4

X

n

X

m

X

l

X

k

²n;m ² l ;k r f (£ ; n; m)r f (£ ; l ; k)T

!

(a)
=

1
¾4

X

n

X

m

X

l

X

k

E(²n;m ² l ;k )r f (£ ; n; m)r f (£ ; l ; k)T

(b)
=

1
¾2

N ¡ 1X

n=0

N ¡ 1X

m=0

r f (£ ; n; m)r f (£ ; n; m)T ;

where (a) follows from the linearity of the expectationand (b) from the fact that the noise is uncorrelated

(independent).The Craḿer-Raoboundis thusgiven by:

CRB(£) = ¾2

Ã N ¡ 1X

n=0

N ¡ 1X

m=0

r f (£ ; n; m)r f (£ ; n; m)T

! ¡ 1

:

Theevaluationof theFIM is not straightforward,however, if we assumethat theedgesaresuf�ciently apart,

thenwe cantreateachedgeindependently. Moreover, sinceour main interestis the localizationof theedge,we

assumethat the edgehas�x ed known amplitudea0 = 1 so that the parametricspaceis reducedto £ = (µ; ° ).

We assumethat thesignalf (x; y) is de�ned over thedomain[0; ¿] £ [0; ¿] with thesamplingperiodT = ¿=N .

The samplingkernel is ' (x; y) = ¯ 0(x)¯ 0(y), where¯ 0(x) = 1 for x 2 [0; 1]. We thusobtain:

@f (£ ; n; m)
@°

=
@

@°

Z 1

¡1

Z 1

¡1
f (x; y)¯ 0(x=T ¡ n)¯ 0(y=T ¡ m)dxdy

=
Z 1

¡1

Z 1

¡1

@
@°

u(¡ x sinµ + y cosµ + ° sinµ)¯ 0(x=T ¡ n)¯ 0(y=T ¡ m)dxdy

=
Z 1

¡1

Z 1

¡1
sinµ±(¡ x sinµ + y cosµ + ° sinµ)¯ 0(x=T ¡ n)¯ 0(y=T ¡ m)dxdy

=
Z 1

¡1

Z 1

¡1
sinµ±(¡ t + y cosµ + ° sinµ)¯ 0(t=(T sinµ) ¡ n)¯ 0(y=T ¡ m)

dt
sinµ

dy

=
Z 1

¡1
¯ 0

µ
y cosµ + ° sinµ

T sinµ
¡ n

¶
¯ 0

µ
y
T

¡ m
¶

dy

=
Z (m+1) T

mT
¯ 0

µ
y

T tan µ
+

°
T

¡ n
¶

dy

and

@f (£ ; n; m)
@µ

=
@
@µ

Z 1

¡1

Z 1

¡1
f (x; y)¯ 0(x=T ¡ n)¯ 0(y=T ¡ m)dxdy

=
Z 1

¡1

Z 1

¡1

@
@µ

u(¡ x sinµ + y cosµ + ° sinµ)¯ 0(x=T ¡ n)¯ 0(y=T ¡ m)dxdy

=
Z Z

(¡ x cosµ ¡ y sinµ + ° cosµ)±(¡ x sinµ + y cosµ + ° sinµ)¯ 0(x=T ¡ n)¯ 0(y=T ¡ m)dxdy

=
Z Z

(
¡ t

tan µ
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sinµ
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=
1

sinµ

Z 1

¡1

µ
¡

y cosµ + ° sinµ
tan µ

¡ y sinµ + ° cosµ
¶

¯ 0

µ
y cosµ + ° sinµ

T sinµ
¡ n

¶
¯ 0

µ
y
T

¡ m
¶

dy

=
Z (m+1) T

mT
¡

y
sin2 µ

¯ 0

µ
y

T tan µ
+

°
T

¡ n
¶

dy:

Given the above two equations,it is possibleto evaluate(at leastnumerically) the Fisher information matrix

for speci�c valuesof ° and µ. Disregarding the trivial casesµ = 0 and µ = ¼=2, an interestingscenariois

when ° = 0 andµ = ¼=4. In this casewe have:

@f (£ ; n; m)
@°

=

8
<

:

T for n = 0; 1; :::; N ¡ 1 and m = n:

0 Otherwise

and
@f (£ ; n; m)

@µ
=

8
<

:

¡ (2n + 1)T2 for n = 0; 1; :::; N ¡ 1 and m = n:

0 Otherwise

This leadsto the following Fisherinformationmatrix:

I (£) 11 =
1
¾2

N ¡ 1X

n=0

µ
@f
@µ

¶ 2

=
T4

¾2

N ¡ 1X

n=0

(2n + 1)2;

I (£) 22 =
1
¾2

N ¡ 1X

n=0

µ
@f
@°

¶ 2

=
N T2

¾2 ;

I (£) 12 = I (£) 21 =
1
¾2

N ¡ 1X

n=0

@f
@°

@f
@µ

=
¡ N 2T3

¾2 :
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