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Abstract

We consider the problem of sampling piecewise sinusoidpias. Classical sampling theory does
not enable perfect reconstruction of such signals sincg #re not bandlimited. However, they can
be characterized by a nite number of parameters namely teguency, amplitude and phase of the
sinusoids and the location of the discontinuities. In thapgr, we show that under certain hypotheses on
the sampling kernel, it is possible to perfectly recoverpheameters that de ne the piecewise sinusoidal
signal from its sampled version. In particular, we show thateast theoretically, it is possible to recover
piecewise sine waves with arbitrarily high frequencies arfltrarily close switching points. Extensions
of the method are also presented such as the recovery of patitis of piecewise sine waves and
polynomials. Finally, we study the effect of noise and préserobust reconstruction algorithm that is

stable down to SNR levels of 7 [dB].
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Fig. 1. Sampling setup. The continuous-time sign@l) is Itered by the acquisition device and sampled with peribdThe
observed samples aygk] = H (t=T  k);x(t)i.

. INTRODUCTION

Most digital acquisition systems involve the conversiorsiginals from analog to digital. Usually, the
device is modeled with a smoothing keriiglt) and a uniform sampling perio@ > 0. Following this
setup, the observed discrete-time signal is given by

VA

ylk] = 11 "(t=T  Kk)x(t)dt=H (t=T  k);x(t)i 1)
with k 2 Z as shown in Figure 1. The fundamental problem of samplingpisetover the original
continuous-time waveform(t) using the set of samplggk]. In the case where the signal is bandlimited,
the answer due to Shannon is well known [2]. The theoremssthtd the signal is completely determined
by its samples given that the sampling réte= % is greater or equal to twice the highest frequency
component ok(t). The original signal is recovered witt(t) = P k27 YIKISInQt=T k) where sin¢t) =
sin(t )=t andy[k] = x(kT). The problems arise when the bandxgt) is unlimited for instance due
to a discontinuity. From a Shannon point of view, these evan¢ seen as in nite innovation processes
and therefore require an in nite number of samples. Hengents concentrated in time are not precisely
measurable.

A sampling scheme has recently been developed by Vetteddil.ef3] where it is made possible
to sample and perfectly reconstruct signals that are nodlitmaited but are completely determined by
a nite number of parameters. Such signals are said to havéniée FRate of Innovation (FRI). For
instance, the authors derive a method to recover some sla$$eR| signals such as streams of Diracs,
differentiated Diracs and piecewise polynomials using gin Gaussian kernels. Later, in [4], [5], it was
shown that these signals can also be recovered using mdigticeeompact support sampling kernels
such as those satisfying the Strang-Fix conditions [6]peential splines [7] and functions with a rational
Fourier transform. The case of non-uniform samples acragsipie channels has been studied in [8].

The reconstruction process for these schemes is based antiilglating Iter method, a tool widely

used in spectral estimation [9], error correction codin@][interpolation [11] and for solving inverse

July 31, 2009 DRAFT



IEEE TRANSACTIONS ON SIGNAL PROCESSING 3

problems [12], [13], [14], [15]. These results provide arswar for precise time localization (i.e. Diracs
and polynomial signals) but in some sense lack frequendlilation capabilities.

In this paper, we extend FRI theory to oscillating functiotrs particular, we investigate the case
where the continuous-time signal is piecewise sinusoigaletfore it contains both time and frequency

components. More precisely, we consider signals of the:type

X XN
X(t) = Agn cosl gnt+  gn) a(t); (2)
d=1 n=1

where! 4.n, Agn @and 4., are constant parameters and

a) = u(t  ta) u(t  tge);

0 ti<:iitg<tgm <tps1 1

whereu(t) is the Heaviside step function; and study their reconstracfrom the sampley[k] given

in (1). Such signals are notoriously dif cult to reconsttigince they are sparse neither in time nor in

frequency. For this reason, the schemes in [4], [5], [3] aBl agthe Shannon type schemes would not
enable an exact recovery. However such signals have a att af innovation and we demonstrate that

it is possible to retrieve the parameteérs,, Aq.n and ., of the sinusoids along with the exact locations

tq given certain conditions on the sampling kerhét). Note that similar cases have been studied in the
FRI context. For example, in [16] the authors deal with banitkd signals that are corrupted by additive

shot noise (i.e. Diracs). The case of bandlimited signatkeddo piecewise polynomial signals was also

considered in [17]. These types of signals, however, do nobmpass the piecewise sinusoidal signal
de ned in (2).

It is also worth mentioning that a lot of attention has retyebeen given to the problem of recovering
sparse signals from a non-uniform set of samples [18], [TBgse works deal with discrete signals that
have a sparse representation in a basis or frame. Extentsidhe case of analog signals belonging to
a union of shift-invariant sub-spaces were considered @}, [21], [22]. The signals of interest in this
paper, however, are not sparse in a basis or frame nor lie iviod wf shift-invariant sub-spaces, but have
a sparse parametric representation. That is, they can besmyped with a nite number of parameters
per unit of time.

This paper derives two methods to retrieve exactly contistiime piecewise sinusoidal signals from
their sampled version. Sections Il and Il discuss the samgernels that can be used in our scheme and
recall some of the aspects of annihilating Iter theory. tisithese kernels, Section IV derives a global

method for retrieving the parameters of a general piecesirsgsoidal signal. Section V discusses local
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reconstruction methods that have a lower complexity. IrtiSed/I, we brie y discuss some extensions of
the algorithm, namely adding piecewise polynomials to @igse sine waves. Section VIl deals with noisy
observations and presents a robust algorithm for sampiiecewise sinusoidal signals in the presence

of noise. Finally, we conclude in Section VIII.

II. SAMPLING KERNELS

Many sampling schemes such as the classical Shannon readitst [2] and some of the original
FRI schemes [3] rely on the ideal low-pass Iter (i.e. thecsfanction). This lter is not realizable in
practice since it is of in nite support. It is therefore aittive to develop sampling schemes where the
kernels are physically valid and realizable. It was regestiown that FRI sampling schemes may be

used with sampling kernels that are of compact support $],1h this section, we present these kernels.

A. Polynomial reproducing kernels

A polynomial reproducing kernél (t) is a function that together with its shifted version is alie t

reproduce polynomials. That is, for a given set of valoes 0;1;:::;M, it is possible to have

X
Cmx' (=T K) = (t=T)™;
k2z

given the right choice of weightsy. Strang and Fix [6] proved that the necessary and suf cient
conditions for a function to have the above property are

dma(n)
dlm =2k

7(0) 6 0 and

where(! ) is the Fourier transform of (t). Perhaps the most basic and intuitive such kernels are the
classical B-splines [23]. The B-spline of degree zero isracfion with Fourier transform
1 el
j!
The higher order B-splines of degr&e are obtained througN + 1 successive convolutions ofy(t)

") =

LON+L
such that'y (1 )= 1% j‘f - and they are able to reproduce polynomials of degree zekb. tbhis

property follows directly from the Strang-Fix condition @ke.

B. Exponential reproducing kernels

Similarly to the polynomial reproducing kernels, an expured reproducing kernél (t) is a function

that together with its shifted version is able to reproduqeoaentials. That is, for any given setldf +1
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values( o;:::; ™), it is possible to have
X
Cnk' (=T k)= e =T, m=0:;1::::M (3)
k2Z

given the right choice of weights, . Note that ,, may be complex. One important family of such
kernels are the exponential splines (E-splines) that appdaa early works such as [24], [25], [26], [27]
and were further studied in [7]. These functions are exterssof the classical B-splines described above
in that they are built with exponential segments insteadadymomial ones. The rst order E-spline is a
function _(t) with Fourier transform” NOE 11,‘37’ The E-splines of degred are constructed

by N successive convolutions of rst-order ones:

W 1 en j!
A~(! ) = Ii’ (4)
h=1 b n
where ~ = 1;::7; N). A series of interesting properties are derived in [7]. Irrtigalar, it is

shown that an E-spline has compact support and it can repeodny exponential in the subspace

through convolution [7], we have that any kernel of the forrft)  _(t) is also able to reproduce

the same exponentials as above.

[11. A NNIHILATING FILTERS AND DIFFERENTIAL OPERATORS

In this section, we recall the notions of annihilating Itend differential operator which are at the heart
of the sampling schemes developed in this paper. In paaticule recall the annihilating lter method
and show how the annihilating lters in the case of exporargignals are related to the E-splines. We
also show how a piecewise exponential signal may be coménte a stream of differentiated Diracs

using an appropriate differential operator.

A. The annihilating Iter method

P
Assume that a discrete-time sigrsfk] is made of weighted exponentials such thlif = Ezl anuk
with u, 2 C and assume we wish to retrieve the exponentiglsand the weights,, of s[k]. The Iter

h[k] with z-transform
W
Ho(2= (1 unz %) (5)

n=1
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andd = (ug;:::;uyn) is called annihilating Iter ofs[k] since(h s)[k] =0 8k 2 Z. We can therefore
construct the foIIowglg system of equations: L
0 1
s[0] s[ 1] ::: s[ N] h[O]
s[1] s[0] i s[ N +1] hi1] & 0

s[N] s[N 1] ::: s[0] h[N ]

Notice thatN +1 equations are suf cient to determine thg] therefore we write the system in matrix

form as
Sh=0; (6)

whereS is the appropriat®& +1 by N +1 Toeplitz submatrix involvingN +1 samples of[K]. If s[K]
admits an annihilating lter, we hav®ank(S) = N hence the matrix is rank de cient. The zeros of
the lter Hy(z) uniquely de ne theu,s since they are distinct and any Itéifk] satisfying the Toeplitz
system in (6) hasi, as its roots. Note that without loss of generality we may gué€é = 1 and solve

the system

1] s[N 2]

0 1
Lo s[0]
% s[N] s[N 1] ::: s[l E

s[2N 2] s[2N 1]

0 1 0 1
h[1] s[N]
h[2 N +1
2 & _f SN+u £ -
h[N] S2N 1]

which only require2N samples of[k]. Given theu,s, the weights,, are obtained by solving a system

of equations usingN consecutive samples afk]. These form the classic Vandermonde system

0 10 1 0 1
1 1 1 ai s[0]
us Up II:I U a _ s[1] _
T TS ST VA an s[N 1]
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which also has unique solution given that tines are distinct.
Py P
A straightforward extension of the above annihilating rlie that a signask] = = N, Ty *an, k" uk

is annihilated by the lter

W
Ho(@= (@ unz H7; (8)

n=1

which has multiple roots of ordeR,, in the u,. For a more detailed discussion of the annihilating Iter
method we refer to [9].

Let us return to the sinusoidal case. Clearly, a Iter of thipetH 4(z) will also annihilate a discrete
sinusoidal signaly[k] = P ,'}'zl Ancos( sk + ) since it can be written in the form of a linear

combination of complex exponentials. In this case, ther ieobtained by posingi = e~ and
~=(jV it Ny g v N 9
We simplify the notation by expressing.- (z) asH_(z). By comparing (5) with (4) and using = €' ,

we see that the annihilating lter for a linear combinatiof exponentials can be expressed with an

E-spline as

il AN W .
Hoe')= ") G o) (10)

n=1
where the second term is a differential operator which iswdised in the following section.

B. Differential operators

Let Lfx(t)g be a differential operator of ordé :

dN x(t) dV 1x(t)
gy AN 1TGN 1

Lfx(t)g= + i+ agx(t); 11D

with constant coef cientsa, 2 C. This operator can also be de ned by the roots of its charestie

polynomial
N N 1 W
L(p) = p +an 1p° “*+iitta= (P )
n=1
Using the same notation as in [7], we express the operatbr.ashere~ = ( 1; »2;:::; n). Posing

p=j!', we have in the frequency domain

L-G' )= (! n):

n=1

The null space of the operator, denotdid, contains all the solutions to the differential equation
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exponential annihilation properties. Moreover, the ofmeraas sinusoidal annihilation properties when
~ is de ned as in (9). This follows naturally from the fact thsinusoids are linear combinations of
complex exponentials. Therefore, given the rightthe operatot - will produce a zero output for the
corresponding sinusoidal input. It is also relevant to noenhere that the Green functian, (t) of the
operatorL _ is a function such that fg A (t)g = (t) where (t) is the Dirac distribution. In this
case, the Green function is given gy (t) = e "tu(t) [7] whereu(t) is the Heaviside step function.
Consequently, we have that

L ferfu(t ty)g=e ' (t tp): (12)

Finally, by combining (12) with (11), it follows that

nx o X X1
L- e"tu(t th) = Wh;r (r)(t tn); (13)
n=1 n=1 r=0

where ((t) is a differentiated Dirac of order andw,, are weights that depend on thg. Hence,
the appropriate differential operator applied to a piesewgxponential signal will produce a stream of
differentiated Diracs in the discontinuiti¢s.

Note that in [3], [5] were piecewise polynomial signals aomsidered, the signal is differentiated with

n = 0. This differentiation of the piecewise polynomial signedtls to a stream of differentiated Diracs
that can be retrieved from their samples using signal mosnehtsimilar method can be used in the
piecewise sinusoidal case. However, as shown above, tfezaiifial operator that produces a stream of
differentiated Dirac impulses requires the knowledge @f flequencies of the sine waves (i€.is as

de ned in (9)). Therefore, the methods in [3], [5] cannot beedtly applied.

IV. RECONSTRUCTION OF PIECEWISE SINUSOIDAL SIGNALS USING A GLG® APPROACH

All the necessary tools to sample piecewise sinusoidalatsghave now been laid down. For mathe-

matical convenience, we write the continuous-time sigisal a

RN _
x(t) = Agin Fon B an) (1) (14)
d=1 n=1

which is made ofD pieces containing a maximum &f sinusoids each. Assume now that this signal
is sampled with a kernél (t) that is able to reproduce exponentials' with ,, = ¢+ m where

0, 2Candm =0;1;:::;M. Following previous FRI methods [5], weighting the sampléth the
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appropriate coef cient®ny gives

X Dx E
[m] = Cmk YIK] = Cmk " (T K);x(t)
k27 k2z
z 1

= e ix(t)dt; (15)
1

where we have used (1) and (3) and set the sampling peridd=d . Note that [m] is an exponential
moment of the original continuous-time wavefow{t). In particular, when , = jm! o, we retrieve the

coef cients [m] = %(m! o) of the Fourier transform o%(t). Plugging (14) into (15) gives

)@ XN etd+]_ (]l d;n + m) etd (]l d;n + m)
mi=" " Ag! L
d=1 n=1

. 16
M ant m (16)

whereAq., = Ad;nei an  These moments are a suf cient representation of the piseesinusoidal signal
since the frequencies of the sinusoids and the exact losatd the discontinuities can be found using

the annihilating Iter method.

QID CQZQ

Let us de ne the polynomiaQ( m) = 4 1 (" ¢n+ m) of degree2DN . Multiplying both

sides of (16), we nd the expression

Q( m) [m]= (17)
X XN ' |
Adn dn( m)le" (Yot m)  glalitan * )]
d=1 n=1
where 4.n( m) is a polynomial of maximum degre2DN 1. Recall that we impose,, = o+ m

, . . : . P i1 Popn 1 t
which means that the right hand side of (17) is equivalent tp;° -, “b.gm'e'*™ whereb.q

are weights that depend on, but do not need to be computed here. Therefore a Iter of tipety
By+1 X
Hiz)= (@ e'vz )PV = hKkz X
d=1 k=0
with K = (D +1)2DN =2D?2N +2DN will annihilate (17) as shown in (8). It follows that

hikIQ( n k) [N k] =0; (18)
k=0
with n= K;K +1;:::;M. SinceQ is a polynomial in ,, it can be written as
x |
Ql m)=  rll] m;

1=0
whereL = 2DN . Using this notation, the system in (18) becomes

hKIFI( n ©)' [N KI=0
k=0 1=0
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0 1
h[O]r [0]
0 ) ) 1
S S S I O B
K+1 i (et K42 i [ 0 (b [ R T
- | B, K Ir 0]
K+U] i (et K*U] i (U] (o)t (U] :
K Jr[L]

Algorithm 1 Global recovery of a piecewise sinusoidal signal

1: Compute moments[m] in (15).
2: Build the system in (19) and retrieve the annihilatingerdt[K]r [1].
3: Seth[0] = 1 and retrieve the[l]. Compute thenh[K]:
4: Compute the roots of thie[k] andr[l] in order to nd thety and
the! 4n respectively.
5: Build the system in (20) using thdm] as well as they and
! 4.n computed in the previous step.

6: Retrieve theAy., and compute thé 4., and the g .

(K +1)(L +1) 1. Solving this system with[0] = 1 enables to nd ther[l]s. Subsequently, we nd
the hlk]s. The roots of the IterH (z) and the polynomiaQ( ) give the locations of the switching
points and the frequencies of the sine waves respectively. The aumbexponential moments[m]
required to build a system with enough equations to nd thexpeeters of the piecewise sinusoidal signal
iSM+1= K+ U+1=4D3N?+4D?N2+4D?N +6DN +1.

At this point, we have determined all the frequencies of thusoids and the locations of the
discontinuities. However, the polynomi&@l( ,) does not enable to distinguish which frequencies are

present in which piece. This information, along with the éitades and phases of the sinusoids are found

INote that in the case where= j! ¢ is purely imaginary, theé o has to be chosen such tHag 2 T=t p+1 in order to

avoid ambiguities.
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0.5 T
0 ]
10.5 . : :
0 0.25 0.5 0.75 1 [sec]
(b)
2 T T
: VWWNUWW
12 L I I
0 0.25 0.5 0.75 1 [sec]

Fig. 2. Sampling a truncated sine wave. (a) The original inoous-time waveform. In this example, we have= 0:3877
[sec] andt, = 0:6035 [sec]. The frequency of the sine wavelis;; = 121 [rad/sec] and the sampling period Ts= 1 =40
[sec]. (b) The observed samples. The sampling kernel is porential spline with parameterg =0 and = j0:082 . (c)
The reconstructed signal. Note that the signal is not beni@ld and the frequency of the sine wave itself is higher ttien

Nyquist rate for the given sampling period.

by building a generalized Vandermonde system
I;<+l )@ XN eti (J' dn t m)
[m] = Ad:n T (20)
i=1 d=1 n=1 J* din m
which require2ND (D +1) moments [m] and enables to determine thg.,s. This system provides a
unique solution since the exponents are distinct. The fglbrithm is summarized in Algorithm 1. The
derivation above shows that it is possible to reconstruetpiecewise sinusoidal signal in (2) from the

set of samples in (1). We therefore have the following result

A piecewise sinusoidal signal with pieces having a maximum bif sinusoids in each piece is uniquely
determined by the samplggk] = 0 (t=T k);x(t)i if M  4D3N2+4D?N?2+4D?N +6DN .

Figure 2 illustrates the sampling and perfect reconstoactf a truncated sine wave. In this case,
D =1 andN =1 and we need to compute exponential moments up to drleNote that the method
is based on the rate of innovation of the signal only. Thathiste are no constraints, for instance, on the
frequencies of the sine waves. In particular, we are notdichby the Nyquist frequency. It also means
that the locations of the discontinugsandt, may be arbitrarily close. In fact, the piecewise sinusoidal

signal de ned in (2) has a limited number of degrees of freadince it is zero fot 2 [t1;tp+1]. For
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this reason the sampling interval can, in theory, be arbitrarily large.

V. RECONSTRUCTION OF PIECEWISE SINUSOIDAL SIGNALS USING A LOGAAPPROACH

In the previous section, we saw that it is possible to retrithe parameters of a sampled piecewise
sinusoidal signal given that the sampling kernel is ableefaraduce exponentials of a certain degree.
This degree however increases very rapidly with the numbbesirusoids and pieces. In this section,
we show that the complexity can be reduced by making furtssumptions on the signal and imposing
constraints on the sampling peridd These assumptions will allow to locally reconstruct thgnsai by
retrieving the parameters of two or more consecutive pietestime. In the rst case, we assume that
the frequencies of the sine waves are known and we retrievexact locations of the discontinuities. In
the second case, we assume that the discontinuities areiexuily far apart such that a classical spectral
estimation method can be run in each piece in order to et frequencies independently of the

discontinuities.

A. Local reconstruction with known frequencies

Consider a piecewise sinusoidal sigidt) as de ned in (14) and assume the frequendigg are
known at the reconstruction. This can be the case, for instawhen information is transmitted using
the switching points (or the discontinuities) and we wishidtrsieve these locations exactly. The samples
y[k] are again given by (1). Since the frequencies of the sine svave known, we can construct the

annihilating Iter

\D W il i!
H_(z) = 1 ezl el«wz?
d=1 n=1
with coef cients h_[k] and
~=(' st oy oot P on):

Assume now that we apply this lter to the samplgfk]. AssumingT = 1, the expression for the

annihilated signay9k] gives

yik] = h_[k] h' (&t K);x(t)i D
@ zihe W@y H (@ ) ()i
® zi e oAy (L-(! );R(1)

= H_f'(t k) -t K)gxO)

= H(t k-t k);L-fx(t)gi;
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where (a) follows from Parseval's identity, (b) from (10)dafc) from integration by parts and the fact
that' _ is of nite support. This means that the coef cieny§[k] represent the samples given by
the inner-product between a modi edt) that we callx{t) = L-fx(t)g and a new sampling kernel
"Qt) = ' (t)  -(t). Now assume that the sampling kernglt) has compact suppoiV. Then the
equivalent kernel qt) is of compact suppoiv®= W +2DN . Furthermore, according to (1®Yt) is
made only of differentiated Diracs of maximum ord@®N 1 in the discontinuities. That is, we are left
with a signal of the typa{t) = P ot P 2N Twg, ((t tq) for which a sampling theorem exists [4],
[5]. Hence given that the hypotheses of the theorem are neetare able to perfectly reconstruc{t)
and retrieve the exact locatiohgs The theorem states that an in nite length signal made dédéhtiated
Diracs of maximum ordeR 1 can be sampled and perfectly reconstructed given that thplsa kernel
is of compact suppoiV, it can reproduce exponentiadsc™ ™ or polynomialst™ with M  2DR 1
and there are at moBt Diracs withDR weights in an interval of lengtBDW T . Since, this reproduction
capability is preserved through convolution [7], the ealewt kernel {t) is able to reproduce the same
exponentials or polynomials agt). Therefore w2z i At k)= enrtor i 2z i At k)=t
given the right choice of coefcients%;k. Hence the classes of kernels used in [4] are also valid # thi
context.

Similarly to the previous approach, the retrieval of thealiansty and the weightsvg, of xqt)
is based on the annihilating Iter method. As shown in [4]],[Ehese parameters can be found using
appropriate linear combinations of the sampyd&]. Indeed, using an exponential reproducing kernel,

we have the moments

Dx E
Ml = chuyTkl= e KXY (22)
k2z k2z
Z4 X+l 2DQ 1
= e "'xqt)dt = Wgm'etem:
1 d=1 r=0
that are made of weighted exponentials. Therefore a Itethef typeH (z) = Qg;ll (1 elez 1)2ON

will annihilate [m] and the problem of nding the locatiortg is reduced to that of nding the multiple
roots of H (z). This Iter can be determined using the Toeplitz matrix irBY2avhich follows directly
from (6). Note that similarly to (7), we may po$g0] = 1 and use onlydDN (D +1) 1 samples of
[m]. A more detailed description of the location retrieval canfbund in [5]. The above discussion is
summarized as follows:
Theorem 2: Assume a sampling kerhét) that can reproduce exponentiags°® ™ or polynomials

t™ with m =0;1;:::;M and of compact suppoiV. A piecewise sinusoidal signal with a maximum
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0 10 1
[2DN (D +1)] D [1] [0] h[O]

a [2DN (D +1)+1] [.2] [.1] E E h[.l] - 0:(23)
[4DN (D +1)] ;0 [2DN (D +1) +1] [2DN (D +1)] h[2DN (D + 1)]

of N sinusoids in each piece is uniquely determined by the sanypk¢ = H (t=T  k);x(t)i if the
frequencied 4., are known and there are at moSt+1 sinusoidal discontinuities in an interval of length
2(D+1)(W+2DN)T andM  4DN (D +1) 1

Therefore, given that the sampling kernel satis es the abproperties, a piecewise sinusoidal signal
with at mostD + 1 sinusoidal discontinuities in an interval of lengthcan be retrieved if it is sampled

2(D+1)( W+2DN )

at a rate ofT ! whereN is the maximum number of sinusoids in each piece Ahd

is the support of the sampling kerrie(t).

B. Local reconstruction with unknown frequencies

In the previous section, we saw that the exact locations efstivitching pointsty of a piecewise
sinusoidal signal can be estimated from its sampled verdibe number of moments required in this
case was less than in the global method presented in Sestisinte in essence the estimation of the
breakpoints is separated from that of the sine waviesthis section, we show how the local method
presented above may be applied even if the frequencies dfitleewaves are unknown. The basic idea
is to impose that the discontinuities are suf ciently faragipsuch that a classical spectral estimation
method can be run in each piece to estimate the frequencit3 r

Assume, for the moment, an original continuous-time sidginal is purely sinusoidal with a maximum

of N sinusoids. The signal is sampled with a sampling kerr(¢) and the samples are given by

h i

A_I"I ‘/\( !n)ei(!”k+ n))+f\(! n)e J(nk+ ) : (24)

ylk] =

n=1
From Section IlI-A, we know thatiN + 1 samples are suf cient to construct the matfxin (6) and

solve the system of equations in order to determine the datiity Iter H_(z). The! s are found using

the roots of the Iter. Note that as in (7), we may pdsf] = 1 and use the fact that the annihilating

2For example in the case wheBe=1;N =1, we haveM 7 instead ofM  18.

3This case was also presented in [1].
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Fig. 3. Determining the sinusoidal part of the pieces. F8g8(a) illustrates a truncated sinusoid. Assume, for examgpl
B-spline sampling kernél (t) = 3(t) that is of compact suppolV = 4 as is depicted in Figure 3(b). Since the kernel has a
certain support, the samples in the vicinity of the disqunties are not pure discrete sinusoids. Therefore the cdrkatrix
Sis full when S is constructed with the samples in the dashed window depictd=igure 3(c). HoweversS is rank de cient

when the window is chosen as shown Figure 3(d) since the ssnape not in uenced by the discontinuities.

Iter in this case is symmetric. Using these constraintdydN samples are necessary to determine the
annihilating Iter. Note that, in this case, the roots of thenihilating Iter H_(z) are in pairsz = &' »
andz = e ' » . It is therefore necessary to limit the frequencieg tgj in order to avoid ambiguities.
This constraint becomgk,,j =T when the sampling period is not unity. In order to nd the aityales

A, and the phases,, we use2N consecutive samples ¢fik] in order to construct a Vandermonde

system. For example, in the case whire= 1, we have the following system:
0 1

_ | 10 _
}@ gl 1k e Itk A@AllA(!l)ellA
2 k) gt a(k+D) AN e ) s
0 1
_@ YM A
ylk +1]

where the unicity of the solution is guarantied since theoagmts are distinct. Notice that determining
the parameters of the sinusoids is a classical spectrahat#din problem [9].
In the piecewise sinusoidal case, the discontinuities émce the samples. Indeed, if the kernel has

compact suppoiV, the samples in the intervithy TW=2;t4+ TW=2] are not pure discrete sinusoids as
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Fig. 4. Sequential recovery of a piecewise sinusoidal $igamg the local reconstruction method with unknown fretpies.
The observed discrete signal is illustrated in Figure 4if@)this example, we have one sine wave per piece and freqgenci
11.1, ! 2.1 and! 3.1 in the rst, second and third piece respectively. The fretpies are determined using the annihilating lter
method. The annihilated signp{?1 [KI=(y h-, h-,)[Kk] where~1 =(j! 1;1; j! ;1) and~2 = (j! 2:1; j! 2;1) is shown in
Figure 4(b). The non zero samples in the vicinity of the diditwity are suf cient to recover the rst breakpoint. Thesnd
breakpoint can be found by looking g?z[k] =(y h-, ho)k]lwhere~2 = (j! 2;1; j! 2;1) and~3 = (j! 3;1; j! 3;1)

which is depicted in Figure 4(c). The recovered continutme signal is shown in Figure 4(d).

de ned in (24). Hence, the sampling periddmust be such that there are at ledidt+1 samples that are
not in uenced by the discontinuities in each intery&J; tq+1]. This enables to use the annihilating lter
method to estimate the,. The only apparent dif culty lies in nding the right samgein each piece
that are not perturbed by the breakpoints. Recall from 8edti-A that the2N +1 by 2N + 1 matrix

S admits an annihilating Iter wherRank(S) = 2 N. However, the rank is full whe$ is constructed
with samples that are in uenced by the discontinuities.dlidws that the samples that contain purely
a sinusoidal contribution can be found by running a windowanglthek-axis constructing successive
matrices and looking at the rank 8f Figure 3 illustrates the sliding window. In Figure 3(c)e twindow
contains samples that are in uenced by the discontinuitythie rank ofSis full. However, in Figure 3(d),
the matrix is rank de cient and the annihilating Iter metthds run to retrieve the parameters of the
sinusoids. Once the frequencies have been estimated, ¢htolos of the discontinuities may be found
using the method in Section V. Note that in this case, we irafbat the discontinuities are suf ciently

far apart to retrieve eacty separately. We therefore haldle= 1. The discussion above is summarized
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Fig. 5. Numerical simulation of the recovery of a truncateecpwise sinusoidal signal withh = 2 sine waves. (a) The

continuous-time waveform. (b) The observed samples usiag t(t) sampling kernel. (c) The reconstructed signal.

with the following statement:

Theorem 3: Assume a sampling kerhél) of compact suppoiV and that can reproduce exponentials

by the sampley[k] = h (t=T k);x(t)i if there are at mosiN sinusoids with maximum absolute
frequencyj! maxj =T in a piece of lengtiT (4N + W +1) andM 8N 1.

Therefore, given that the sampling kernel satis es the progs of the statement above, a piecewise
sinusoidal signal with pieces of minimum lengthcan be retrieved if it is sampled at a rateTof !
maxf AN+ W+l . J'm—lg whereN is the maximum number of sinusoids per pigtesax j is the maximum
absolute frequency of the sinusoids andis the support of the sampling kerrie(t).

An overview of the algorithm for the local recovery of pieds& sinusoidal signals is presented in
Algorithm 2. A simulation recovering a piecewise sinusoidmnal with three pieces containing one
sinusoid per piece is illustrated in Figure 4. We use a das®8-spline sampling kernel;(t) as it is
capable of reproducing polynomials of maximum deg8de 1 = 7. A numerical simulation for the
N =2 case is shown in Figure 5. In both simulations, the reconsdusignal is exact within machine

precision.
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Algorithm 2 Local recovery of a piecewise sinusoidal signal

1: If frequencies of sinusoids are not known:

2: Run window alongk-axis and construct successiematrices
using the sampleg[k].

3 Find rank de cient windowsS 8 k.

4:  For eachwindow:

5 Estimate(! 4n; an;Adn ) Ony[k] whereSis rank de cient.

6: end for

7:end if

8: For each pair of consecutive pieces:

9:  Apply annihilating Iters for consecutive windowgk] = h- .

10:  Compute moments[m] in (22) and build system in (23).

11: Locationsty are given by the roots df.

12: end for

V1. JOINT RECOVERY OF PIECEWISE SINUSOIDAL AND POLYNOMIAL SIGNAS

Sampling piecewise sinusoidal signals using the schenesepted above is not based on the fact that
the signals of interest are bandlimited but on the fact thay tcan be represented with a nite number
of parameters. It is worth mentioning here that signals #rata combination of piecewise sinusoidal
and polynomials pieces are also de ned by a nite number abpzeters and they can also be recovered

from their sampled versions using the same algorithms. & k@gmals are of the type:

»
x()= xa(t) ot);

d=1
wherex(t) =0 for t<t i, ¢(t) is as previously de ned and
& 1
Xq(t) = Agncosl gnt+ gn)+ Bd;ptp:
n=1 p=0

That is, we have a maximum &f sinusoids and polynomials of maximum degfe 1 in each piece.
In the following, we will brie y discuss the basic steps tocower the parameters as they are analogous

to the piecewise sinusoidal cases presented in SectionsdWa
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Fig. 6. Sampling a combination of piecewise polynomials amiisoids. The observed samples are depicted in Figure 6(a)
In the rst step, we annihilate the polynomial part by applyithe nite difference operator. As shown in Figure 6(b), are
left only with a piecewise sinusoidal part. The parametdraracterizing the sinusoid are retrieved and the annihgatter
is applied. The samples depicted in Figure 6(c) containhedlibformation necessary to nd the discontinuity. The rezed

continuous-time signal is shown in Figure 6(d).

Clearly, thePth order derivative ok(t) is

x X g
X(P)(t) = dt—p[Ad;n cos( gnt+ gn)] a(t) +
d=1 n=1
X+1 R 1
Wd:p (p)(t ta);
d=1 p=0

which is a piecewise sinusoidal signal with differentialidacs in the discontinuities. Both the global and
the local schemes presented above are able to cope withsigesds. Therefore if we are able to relate the
observed samplegk] with the sampley(P)[k] that would have been obtained froxff’)(t), we will be
able to recovek(P)(t). Thex(t) will then be obtained by integration which is uniquely dechsince we
assume thax(t) =0 for t <t ;. The relation between the samplg&] andy(P)[k] is related to B-spline
theory and was demonstrated in [5]. Assume we apply the diierencey™® [k] = y[k+1] y[k] to the
observed samples. The new set of sampl®4k] are equivalent ty®[k] = H (t k) ot k); Ix(1)i

where ¢(t) is the B-spline of degree zero and where we assumeTthatl. Similarly, the Pth order
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Fig. 7. Sampling setup in the presence of noise. The scergiientical to the noiseless case. However, we assumeltbat t
observed samplegk] are the noiseless samplgfk] corrupted by digital additive i.i.d. white Gaussian noéejk].

nite differences lead to the samples
dP
" dtP

which means the obtained samples are equivalent to the loaesduld have been observed from sampling

yPKI=H (@ k) p ot k) =sx(b)i;

x(P)(t) with the kernel' (t) p 1(t). Moreover, since the polynomial and exponential repraduct

capability are preserved through convolution, the new &lers able to reproduce the polynomials or
exponentials as well. Hence the sampling schemes preselntee are also valid for piecewise sinusoidal
and polynomial signals. An example of the sampling of the@ise polynomial and sinusoidal case is

depicted in Figure 6.

VIl. DEALING WITH NOISE: PROBLEM SETUR ISSUES AND SOLUTIONS

In the rst part of the paper, we showed that in the noiselesseove are able to perfectly reconstruct
a continuous-time piecewise sinusoidal signal from its @aah version. In the following, we study the
noisy scenario. Reconstruction of nite rate of innovatgignals in the presence of noise has also been
considered in [28], [29], [30], [31]. However, these papeosicentrate mostly on streams of Diracs
and piecewise polynomial signals. Piecewise sinusoidgiads are not considered. In order to study the
effect of noise on the estimation of the parameters that ei¢he piecewise sinusoidal signal, we consider
additive noise on the samples as illustrated in Figure 7.edtitis model, the observed sampidk] are
given by Z,

yik] = y[k] + e[k] = . C(t k)x(t)dt + e[k]; (25)

where we assume that the sampling peribds unity and that theglk] are independent, identically
distributed and follow a Gaussian distribution with zeroameand variance 2.
For clarity, we consider retrieving parameters of a truedatine wavex(t) = cos(! 1t)[u(t tj)

u(t to)] using the local method with unknown frequency presentedeicti8n V-B. In this context, we
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are estimating the locatiorig, t, and the frequency 1 from the observed samples in (25). We will also

assume that the locatiohs andt, are suf ciently far apart such that they can be retrievecemehdently.

The sampling kernél (t) is a polynomial spline 4(t) with Fourier transform 4(! ) = 1“9! ® The rst
step in the reconstruction algorithm consists in estingatite frequency ; of the sine wave. However,
we will not delve into this problem here since it is a claskggectral estimation problem which has
been well researched and can be solved using a variety ofithlgs. For a detailed view we refer to [9].
Rather, we will focus on the retrieval of the switching psitit andt,. Note that the samples that contain
only the sine information may be located in a similar fashiorthat of Section V-B. However, in this
case, we compare the largest and the smallest eigenvalties sficcessiv8 matrices using the samples
Wk]. The regions where the ratio of the smallest over the largegnvalue is smaller than a threshold

are chosen to estimate the frequency of the sine wave. Irr ¢todiee more robust to noise, we may
chooseN > 1.

Following the method in Section V-B, we apply the annihilgtilter in order to obtain the annihilated
samples

¥kl = (yIKl + elk]) h-[K] = yIk] + €9K];

and compute the momentgm] with which we recover the switching points. This straightfard
application, however, becomes unstable in the presenc®isénThe reason for this issue is that the
Signal-to-Noise Ratio (SNB of yJk] which is used for the estimation @f andt, is usually lower
than that ofy{k]. Indeed, by applying the annihilating ltem-[k], we are effectively killing most of the
power of the signal without reducing the nofs&his effect is particularly visible in Figure 8(b) where
the equivalent Dirax{t) is buried in the noise. There is therefore a need to desigrigamitam to nd

the locations oft; andt, that preserves at least some of the energy of the originakfoaw x(t).

A. A polyphase reconstruction algorithm

In this section, we show that by applying an additional lter the samples before computing the
moments in (22), we are able to improve the estimation of thigcking points.
Consider the IterH?(é' ) = (1 + e ' )5 and assume we apply it to the B-splifg(! ). The

“We de ne the SNR ag0log &diz wherejj jj is thel,-norm.

The noise in this case is no longer white but is a ltered naiseh- .
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resulting function becomes

n i _ 1 el' 51 ’
aOHYE) = T ey
1 ed s
- 2j!
= @), (26)

which is a scaled version of the original B-spline. Simijartonsider the lterH?2(e' ) = %1(1 +
d el )1+ el e ") where~ = (j! 1; j! 1). This lter together with the original annihilating

lter H_(&' ) gives:

Ho(e)H2Z(E ) = @ el )@ eliel)

%1(1+ diel)1+eltiel)

— %(1 er' e 2j! )(1 e 2j! e 2j! )

"L ): (27)

That is, the new annihilating Iter can be related to a scadtespline and a differential operator. Applying

both lIters to the samples, we have

yofk] h? hZ h. h 4t k);x(b)i

= he K )R H2(E H- (€ )R()i

= e TN N@) % @)L R0

= h_f 4(t=2 k) o-(t=2 k)g;x(t)i

= hy4(t=2 k) ,-(t=2 k);L-fx(t)gi;
where we have used the same derivation as in (21) together(26) and (27). The new noisy samples
are given by

Y= hat=2 k) o-(t=2 Kk);L-fx(t)gi + e’fk];

wheree’fk] = h? h? h. e Thus, these observed samples are equivalent to those dhiéd have been
observed if the signatqt) = L _fx(t)g was sampled with the scaled kernéft) = 4(t=2) ,-(t=2).

Therefore, we may write the samples as:

Ykl =H Rt k)xA0i + e"K]:
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Since the new kernel is an E-spline scaled by a factor of tweb lmemains the same, we have two
times more samples than are necessary to recaveFhe samples can therefore be decomposed into

their polyphase components:
Y11K]
VAL

Each polyphase component is treated independently andthesponding coef cients3’,, andc)?,,

hH %t 2k);x%t)i + e“f2k]

% 2k 1):xq0)i + %2k 1)

are obtained using the kerref?t). The locatiort; is estimated separately from the even and odd samples
and the nal estimate is given by the average of the two ole@ilocations. This procedure may be iterated
in order to create four, eight or more polyphase componé&wtsinstance the lters in the four-phase case
areH*(e" )= H2(e' )41+ e @ )>andHA(e' ) = H2(' )31+ e e ' )1+ e 3 e 2.
In the general case qf phases, we denote the samplesy®&] = h® h? h_ y and the equivalent
sampling kernel is P(t) with compact supportV,.

Note that this polyphase reconstruction is somewhat reswemt of the scenario used in [5] for
recovering Diracs in noise. However, while in that paperpbiphase components are obtained through

oversampling, the method presented here does not requinerease the sampling rate.

B. Further denoising with hard thresholding

The sampling kernels assumed in the context of this papeofamgite support (i.e. B-splines or E-
splines). We may therefore use this property to reduce tisenio the samples. Indeed, if we assume that
the discontinuities are suf ciently far apart, we expecti@ve onlyW, non-zero samples of’[k] where
W, is the support of the equivalent sampling kern({t). This is due to the fact that the equivalent signal
xqt) is a sum of differentiated Diracs. Our hard thresholdingrapph therefore consists in obtaining an
initial estimatekqT of the switching location and setting to zero all the nomezeamples that are not in
the intervalkT 2 [kqT  TWp=2;kqT + TW,=2] since they are assumed to be purely generated by the
additive noise. Assuming the intervals in between switglpoints have been determined, we obtain the
initial estimate of the locatioky by averaging the locations of the maximum and minimum valfes
the annihilated signa¢’[k]. An example of the annihilated signals for different nunsbef phases are

depicted in Figures 8(b-d). The overall algorithm is ddsadliin Algorithm 3.

C. Performance evaluation

It is of interest here to evaluate the performance of the nsitaction algorithm in the presence of

different noise levels. Therefore, we consider the CraRdw bound that provides an answer to the
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Fig. 8. Applying the annihilating and polyphase lters toisyp samples at SNR 8 [dB]. (a) The observed noisy samples
y[k]. (b) The annihilated samplaglk] = h- . In this case, the equivalent signdl(t) is buried in noise. (c) The annihilated
samplesy®k] = h? h? h. y using the two-phase annihilating Iter. (d) The annihiliteamples*[k]= h* h* h. ¢
using the four-phase annihilating Iter. Note that the Iboa of the switching points becomes more distinct when tditeonal

Iters are applied.

Algorithm 3 Recovery of a piecewise sinusoidal signal in noise

1: Run window alongk-axis and construct successi@ematrices using

the samples{k].

N

: Perform Singular Value Decomposition 8f8 k.

w

. Estimate(! ¢n; an;Adn) on k] where smallest eigenvalue over

biggest eigenvalue o8 is smaller than threshold.

N

: For each pair of consecutive pieces:

a

Apply annihilating ltersy’[k]= h? h? h.
wherep represents the number of phases.
6:  Estimate switching poirky using the average of
kmax = argmaxfy°[k]g andkmin = argmin,f ¥’ [k]g.
7.  Keep only the samplelsT 2 [kqT  TWp=2;kyqT + TWp=2].

8:  For each polyphase component:

9: Compute moments[m] in (22) and build system in (23).
10: Locationstyq are given by the roots di.

11: end for

12:  Average locations obtained from each polyphase comione

13: end for
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Fig. 9. Retrieval of the switching point of a step sihg = 12:23 [rad/sec] and; = 0:4907 [sec]) in 128 noisy samples. (a)
Scatter plot of the estimated location. (b) Standard deriafaverages over 1000 iterations) of the location reséli@ompared

to the Cramér-Rao bound.

best possible performance of an unbiased estimator. Theatlen of the Cramér-Rao bound in the
case of additive white Gaussian noise is presented in AppeRdin this experiment, the acquisition
device observes 128 noisy samples with= 1=128 [sec] of a truncated sine wave with frequency
11 = 12:23 [rad/sec] and switching points; = 0:4907 [sec] andt, = 1 [sec]. Since we assume
that the switching points are suf ciently far apart, theichtions can be estimated independently. We
therefore show the results only for the rst discontinuitie frequency of the sine wave is estimated using
Matlab's rootmusic  function and the location of the switching point is estingatesing a four phase
approach and additional hard thresholding. Note that wee lzdso experimented with other frequency
estimation methods as well as using the ground truth frequeSimilar results are obtained in all cases.
Figure 9(a) shows the scatter plot for the reconstructionthef switching pointt; for different SNR
levels. The standard deviation of the error (averages 0080 lterations) of the location retrieval is
shown in Figure 9(b). These simulations show that the pregp@sconstruction algorithm behaves well
down to noise levels of about 7 [dB]. Figure 10 illustrateseample of the recovery of a continuous-
time piecewise sinusoidal signal (with = 0:2441[sec],t, = 0:7324 [sec] and! ; = 12:23 [rad/sec])
given 128 noisy samples at an SNR of 8 [dB]. Note that despite the smnadl é the estimation of the

frequency of the sine wave, the estimation of the switchiomts are accurate.
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Fig. 10. Recovery of a truncated sine wave at SNR = 8 [dB]. (@ ©bserved noisy samples. (b) The reconstructed signal

along with the ground truth signal (dashed).

VIIl. CONCLUSION

We have set out to show that piecewise sinusoids belong tdatindy of signals with nite rate
of innovation and can be sampled and perfectly reconstlugting sampling kernels that reproduce
exponentials or polynomials. These classes of kernelsharsiqally realizable and are of compact support.
Moreover, combinations of piecewise sinusoids and polyiatsnalso have a nite rate of innovation and
can be dealt with using similar sampling schemes.

Since the sampling scheme is limited by the rate of innowatiather than the actual frequency
of the continuous-time signal, we are, in theory, capableetfieving piecewise sine waves with an
arbitrarily high frequency along with the exact locationtloé switching points. We believe therefore that
the sampling scheme presented may nd applications, fomgike, in spread spectrum and wide band
communications.

Finally, we studied the effect of noise on the performancthefestimation of the switching points. In
doing so, we derived a polyphase reconstruction algorithat together with hard thresholding behaves

well with respect to the Cramér-Rao bounds down to SNRs @Bi.[

APPENDIX A

DERIVATION OF THE CRAMER-RAO BOUNDS

The piecewise sinusoidal signal we consider in (2) is de bgdhe parameter vector:
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These parameters are estimated using the observed samples
Z 1
k] = "(t=T  k)x(t)dt + k] k=0;1:::;K;
1

where e[K] is i.i.d. additive white Gaussian noise with zarean and variance?. For clarity, we denote

k] as a function of the parameter vector with

ylkl=f( ;k)+ ekl

The performance of any unbiased estimaforis lower bounded by the Cramér-Rao bound(vax
I 1( ), wherel ( ) is the Fisher Information Matrix dened ay )= E(r I( )r I( )T) andI( )
is the log-likelihood function of the data, i.e. a functioh o conditioned on the measured sampjgs|.

Recall that the noiselk] follows the Gaussian distribution
1 x2
p(x) = Ps—exp 55
therefore we have
p(yklj ) = pylk] f( ;k)):

Hence the log-likelihood function is given by

I( ) = Inp(0]:::; 1K )=
YK X
In p(ylklj )= Inp(ylk] f( ;Kk));
k=0 k=0

where we have used the independence of the noise sasgjipleEhe partial derivative of the log-likelihood

function is given by

@| 1 X @i k)
= - elk]———
Q | % o @ |
and

X
L7 e (ko
k=0
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where ther operator denotes the gradientfof ; k) with respect to the signal parameters. Finally,

we determine the Fisher information matrix

I( ) = E@I()ri()h

1 X

= E 5 elklefm]r £( ;k)r f( ;m)T

k=0 m=0

= 50 EEKemDr £k £ cm)T

k=0 m=0
1 X

= = rf( (kT

k=0

where we have used the fact that the noise is independentificerrelated). The Cramér-Rao bound is

thus given by

X
CRB()= 2( rf( skrf( ;K7 * (28)
k=0
withr £( k) =[ & 522,

These bounds are complicated to compute for a general piseamusoidal signal. However, we can
look at the simpler case where we assume that the observeal siga single truncated sine wave with

known amplitudeA; =1 and phase 1 = 0. The signal is therefore given by
X(t) = cos(! 1t) 1(t); () = u(t ty) ult tp);

which is characterized by three parameters, namely (t3;! 1;t2). Computing the partial derivatives

gives
. Z,
% = @@i ) cos( 1t) 1(t)' (t k)dt
= cos( 1ty)' (t1  k);
. Z,
% = @@i ) cos( 1t) 1(t)' (t k)dt
= cos(! 1t2)' (t2  Kk):
and
@i :k) @
@7!1’ = an 1 cos( 1t) 1(t)' (t k)dt

= tsin(! 1t)' (t  k)dt:
ta

Using these three relations enables to evaluate numeritdedl Cramér-Rao bound in (28).
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