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Frequency Response of Digital Filters

e Frequency response of digital Filter: H(e’?) = \H(eﬁ)‘e—m(@)

— continuous function of @ with period 21 = H(e?%) = H[e(0+m27)]

o |H(e’)] is the called the Magnitude function.

— Magnitude functions are even functions = |H ()| = |H(e=7?)|

e ¢(0) is called the Phase (lag) angle, ¢(0) = ZH(e'?).
— Phase functions are odd functions = ¢(0) = —¢(—0)

e More convenient to use the magnitude squared and group delay
functions than |H (e’?)| and ¢(6).

— Magnitude squared function: |H(e??)|> = H(z)H(z™1)|
— It is assumed that H(z) has real coefficients only.

— Group delay function 7(0) = %(:). Measure of the delay of the filter
response.

z=elf
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Digital Filter Frequency Response: Poles & Zeros

e Complex zeros z and poles pr  x  ocousin quadruples ‘
OCCcur in Conjugate pairs_ ® Occurs in conjugate pairs

with even multiplicity

z-plane

B Occurs with even multiplicity
e If 2 = a is a real zero/pole [ ocousinpars
of |H(e)|? = 2, ' =a"lis
also a real zero/pole.

A N
- 0 @
o If 2z, = 1rpel IS a
zero/pole of |H(e')]? =
—30 (1\.30 1yN,—56
e ,(Tk)e and (rk)e |
are also zeros/poles. N
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Digital Filters: Transfer Functions

e The problem of finding the transfer function of a filter is the problem of
universal function approximation. This is usually solved by involving
some basis functions (Fourier, Chebyshev, ...). In our case, the basis
functions will be polynomials or rational functions in z (or 271,

e Finite Impulse Response (FIR) filter: Digital filter characterised by
transfer functions in the form of a polynomial

Hz2)=ay+az7t+- 4+ zpzM

e Infinite Impulse Response (IIR) filter: characterised by transfer
functions in the form of a rational function

LR
a;z _
H(z) =2 AeT)
N . B(z~1)
Z bjz J
7=0
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Digital Filters: Transfer Functions Properties

e FIR filters are stable and causal.

o |IR filters are:

— Stable if all the poles of H(z) are within the unit circle
— Causal if by, is the first non-zero coefficient in the denominator (i.e.
b():bl:°°':bL_1:03nd CL():CLl:"':CLL_lzo.

e Causal filters are normally assumed, hence |IR filters are commonly
written as:

S5 o
2. di% 1
H(z) = S—— =554, b=1
1+ > bjz—J
j=1

e We would ideally like to design filters with linear phase in the
passband - what about the phase in the stopband?
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Digital Filters: Magnitude and Phase Characteristics

. [H(e")] o |H(e")]
Low-pass Filter A Band-reject Filter A
| | | | - | | 4 | -
-2 -Tr s 2 0 rad -2 -Tr s 2 0 rad
. [H(e”)] . |H(e")]
Band-pass Filter A All-pass Filter A
| | | | - | | //A | -
-2m - T 27 0 rad =27 - s 27 0 rad
. . [H(e")] L ¢(0)
High—pass Filter A Phase Characteristics A
I
I
I
0 rad
| | Z | - | % ‘ e
=21 - s 2m 0 rad Aﬂ' - m /ﬂ' 3T
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Design of All-pass Digital Filters

e An all-pass filter is an IIR filter with a constant magnitude function for
all digital frequency values.

e For a transfer function H(z) to represent an all-pass filter is that for
every pole p; = rpe’?, there is a corresponding zero zj, = ieﬂe. The
poles and zeros will occur in conjugate pairs if 0, % 0 or .

e A digital filter H(z) obtained by cascade connection of multiple all-pass
filters Hq(z), Ho(2) - - - Hy(2) sections is itself an all-pass filter, and can
be represented by

H(z) = Hi(2)H2(z)---Hn(2)

o So why do we need all-pass filters? They are phase-selective (as
opposed to frequency selective) and are extremely useful in the
design of DSP systems.
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First order All-pass Digital Filter

e A typical first-order section of an all-pass digital filter has a transfer

function .
27 —a
H — 1
() =2 (1)

where a is real and to be stable, we must have |a| < 1.

Im[z]

___l-__ UnitCircle

Re[z]

()

Figure 1: Pole-zero pattern of first order all-pass digital filter.
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First- and Second-Order All-pass Digital Filter

o The magnitude function is unity for all frequencies, as given by

[Hi(e7)]* = =1

e 7% —q o cos —a — jsinf ’2 1 —2acosf + a?

’1 ae 99‘ ‘1—acose+ajsin0 1 — 2acosf + a?

o A typical second-order section of an all-pass digital filter

L= (G)eosOpz '+ ()27 1= ()2 1ed][1 — ()2l ]

H — p— . .
2(2) 1 —2ricosfz=1 +riz=2 [1—rpz=ted?][1 — rpz—te=7"]

® The poles are at p; o = = reTI% and the zeros at z; 2= —eij@k

o For filter to be stable,
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First- and Second-Order All-pass Digital Filter

Im[z] A

Unit Circle

Figure 2: Pole-zero pattern of a second order all-pass digital filter.
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First order All-pass Digital Filter

The magnitude function is given by

H 6]9 2 p— - "k - 2 ; Tk ; 2
| 2( )l ‘ 6'79 L ,r.kejek ‘ 6_]9 _ rr'ke_jek
i G AP O L P
where | eje—’l“Z€j9k 2 = | eje_rie_jek 2 =r,
Hence

Hy(e)2 =t =

where c is a constant, implying that it represents an all-pass filter.

(2)
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Design of FIR Digital Filter

The transfer function of FIR digital filter is in the form of

N-1
H(z) = > h(n)z™" (4)
n=0
where the impulse response is of length N.
The filter will have linear phase response if the FIR digital filter satisfies
h(n) =h(N —1—mn) (5)
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Design of FIR Digital Filter

form=0,1,...,(N/2) —1if Niseven,and forn =0,1,..., (N —1)/2if N is
odd. Indeed if N is odd, then (4) and (5) give

H(?) = Zh(n)e_‘jne

2 ; ; N — (N 1)
= D [Am)e " + (N = 1= n)e VT 4p (—— Ly emitn-5 e

— Eh(n)[e—ﬂw —J(N 1— n)Q] _|_h(N2 )e—j{n—[%]}e (6)

N—3

_ iV = 1)/2]9{h( )+ Z h(n)[e —j{n- [(N 1)]}9 j{n—[(NQ_U]}G]}

N—3

= OIGE) + 3 an(mcos (0~ 2 ) (")
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Design of FIR Digital Filter

In similar way, (4) and (5), for even values of N, give

(5-1)

. . N —1
H(e’) = e /D20 N 9h(n) cos [(n —
n=0

)6] } (8)
In both cases, the phase ¢(60) of the FIR digital filter is given by

N —1

#(6) = =—— ©
which is linear for m < 6 < 7.
The group delay function is
N —1
T(0) = ¢'(0) = (10)
which is constant for 7 < 60 < 7.
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Constraints on zero-phase FIR filters

The zero locations of FIR filter are restricted to meet certain symmetry requirements due
to constraints imposed by (5). To see this, (4) is written as

N-1
H(z) = V) Z h(n)z" "}
n=0
Let m = N — n — 1 be a new dummy variable, then (12) can be written as

N-1
H(z) = =z WY Z h(N —m — 1)z
n=0

D Z_ h(m)(z~H™™ (11)

= D

This means that zeros of H () are the zeros of H(z™ ') except, perhaps, for the zeros at
origin.
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Symmetry properties of digital FIR filters

e If 2; = ais a real zero of H(z), then z; " = a™ " is also a zero of H(2).
Im[z]
- ~ Unit Circle

// \\

/ \

/ \
j (N } (N Re[z]

\ N , _/

\ a , 1/a

\ /
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Symmetry properties of digital FIR filters

o If 2; = ¢/% is a zero of H(z), where 6; # 0 and 0; # 7, then z; !
also a zero of H(z).

Im([z]
______ Unit Circle
4‘ .N
g )
R4
L4 .

¢ 4 Y

’ // Y
, A\
1

Re[z]
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Symmetry properties of digital FIR filters

o If 2, = r;e?% is a zero of H(z), where r; # 1, 6; # 0 and 0; # , then

z; =mrie % and z; ' = Le7% and z;' = Le?% are also zeros of H(2).
1 1
Im(z]
o
. . ,
Unit Circle.|. .
- ~ /
'f ~\’
Y4 N
74 A}
' 0,
1 ’ 1
I ’ 1
; . ' Re[z]
1 N I
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N
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Frequency sampling method

An FIR filter has equivalent DFT representation, given by

~ N-1 j2mnk
H(k)=> h(n)e "N (12)
n=0
where ﬁ(k) is actually the uniformly spaced N-point sample sequence of the
frequency response of the digital filter. As a consequence, the impulse response
sequence h(n) and transfer function H(z) are given by
N-1 .
1 ~ j2mnk
h(n)=—> H(k)e ~ 13
() =+ 3 H(k)e (13
k=0
and N1
1 «— ~ 11—z
k=0 1 — z-lel !
where equation (14) is the key to the design of FIR digital filter.
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Example

Design a low-pass digital filter whose magnitude characteristics are shown in Figure. Find

an appropriate transfer function via a 16-point frequency sampling method.

~

AHd<€j9>7 H<k>

14 4 .
0 OOOOOOOT‘_OOOOOO 27T>9

0 3) 10 15

Solution: In this case, the DFT sequence is given by
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Example

H(0) = H(1) = H(15) = 1
H(k)=0fork =2,3,4,...,14 (15)

By using (14), the desired transfer function can be found

1 <X (1 — 279 H (k)

H(z) = —[> )

k=0 1 — z—1le’8

11— 2_16[ 1 N 1 N 1 1 (6)
16 1 — z_lejoT7T 1 —2-le®  1-— z_le%
1— 271 1 2(1 — z ' cos(m/8))

16 [1 — 2z~ 1 + 1 — 2z 1tcos(mw/8) + 2—2}

It can be be shown that the frequency response of (17) will be equal to the specifications
of (15) at the sampling frequencies 8 = %ﬂ fork =0,1,2,...,15.
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The Windowing Method

e The Fourier series expansion of the frequency response of a digital filter, H(eje), is
given by

HE) = > h(n)e™™ (17)

where

h(n) = %/W H ()l (18)

=—1

where h(n) is the impulse response of the digital filter.

e While the infinite series in (17) can be truncated to obtain the digital filter, the Gibbs
phenomenon states that the truncation will cause overshoots and ripples in the
desired frequency response.

e In the method of windowing, a finite weighting sequence w(n), called windows, is
used to obtain the finite impulse response hp(n), where

hp(n) = h(n)w(n)
where w(n) is w(n) = 0 forn > N and n < 0.
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The Windowing Method

e Given the desired frequency response H (e’?), which may be obtained by
the frequency sampling method.

e Find the associated impulse response sequence h(n) from 17 or by
inverse z-transform of H(z), where H(z) is obtained from H(e’%) by
replacing 7% with z.

e Employ an appropriate window function w(n) to modify the sequence
h(n) to obtain the FIR digital filter's impulse response sequence

hp(n) = h(n)w(n).

The windowing method has the effect of smoothing out the ripples and
overshoots in the original frequency response as shown in the figure for a
simple window function
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The Windowing Method

H ()] H()
1A A

X /\/\/\/\/\/\/\r‘i&') 9 Tad > fOrad
70 T
2m™n
w(n) = 1—|—008Tfor0§n§N—1
= 0 otherwise (19)
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The Windowing Method: Some common window
functions

e Rectangular Window

wn) = 1for0<n<N-1

= 0 otherwise

e Bartlett Window or Triangular Window

2
w(n) = NillforOgng(N—l)/Z
2
- 2—Nf1for(N—2)/23n§N—1
= 0 elsewhere

where N is even.

(20)

(21)
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The Windowing Method: Some common window
functions

e Hann Window

1 2
win) = 5[1 —COSN7T_n1] for0<n<N -1

= 0 elsewhere (22)

e Hamming Window

21T
w(n) = 0.54 — 0.46 cos [N 1] for0 <n<N-1

= 0 elsewhere (23)
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The Windowing Method: Some common window
functions

e Blackman Window

2mn ] 4n
N —1 N —1
= 0 elsewhere (24)

w(n) = 0.42—0.5cos | |for0<n<N-1

+ 0.008 cos |

e Kaiser Window

Io[war/ (M52)* = (n — 5527
wln) = for0<n<N -1
" ey s

= 0 elsewhere (25)

where Iy(.) is a modified zeroth order Bassel function of the first kind
and w, is a window shaper parameter.
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Two Sinusoids in WGN:- Hamming window

z[n] = 0.1sin(n * 0.27 4+ ®1) 4 sin(n * 0.37 + ®3) 4+ w(n] N =128

Hamming window wln| = 0.54 — 0.46 cos (27r%)

15 20 T
10 10 (\
5 of

m ol )

Z Z

g = 2

= =

'c -10r I=

(@] (@] |
-20 |
-25 . i
-30 : : : : -60 : : : :

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Frequency (units of pi) Frequency (units of pi)
Expexted value of periodogram Periodogram Using Hamming window
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The Modified Periodogram

The periodogram of a process that is windowed with a general window
w[n| is called a modified periodogram and is given by:-

where N is the window length and U = ~ Zf,::ol lw[n]|? is a constant,
and is defined so that Py;(w) is asymptotically unbiased.

In Matlab:-

xw=x(n1:n2) .*w/norm(w) ;
Pm=N * periodogram(xw);

where, for different windows

w=hanning(N); w=bartlett(N);w=blackman(n);
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“Cosine—type windows”

Idea:- suppress sidelobes, perhaps sacrify the width of mainlobe

e Hann window

w=0.5*% (1 - cos(2*pi*(0:m-1)’/(n-1)));
¢ Hamming window

w = (54 - 46%cos(2*pi*(0:m-1)’/(n-1)))/100;
e Blackman window

w = (42 - 50*cos(2*pi*(0:m-1)/(n-1)) +

+ 8*cos(4*pi*(0:m-1)/(n-1)))’/100;
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Standard Window Functions:- Properties

Triangular window

File Edit Yiew Insert Tools ‘Window Help

) Figure No.

I [m]

learniyn A2/ 220X |IE|W

window

Hamming

-} Figure No. 1: Window Yisualization Tool
File Edit WYiew Insert Tools ‘“Window Help

=lolx|

— window Viewer

Time domain Freguency domain
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Mainlobe width [-3dB]: 0.012695

Samples

Leakage Factar: 0.28 % Relative sidelobe attenuation: -26.5 dB

dow Yisualization Tool

) Figure No. 1

File Edit View Insert Tools ‘Window Help

=101
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@R vA 2/ 2ARO2K[IE|Y

— "Window Viewer
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Time domain
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0.4 g
Mormalized Freguency (xm radfsample)
tairlobe width [-2dB): 0033063

Samples

Leakage Factor: 0.03 % Relative sidelobe attenuation: -42.5 dB

- Figure No.
File Edit Wiew Insert Tools ‘Window Help
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— "Window Viewer
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50

ogl|-----

o
E 05 2
= -7 n
2 o B R e S
: ;
04 g
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MNormalized Frequency (x<n radisample]
Mainlobe width [-3dB ) 0.042969

30
Samples
Relative sidelobe attenuation: -31.5 dB

Leakage Factor: 0.05 %

Hann window

learixa 2/ 220X [12|R

— wfindow Viewer

Time domain Frequency domain

S0

Amplitude
Magnitude (dB)
&n
o

Y1) S S N

-150
0.4 06 0s

Mormalized Frequency (=n radisample)
I ainlobe width [-3dB]: 0050781

Samples
Relative sidelobe attenuation: -58.1 dB

Leakage Factor: 0%

Blackman window

Imperial College
London

Danilo P. Mandic

Digital Signal Processing




Some Comments on FIR digital Filter

e Unlike IR filters, FIR filters can be designed to have linear phase
characteristics.

e FIR filters are always stable.

e FIR filters are, however, computationally more expensive than IR filters
and hence are called for to perform tasks not possible/or not practical
by IIR filters such as linear phase, and multirate filters.
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