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Overview of Spectral Estimation Methods

________________________________________________________

Parametric

Methods

Modifications

1. Windowing Data
2. Bartlett’s Method
3. Welch’s Method
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Periodogram Based Methods
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> = —Jnw
Pper(w) = ~ Z x(n)e
n=0
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Windowing Averaging
Modified Periodogram Bartlett’s Method
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Modified Periodogram

Windowing

Reduction the
“Edge Effects”

> W

Windowing mitigates the problem of spurious
high frequency components in the spectrum.
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Bartlett’s Method
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Welch’s Method

Overlapping Windows

\
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p Averaging
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Achieves a good
balance between
Resolution &
Variance
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Blackman-Tukey Method

The Periodogram N1
can also be ~ A T
P, (w)= r(k)e ™
expressed as: per () . ZN+1 ()
Autocorrelation Estimates
at large lags are unreliable
M
: A o — gk
Ppr(w) =) w(k)#(k)e 7

k=—M

Lags: M < N —1 Windowing

Next: Can we extrapolate the autocorrelation estimates for lagsk > M ?
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Maximum Entropy Method

How can we extrapolate the autocorrelation estimates with imposing the

least amount of structure on the datar
——> Maximize the randomness ——=> Maximize Entropy “fattest” PSD?

Autocorrelation Sequences

Which one has the
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Maximum Entropy Method (MEM)

Entropy of Gaussian random process x(n) with PSD P, (w):

H(x) = L /W In P,y (w) dw

27 J_,

Goal: Find extrapolated autocorrelation values 7, (k) to maximize the entropy:

OH (x)
=0, for: |k| >
ore(hy O o k=
*Refer to handout
for the full derivation
A o'fu w Estimated using
B (W) — | P kw2 the Yule-Walker
1+ 2ok ke J—— Method

The MEM method is identical to the all-pole AR(p) spectrum although
no assumptions were made about the model of the data (except Gaussianity).
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MEM, derivation

= for a Gaussian process with a given autocorr. sequence 7, (k) for |k| < p

the Maximum Entropy Power Spectrum minimises entropy H ()

subject to the constraint that the inverse DFT of P,.(w) equals the
given set of autocorrelations for |k| < p, that is

1 [T i
— Pm(w)ejkwdw = r.(k) kl <p
27 ) _ -

The values of r.(k) that maximize the entropy may be found by setting
the derivative of H(z) wrt (k) equal to zero:

OH (x) 1 / 1 aPM(w)dw _ 0 k| > p

87;(A) - 2—7T —TT P:l?:l?(w) 87:

Notice that 2fzzle) — cokew - 1 [M st—e?dw =0, |k| > p.
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MEM, spectrum

T herefore:

Q:ra:(w) — Z q.I'I _ka

k=—p

= If’,,,w,n is an all-pole spectrum, given by

: _ (O [6(0) [
Pm,e’m,(w) — A A
p(@) A (w) 1+ 0 ap(k)erhel”
Alternatively
: [6(0)[°
P’nze'm —
) e ay,|?
Coefficients a[l, a,(1), ..., a,(p)]’ and b(0) are found from the normal

equatlons (Yule-Walker).
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Power spectra of ARMA processes

Py(w)

A Py(w): Ap(w) P’w(w)
2
n
o2 w(n) . iQ(w) y(n)
w
' > w p(w) > w
Flat (white) Bandpass
Spectrum Spectrum
p
y(n):—Zakyn— —I—Zbkwn—
k=1
\ ) \ )
\{ )\ {
Autoregressive Moving Average
AR(p) MA(q)
4 5 I
‘Z% o bre™ 7
Parma(w) = e
‘1 + > _q Gre 9kw|
o
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Recap: ARMA processes

Random processes x[n| and w(n| are related by a linear difference equation
with constant coefficients, given by

p q

H(z) = 1)4(/((3 = iéz; < ARMA(p,q) + z[n| = ; ajzn — ]+ ; byw[n — lj]

J/

v . . Vv
autoregressive moving average

Notice that the autocorrelation function of z[n| and crosscorrelation
between the stochastic process z|n| and the driving input w|n| follow
the same difference equation, i.e. if we multiply both sides of the above
equation by x[n — k| and take the statistical expectation, we have

P q

7’11"117(1{7) — § a Tzr,:r,(k _ l) + E bl 7’;1710(]{' _ l)
=1 J 1=0 )

easy to calculate can be CS:nplica.ted

Since = is WSS, it follows that z[n| and w|n]| are jointly WSS

Impe"al CO"Ege © Danilo P Mandic Adaptive Signal Processing and Machine Intelligence 13
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Recap: Yule-Walker equations

For k=1,2,...,p from the general autocorrelation function, we obtain
a set of equations:

77;17.17(1) — alr‘lf:l?(o) + a27ja‘,a:(1) +e Tt ApTre (p o 1)
7rr(2) — a17’$$(1) + aQTLI?I(O) +oe Tt ApTre (p o 2)

Trw(p) = al””ataf(p — 1) + aQTmm(p - 2) + et apr’l?il?(o)

These equations are called the Yule—Walker or normal equations.

Their solution gives us the set of autoregressive parameters
T

a = [al,...,ap] .

The above can be expressed in a vector—-matrix form as

_ I » |
r:lf:l? — R:l?:l?a = a = Rq-r r:lt:lt

The ACF matrix R, is positive definite (Toeplitz) which guarantees matrix inversion
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Recap: ARMA processes

Plot the power spectrum of an ARMA(2,2) process for which
+ym/2

o the zeros of H(z) are z = 0.95¢

o poles are at z = (.9¢+727/5

Solution: The system function is (poles and zeros — resonance & sink)

1 +0.902522

H(z)=
1 —0.5562z=1 4+ 0.81272
—_— T T T T
om
=,
S
2
I3}
()
Q.
)
o
=
o
o
o 065 1I 1?5 2Ii: s 35
requency
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ARMA spectrum estimation

Magnitude (dB)
£ = &5

<
f=—1

%

Al

15

10
0

02 04

oie ois 1
Frequency (units of pi)

All-pole model capable of estimating two sinewaves in noise!

Blackman-Tukey and MA: Smooth spectra & not suitable here

Consider an AR(2) signal z(n) = —09z(n - 2) + w(n) with w ~ N'(0,1).
Consider N = 64 data samples, and model orders p = 4 and p = 12.

900

:7011] PETR .............. ............. .............. ..............

Magnitude (dB)

0 0.2 0.4 0.6 0.8 1
Frequency (units of m)

Notice that this is an AR(2) model!

Although the true spectrum has a single spectral peak at w — /2 (blue),
when overmodelling using p = 12 this peak is split into two peaks (green).

Imperial College
London
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Complex AR modelling (from Lecture 2)

Standard AR model of order n is given by
2(k)=arz(k —1) 4 -+ anz(k — n) + q(k) = al z(k) + q(k),

Using the Yule-Walker equations the AR coefficients are found from

a* = Clc
Tt ) 1) . on=1) ] [ (1) ]
as B c(1) c(0) . f(n=2) c(2)
| a, | c(n—1) c¢n-2) ... c(0) | c(n) |
where ¢ = [c¢(1),¢(2),...,c(n)]! is the time shifted correlation vector.
Widely linear model Widely linear normal equations
—1
h* c P C
N — w1 . T 1\~*(1 . _
R R e RN Il B - A I
where h and g are coefficient vectors and x the regressor vector.
Imperial CO"Ege © Danilo P Mandic Adaptive Signal Processing and Machine Intelligence
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Complex AR modelling, simulations

Circularity for lkeda map AR model of lkeda signal

o.8r 1 :
o0.6F oo™ © . o - Covariance
’ > BT o° o = = = Pseudocovariance
0.8 E
0.6
04
0.2 ' ' 1
026 0.8 ' : : -020 -10 - 0 - 10 20
R{z()}
1 T 1 T
== Covariance = Covariance
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0.8 0.8 h
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0.4} ." 1 0.4} .\
0.2} ;Y 1 0.2t o 1
‘ = = - / \; an b\-/(§~¢<¥
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Impe”al CO"Gge © Danilo P Mandic Adaptive Signal Processing and Machine Intelligence
London

18



Subspace Methods: Introduction

z(n) = A1/ +w(n) | 4= Ay ]e?®
w(n) ~ N(0,03,)

{x:Alel#—W}

ep = [1, e, ..., er(M=-INT

l x = [2(0), (1), ..., (M — 1)]¥

Autocorre.latlon: E(XXH) ~R,, = |A1|2e1efl 4+ U%UI
Matrix

\ Y ) \_Y_I
R, R,
Signal Autocorrelation . .
R g o Noise Autocorrelation
an
. | Rank ]|/
Single non-zero Eigenvalue All B _ 2
- . Eigenvalues = o
=M|A;|
N J
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Decomposing the Autocorrelation Matrix

R, = |A; |2e1 e{{ is Hermitian. Remaining M-1 eigenvectors are orthogonal to e;

ellv, =0, i=2,...M

)\min(R:Ux)
e’ l \ v
R 4,2 .
— M|A; 2 2
TT —I—O'%U e, + o, |V, + 0.V,
Eigenvectors of R
)\maX(Rxaz) & >

= Eigenvectors of R .,

Can we use the 1dea that e{{ v; = 0,to somehow estimate the power spectrum?

Impe”al CO"Ege © Danilo P Mandic Adaptive Signal Processing and Machine Intelligence 20
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Multiple Sinusoids

Consider: x(n) = A1t + Ase?"“? + w(n)

H 2 . 2 2
R,,. = EPE"” 4+ 01 E = |e1,es], P =diag(|A41]7, |A2]7)
- : N '\Rank 2 /o Signal eigevectors span a
The first 2 eigenvalues
f R are S 5 2D subspace
o) : .
w5 i T 0y o Noise eigevectos span a
The remaining are gi Vs A hoise (M-2) dim. subspace
(N / eigenvector - /
The signal and [el7 e2] are not the signal
noise subspaces eigenvectors in this case.
are orthogonal /
4 >
V2
e2 signal
subspace
v ©
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Subspace Methods

Extending to p sinusoids. R, = EPEH -+ O'?UI
E=ley,...,e)], P=diag(|4:[* ..., [4,]*)

| i=1,...

PSD estimation can ~ 1
; be performed as: Poup(w) = M He |2
p ) Zi:p—l—l Q; |e Vi|
Pisarenko Harmonic MUltiple Signal
Decomposition Classification (MUSIC)
A 1 A 1
Ppgp(w) = - 5 Pyu(w) = =37 P
e Viyin| Zz‘:p+1 e v
EigenVector Method Minimum Norm Method
~ 1 1
Ppy(w) = ZM 1 eHV-‘2 PMN(w) = 5 W a € Noise Subspace
i=p+1 A ! |eHa’ ) & has min. norm
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Comparison of the 4 Subspace Methods

Pisarenko MUSIC Ovetlay of 10 different
% ‘ ‘ ‘ s ‘ ‘ ‘ realizations of 4 complex
80 1 ok : i . . . . .
sinusoids in white noise.
o eor & Bl | /
Tl 8 -1or |
(0] (0]
:3 40+ S -15F B
g’ sor §_20
20+ .
. Pisarenko only needs a
° 5 x 5 correlation matrix
10 05 1 5 2 0 05 1 5 2
Frequency (units of pi) Frequency (units of pi)
A 64 x 64 correlation
EigenVector Minimum Norm matrix was used for
" , ‘ ‘ w ‘ ‘ ‘ other methods

Except for Pisarenko’s

o
°
3 method, all other
5 estimates are correct!
=
l/W\MMMA}\- MArt s anamarnmrmasasan]
% 05 1 15 2 % 05 1 15 2
Frequency (units of pi) Frequency (units of pi)
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Principal Components Spectral Estimation

Signal Noise
A A
I )| [ § )|
i H H | o
i Vi v, : Vor v
/,
Ruz ~ Ry =Y NvivH . .
zx ~ g = iViVy Can we de-noise the signal by
i=1 discarding the noise eigenvector
. . °
Linear Algebra terms: We impose a rank ' [Vp+1,- -5 Vi)
p constrainton R ..
Principal component analysis (PCA) can be used with Blackman—
Tukey, maximum entropy method and AR spectrum estimation.
Imperial College © Danilo P Mandic Adaptive Signal Processing and Machine Intelligence
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Summary of the Different Methods

_________________

Signal
Subspace

“Numerator “Denominator’
Methods Methods

_______________________________________________________________

Periodogram

Autoregressive (AR)

Blackman-Tukey ARMA Max. Entropy '

Moving Average (MA)

e

________________________________________________________________________________

_________________

Pisarenko
Min. Norm

Eigenvector

MUSIC

Noise
' Subspace

- - — = - = = = -

Imperial College
London
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What is that a matrix does to a vector?

A

Ampli-twist

A matrix A which multiplies a vector

X

(i) stretches or shortents the vector

(ii) rotates the vector

A ~~ any general matrix

R ~~ a rotation matrix (RY = R™1
and det R = 1)

Ex = Ax ~» eigenanalysis

P ~~ projection matrix

An example of a rotation matrix

R _ [ cosf) —sinf ]

sinf cosf

What can we say about the
properties of the matrix A, matrix
E and the projection matrix P
(rank, invertibility, ...)?

Is the projection matrix invertible?

Imperial College
London

© D. P. Mandic
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The meaning of eigenanalysis

Let A be an n X n matrix, where A is a linear operator on vectors in R",
such that Ax=Db

A ||x|=|b x—» A +—»b

An eigenvector of A is a vector v € R™ such that A v = Av, where A is
called the corresponding eigenvalue.

Matrix A only changes the length of v, not its direction!

1 t

P b A .
e / Action of
Av = \v A on x
A\
. X R
Equation Av = \v Equation A x = b.
Imperial College . N : , , :
© D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017
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Motivation for Principal Component Analysis (PCA)

from material by Rasmus Bro

Height monkeys

Can monkeys and
humans be distinguished
by height? There is
clearly a difference in
trend, but it is not quite
enough to separate them
completely.

Height humans

Ditto weight

Weight then? Same
thing.

But could we make a
pattern out this?

Imperial College

London © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017 4



And now, principal directions in data

from material by Rasmus Bro

Clearly, a 2D representation provides a perfect separability between
humans and monkays, together with principal directions in data.

Height versus Weight
100 — 0.20 I

%0 ] Height

o
-
()]

Weight
Probability density

0.05 |

0.00 L

Imperial College

London © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017 5



Principal Component Analysis (PCA)

Also known as the Karhunen-Loeve transform

e Many signal processing, control and machine learning tasks employ
multivariate data which often exhibit dependencies and redundancies.

e For example, it is often useful to reduce the dimensionality of a signal
while maintaining the useful information.

e This reduces the computational complexity of any algorithm while
preserving the physical meaning of the data.

e Besides dimensionality reduction, we often would like to transform the
multi-channel data such each channel is orthogonal to each other (the
data covariance matrix is diagonal)

e We use the PCA to accomlish this goal — The PCA has been called
one of the most valuable results from applied linear algebra.

Imperial College

London © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017 6



Principal Component Analysis (PCA)

Geometric View

Input Data —e-

. :
S L I 1 sradpeers I 1 q0o =]
6 4 -2 0 2 4 B

v v

Transformed Data (feature weights) Projected Data

L T ' : : !
08 o
o CEE L bbbl 8
W1 SR P S — — S——
-1 1 L - L 1
2 1 0 1 2

Imperial College
LOﬁdOI‘I 9 © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017



Principal Component Analysis (PCA)

Derivation

e Consider a general data vector, x;, € CM*1

(sample) covariance matrix defined as

| Nl

def

cov(xyi) = Ry = N E XX}
i=0

, with the empirical

e Also, if we define a matrix X € CNxM.
X1 = [xl X9 ... XN] — RX:%XHX

e The symmetric covariance matrix Ry admits the following eigenvalue
decomposition: Q7R,Q = A

e The diagonal eigenvalue matrix, A = diag{ A1, Ao, ..., Ap}, indicates
the power of each component of x;.

e The matrix of eigenvectors, Q, = [q1,qo, - - ., qns], designates the
principal directions of the data.

Imperial College

London © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017



Principal Component Analysis (PCA)

Derivation

e Suppose X} is to be transformed into a vector, U, € CM*1 using a
linear transformation matrix W, so that

U, = Wx;, where cov(Ug) =1L

1 :
e The PCA states that W = A" 2Q* can be obtained from the
eigenvector and eigenvalue matrices.

e Proof:
1 N-—-1 .
cov(Uy) =+ ; U, UL
aou (1= 5 o
= A72Q N;xkxk QA2
1

Imperial College
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Principal Component Analysis (PCA)

Dimensionality Reduction

e To perform dimensionality reduction, the PCA can be applied to obtain
a transformed data vector U, € C"*! with the dimension r < M as

1
— W _ A 2NH
Urak _ rXk = Al:rQl:eri

o Ay, =diag{\1, A2,..., A} and Q1. = [q1,92, .- ., qy]
e Note: r corresponds to the r largest eigenvalues in A.

e The PCA selects the directions in which the data expresses
maximal variance, that is, the directions of the principal eigenvectors
of the data matrix.

e The PCA matrix W, can be interpreted as a projection matrix as we
are unable to recover x; from the “reduced” data vector U, .

e The PCA projects the data onto the axes which exhibits the r-largest
variances.

Imperial College

London © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017 10



Principal Component Analysis (PCA)

Connections with Singular Value Decomposition (SVD)

e Consider the SVD of the data matrix X = UX V¥,

E‘ )20
S

MxM

X|= U

NXM NXN NXM
e The matrices U and V are unitary, i.,e. U?U =1and V¥V =1.
e [ he covariance matrix Ry = %XXH — UX?U¥H,
e Related to the eigenvalue decomposition: QAQH = UX*UH

e So, PCA matrix W = A_%QH can be obtained from the SVD of X as
W = X 'U# — No need to compute R,.

Imperial College

London © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017 11



Principal components in data and noncircularity

Circularity coefficient= 0
Correlation coefficient = 0

. Circularity coefficient = 0.8;
'+ Correlation coefficient = -0.8

2-. :"'a.f- Y
... EEs * e
1r : ;
0_
1t
—2r
-3

-3 -2 -1 0 1 2 3

Circularity coefficient = 0.8;
Correlation coefficient = 0

_a3 . s s s -
-3 -2 -1 0 1 2 3
3 . . . . .

Circularity coefficient = 0.8;
Correlation coefficient = 0.8 - R
1 L
0 L

—1t .;':'

2t 7

sl - . s s s -

-3 -2 -1 0 1 2 3

So, the degree of
circularity can be
used as a fingerprint
of a signal, allowing us
enormous  additional
freedom in estimation,
compared with
standard strictly
linear systems.

For instance, we
can now differentiate
between different
Gaussian signals!

Recall: Real valued
ICA cannot separate
two Gaussian signals.

Imperial College
London
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Noncircularity and PCA

[Left] A Gaussian signal z(k). [Right] The Gaussian signal y(k) after
applying the SUT.

[nfuk Outut
a0 . . ; > .
: A b
B
: 2 b
g : g
Id : =
£ : £
2
. _ | ) ST SO
I 1 ................... ................... .......... _ P
a0 ! i ; 5
=0 0 =0 -3 0 =)
Re{z(ki} Refuki

o Signal is rescaled so that it has unit power.
o Non-circularity is aligned with the axes: E[|Re(y)|?] = 0.5(1 + )),
E[lIm(y)|?] = 0.5(1 - A).

Imperial College

London © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017
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PC 2

Variable 2

PCA examples, uncorrelated data

5.
A * PC1andPC 2 are uncorrelated.
3 pe2 PC 1  PC 1--direction of higher variance
Al PC 2--direction of lower variance.
1+ ...1.."&_“
U“'" R
p , , 100
0 2 4 6 Q
Variable 1 < g0
o
c
ol T 60
o
1 <
L]
o 40
o- e
W
1 = 20
>
ER— 6 5 i 0. >
PC Principal Components
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PCA examples, correlated data

X,, X, are correlated variables and have similar variance

5
4+ 100
3r 80+
N —
r S
3T 2 5 60|
< =
= 4] 2 40|
=
Or 20+
0
-1 ; ) i 1 >
Variable 1 Variables
Imperlal CO“ege © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017 15
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Matrix Decomposition for Regression
Principal Component Regression (PCR)

Regression: Predicting dependent variables, Y € CN*L from a linear
combination independent variables, X € CV*M  through a set of
coefficients B € CMX*L,

Y = XB
The ordinary least squares (OLS) the solution is given by

Bois = (X#X)"1X*y
Pseudo—i;\;erse of X

Problem: If X is sub-rank then the matrix XX is singular and so the
calculation of (X¥X)~! becomes intractable.

This occurs in big data settings where number of variables being measured
is large and may contain redundant information.

Imperial College

London © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017 16



Matrix Decomposition for Regression
Principal Component Regression (PCR)

e The PCA representation allows the separation of data into independent
components.

e For sub-rank data, the number of important components will be less
than the number of variables and this “subspace” can be identified
using PCA.

e Furthermore, the SVD representation allows a straightforward
calculation of a generalised inverse as

Bl.= VX 'U! Y

Generalised Inverse of X

e X! is a diagonal matrix with the reciprocal of the singular values of X.
Hint: Use the property U¥ = U~! and V# = V! to derive B .

Imperial College

London © D. P. Mandic Adaptive Signal Processing & Machine Intelligence, Spring 2017 17
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