Design of |IR Digital Filters

O Design an analog filter by obtaining transfer function H(s) to meet
requirements.

O Construct a mapping procedure to obtain |IR digital filter H(s) — H(z)

[ mapping procedure]

Given: Filter Analog filter !: Digital filter
specifications [~ design design

The mapping procedure should satisfy the following conditions:

e Condition 1: The imaginary axis of the s-plane is mapped onto the unit
circle of the z-plane. This preserves the frequency characteristics.

e Condition 2: The LH s-plane ( Re|s] < 0) mapped into the interior of
the unit circle of the z-plane. This preserves the stability properties.
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Design of IIR Digital Filters

Condition 1: {s = jw|—co<w <} = {z=¢? -7 <0 <7}

Im[s] Im([z]

— |

Re[s] Re[z]

s—-plane z-plane

Condition 2: {s|Rels] < 0} — {z]|z] < 1}

Im[s] Im[z]

s—-plane z-plane
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Mapping Procedure: Numerical Integration

A continuous differential equation (characterising an analog filter) can be
approximated by a discrete difference equation (characterising a digital
filter).

Consider the simplest case, the Euler approximation of a continuous time
function dy(t)/dt as

dy(t) y(n) —y(n —1)

dt |,_, T

where T is the sampling period and y(k) £ §(t)|,_, for all k.

This gives rise to the following mapping procedure

—1
1=z,

s=———2 [(2)

which conversely implies that z = 1_18T
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Mapping Procedure: Numerical Integration

What is the quality of this approximation? Are conditions 1 and 2
satisfied?

The imaginary axis of the s-plane is mapped to

1 1 1/1+ jwT
z = : = -+ 3 :
1 —j30T 2 2\1—30T
N 1 1 S 2wT
z—— = —ex an
o 2P| 1 — (D)2

We can conclude the following

1. |z —1/2| =1/2 for all w

2. The phase angle (y(w)) of [z — 1/2] is given by tan™1 1_2(27:;,)2

The image of the imaginary axis of the s-plane is a circle in the
z-plane with radius 1/2 centered at 1/2.
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Mapping Procedure: Numerical Integration

The phase angle v(w) goes from —7 to 7 as w goes from —oo to oo

y(w) rad

wT rad

When Re[s] = Re|o + jw] = 0 <0,

1 1

< <1
VA =0T+ (WT)2 ~ 1 —0oT|

2| =
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Mapping Procedure: Numerical Integration

/// IT[S] Im(z]
_ // /

////// el
_

////// //// _
____TEErT—

s—plane z—plane

The LH s-plane is mapped into the circle of the z-plane
= Condition 2 is satisfied !

Condition 1 is not completely satisfied except for || small, such as

9] < A6,

= Condition 1 is satisfied for low frequency operations !
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