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Abstract—Recently, the statistical restricted isometry property Hadamard or Toeplitz matrices [5], [6]. The restrict isomet
(RIP) has been formulated to analyze the performance of dete property (RIP) guarantees the recovery of the sparsesi@olu

ministic sampling matrices for compressed sensing. In thipaper, g3y the compressive measurements utilizing certain effici

we propose the usage of orthogonal symmetric Toeplitz mattes . P .
(OSTM) for compressed sensing and study their statistical P and robust algorithms such ds minimization, matching

by taking advantage of Stein’s method. In particular, we deive ~Pursuit and its variants [4]. In practice, deterministinsieg
the statistical RIP performance bound in terms of the larges matrices are highly desirable. Deterministic matricedhwiite
value of the sampling matrix and the sparsity level of the inpt R|P have been proposed in [7]-[9]. However, their guarahtee

signal. Based on such connections, we show that OSTM canp|p performance is not comparable to that of random matrices
satisfy the statistical RIP for an overwhelming majority of signals

with given sparsity level, if a Golay sequence used to gende

the OSTM. Such sensing matrices are deterministic, Toepli P ;
and efficient to implement. Simulation results show that OS™ Recently, a statistical version of the RIP has been develope

can offer reconstruction performance similar to that of random by s_evergl aUthQrs [10]-[12], where a deter_m'_msnc sansin
matrices. matrix ® is required to preserve thig norm within a small
Index Terms—Compressed sensing, restricted isometry prop- fraction, with respect to faany K -sparse input vectar whose

erty, sensing matrices, sequences, signal sampling, Toplma- support is ta_lk_en uniformly at random. In _particular, Tropp
trices. derived explicit bounds for the extreme singular values of

random collections of columns from a general dictionary][10
Though no specific sensing matrices were proposed, it imhplie
dictionaries with small coherenge can be used as sensing
COMPRESSED sensing (CS) [1]-{4] is a novel theoryatrices with good statistical RIP. Meanwhile, Calderbabk
which has drawn much attention since its advent seveg! derived the performance bound of statistical RIP for a large
years ago. The CS theory is based on the assumption thaks of deterministic matrices [12]. An essential propeft
a signal is compressible or sparse. Consider a discre®-tifhejr sensing matrices is that the columns from a group under
length-V signal« that can be represented (or approximategihintwise multiplication, such as those constructed frow t
by only K (K < N) coefficients. CS is accomplished byextended BCH codes and discrete chirps. Their sensing ma-
computing a measurement vectgr through the following trices permit low-complexity reconstruction, and the rieegl
linear transformation [1], [2]: conditions on sensing matrices are easily checkable.

y = oz, 1)

I. INTRODUCTION

where y represents anM x 1 sampled vector andb is In _this paper, we propose a new class of deFerminist?c
an M x N measurement matrix. It was proved in [1], [2°€"SN9 matrices based on orthogonal symmetric Toeplitz
that under certain conditions, can be well recovered from matrices (OSTM) [13], and investigate their statisticaPRI

only M = O(K log(N/K)) measurements through non-lineaPy exploiting Stein’s method. Stein’s method of exchange-

optimization able pairs is a powerful tool for concentration inequaditie
Despite the fast development, there still exists a wide g Bpecial_ly fo_r those_ involving random permutations_ [14}9 W

between the theory and practice of CS. The first famil ope this will inspire more research on the application of

of sensing matrices fot;-based reconstruction consists o is powerful machinery to CS. Furthermore, we show that

random Gaussian/Bernoulli matrices. However, huge mem(}wa stausncglleP Off anGO|STM will be near-op;}'umal if it q
buffering for storage and high computational complexityeduIS gengr'c_ltg rom of a t>olay ?fequefnce [35]' The p;c;gose
to unstructured nature restrict its applications. As a Itesyd€terministic sensing matrices offer a few advantagey:

some papers proposed structurally random matrices, suchtgsY t_o generate as onJy_numbers need t_o_be sto_red; both
sampling and reconstruction are more efficient to implement
This paper was presented in part at the IEEE Information fha@rkshop  since the Toeplitz structure permits a fast Fourier tramsfo

(ITW), Taormina, Italy, Oct. 2009, and has been partiallybrsitted to (FFT)-based implementation [16]; and they are well suited t

the International Conference on Acoustics, Speech andaSiBrocessing L . .
(ICASSP) 2011. some applications that are inherently Toeplitz, such agesys
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A. Relation to Prior Work measurement matri® has the restricted isometry property

In the conference version of this paper [13], we derived (5”3) with parametersK(, ) for ¢ & (0,1) if it satisfies [22]

weaker bound for the statistical RIP of OSTM using Cheby- (1 — §)|z||? < ||®z||> < (1 + 8)||z|?, for all z € .
shev’s inequality. However, the bound was unable to capture

the impact of the sign sequence. In this paper, we make a\pte that the RIP implies that fall N x K sub-matrices

significant Improvement by deriving an exponential boungk ¢ the eigenvalues of their Gram matrices lie in the interval

using Stein's method, which enable.s us to tell the supgyioriys [1— 4,1+ 4]. This is a very restrictive condition and the

of Golay sequences as the underlying sign sequences.  cyrrently known measurement matrices satisfying the RIP

_ The proposed OSTM might be viewed as a derandomi (near) optimal number of measurements fall into two

ized version of Romberg’s random convolution [20]. Mor@ateqgories [23]:ij Random matrices with i.i.d. sub-Gaussian

precisely, the sensing matrices in [20] are ?/eQnerated frfriables, e.g., normalized i.i.d. Gaussian or Bernouli-m

randomly sampled rows of the matriky = N™/*F{YXFN  trices; (i) Random partial bounded orthogonal matrices in

where Fiy is the N x N discrete Fourier matrix, and: \yhich the sensing operators are obtained by choakingws

is a diagonal matrix whose entries, roughly speaking, af@jiformly at random from a normalizedf x N Fourier or

random phases uniformly distributed ¢n 27]. The analysis \y;31sh-Hadamard transform matrices.

was based on the mutual coherenceln our deterministic  |n some applications, deterministic sensing matrices are

sensing matrices, we will fix the diagonal Bf(obtained from highly desirable. However, the construction of deterntiais

a Golay sequence) to optimize the isometry property of 8&nsir|p matrices is a challenging task. As an alternative stiedi

matrices. _ o ~ versions of the RIP were proposed for deterministic sensing
We notice that while random permutation is a techniqu@atrices [11], [12]. In this paper, we follow the statistieiP

of proof in statistical RIP, it is an inherent feature of thegrmulation given by Calderbanét al. in [12].

structurally random sensing matrices proposed in [5], ,[21] pefinition 2 (Statistical RIP):Let ® be a normalized\/ x

where the signals are scrambled by uniform permutatiof geterministic matrix and denotg; (1 < i < N) as its

before sampling. _ _ _ _ i-th column. The input signat is a K-sparse random vector
Random Toeplitz matrices with entries drawn independentlith non-zero coefficients:;, 2o, --- ,zx whose positions
from the same distribution have been shown to good for Ge chosen uniformly at random. Under such a model, the

[6], [16]. For instance, the entries of the Toeplitz matn{6] measurement vector can be expressed as
are drawn from the Bernoulli distribution. It is shown thiagte

exist constantgy,co > 0 depending only onisx such that N
for any M > ¢, K3In(N/K), the sensing matrixp satisfies y(m) = &z = _Z(b”(i)xi’ (3)
RIP of order3K for everydsx € (0,1/3) with probability at =l
least wherer is drawn from the uniform distribution over the set of
M all permutations of 1,--- , N'}. ® is said to have the statistical
1 —exp <_62ﬁ) : @ Rrip provided that the following inequality holds for ady-

) ) - ) ) sparse signals with high probability:
It is seen that the failure probability is relatively highcaese

of the square of< in denominator. Hly(@)1? = [l=)?| < éll=|? 4)

with respect to uniform permutation
B. Organization The statistical RIP defined above is a weaker condition than

The rest of this paper is organized as follows. In Section Itlhe RIP. The statistical RIP has been analyzed in [12] for a

we briefly review the concepts of RIP and statistical R”g'arge _class of det.erm|n|st|c matrices, as summarized by the
. following theorem:

The .construcuon OT OSTM is given in Section lll. Then.|n. Theorem 1 ( [12]): Let ® be a deterministid/ x N sensing
Section 1V, we derive an exponential bound for the statistj- _, . . . L
atrix satisfying the following properties:

cal RIP for the proposed deterministic sensing matrices, ER/ . ) ,
using Stein’s method. Section V is devoted to the usage of* 1he columns of® form a group under point-wise multi-
Golay’s sequences to achieve near-optimal performance for Plication;

OSTM. Simulation results are given in Section VI, followed ® TNe rows of¢ are orthogonal and all row sums are equal

. N .
by conclusions in Section VII. to zero, i.e.} ;_; ¢ = 0; _
« For all columns apart from the first one, the square of the

column’si, norm is less tharV2—", where0 < 5 < 1.

Let x be aK-sparse signal where the positions of thienon-

It was established in [22] that for a matrik to be a CS zero entries are equiprobable. Then, o/ < § < 1 and
sensing matrix, it is sufficient that it satisfies the RIP, evhi 7 > 1/2, the following inequality holds:
makes sensing matrix act as a near isometry or<afiparse
s e Y OmaEp P (|| @) - |l2]] < oll=|)

’ 2

Definition 1 (RIP [22]): Let Q2 denote the set of all length- >1—2exp |— [0~ (K - 1)/(N - D]*M" ) ©)

N vectors  with K non-zero coefficients. AnM x N 8K

II. RIP AND STATISTICAL RIP




The proof of the exponential bound was based on McDi- A circulant OSTM which has the following structure:
armid’s inequality [12]. Note that (5) implies that

a b c ... f g f ... ¢ b
S2 M7 b a b ¢ ... f g f ... ¢
lIl. OSTM eyv=1| f
, , g f
From above one can see that sensing matrices play an f g f
important part in compressed sensing because their prepert :
directly affect the performance and complexity. In thistget b
C

we first give the definition of circulant sensing matricesd an

then that of OSTM. In this paper,s £ (01,02, -+ ,0n) is referred to as the
Definition 3 (Circulant sensing matricespn M x N cir- sign sequenceThus, the first row (i.e., the transpose of the
culant sensing matri® is obtained by selecting/ rows from first column) of OSTM is given by the inverse FFT (IFFT) of
an N x N circulant matrix® 5 and multiplying a normalized the sign sequence. One can generate other rows by successive
parameter,/N/M. The N x N matrix ®x has the following rotation. Let the diagonal matrif = diag(c). It is not

properties: difficult to see that OSTMP y takes the following form:

« It is circulant, which means that each row is obtained B — 1 PSR 9
from the preceding row by rotation to the right by one N= NTNTEN: ©)
element. The reason is that the elem(]evnt§ ®fy defined in (9) have

« All the row vectors and column vectors are real anghe expression 0b,q = &= iy ori1exp{Zik(qg — p)},
orthogonal, i.e. while the first row of OSTM obtained from IFFT of the sign

N sequence is given by, = LS ok exp{ZEik(n — 1)}
Z¢.js¢jt =0 if s#t, @) forn =1,---,N. Obviously,¢pq = ag—p+1 mod N Which

corresponds to the circulant property.

j=1
! In this paper, an\/ x N sensing matrix based on OSTM is

and have normalized amplitude generated in the following way:
N 1) Apply IFFT to the sign sequence to obtain the first row
Z ¢?S - 1. (8) of OSTM. .
= 2) Follow the circulant property to construct thé x N
) ] matrix ¢ .
« The sum of elements in any row or columnds. 3) ChooselM rows and normalize it by multiplying/N/M

There are several ways to generate circulant matrices. In to form the M x N sensing matrixd.
this paper, we are interested in OSTM introduced by BottcherAfter the second step, it can be proved thatMe N matrix
[24]. Denote byOSTx the set of real-valued x N OSTM. &, is orthogonal and Toeplitz. Obviously, among/?t!
Bottcher proved that the s€tSTy is finite and its cardinality such matrices, some are better than others for the purpose
is given by of CS. For example, the sign sequendésl,---,1) and
(-1,-1,--- ,—1) are very bad since they generate a diagonal
matrice ® . In the next two Sections, we will analyze the

0STy| {3-2N/2—2 if N is even
N| = . .

2v2-2N? —2 if N is odd impact of the sign sequence on the statistical RIP, and then
.identify good sign sequences.

The setOSTy consists of circulant and skew-circulant matri-
ces. In this paper, we focus on the case of edemhere all IV. ANALYSIS OF STATISTICAL RIP
matrices in seDSTy are circulant: ) . .

Definition 4 (Circulant OSTM [24]):Let N be an even Iq t_h's Section, we apply Stein's me_thod to analyze the
number andN > 4, and denote byFy the N' x N Fourier statistical RIP and demonstrate the uniqueness of recovery

matrix. The seD.STx contains2’¥/2+1 circulants whose first Appendix A gives a brief summary of concentration inequal-
column is given by ities based on Stein's method.

The main theorem is presented below.

a o1 Theorem 2:Let x be a length®, K-sparse signal with non-
as 1 o9 zero coefficielrgt&l, Ta, X3, -+ Txr. Assume thatr has zero-
= NF;{, : mean (i.e.) ,", x; = 0) and the positions of th& non-zero
. entries are equiprobable. Lét be anM x N deterministic
an oN sensing matrix obtained by selectifig rows arbitrarily from
where (01,00, ,oN) _ anN x N circulant matrix satisfying the three conditions in

(Y€1, Ena1, Brenja_1.-..c1) and the parametersDefm't'on 3, normalized by factog/N/M. Then
(V,€1,- - Enya—1,B) € {—1,1}N/2+1, E (||@z|?) = [|z?, (10)



and Meanwhile, it is known that ifp satisfies2 K-RIP, unique

P (|[|@x)? - [z]?| < &]|=]?) and stable reconstruction df-sparse signals will be guar-
M&2 (11) anteed [2]. However, in general statistical RIP in itseleslo
>1—2exp (—m) not guarantee unique reconstruction [12]. The probaltitist
L

{8 € R¥;®a = &3} = {«a} should be estimated, and this
whenK < 00(5)% (this condition is required such that theprobability needs to be very close towhen o obeys the
failure probability will tend to0 as N — o), Cy ~ 62 is a uniform distribution among alK -sparse vectors iR of the
constant depending ahonly, andC; = Zé‘il ©?, determined same norm. This is indeed the case as shown in the following

by the M largest values irb. ‘ theorem.
The proof, based on Stein’s method, is given in Appendix Theorem 3:Suppose thate, ® and § follow the same
B. definitions as in Theorem 2 witd/ > Kcl[f’(%ﬁv Thenz is
Remarks the only K-sparse vector that satisfies the equatios ¢z

1) The theorem holds true for circulant matrices statigfyinVith probability at least —e with respect to the random choice
Definition 3 in general and for OSTM in particular. ~ Of =, where
2) The restriction thatr has zero mean is needed only N ( 31-6— %)2M?>
e=Nexp | —

to simplify the derivation so thaf(||®z|?) is fixed. SKET K+ 55 (15)
In practice, forxz with non-zero mean, we can add an N
all-ones row vector{l 1 ... 1} to measure the DC In other words, the probability of unique recovering
component of the signal. a K-sparse signalr whose support is randomly selected

3) The bound holds for arbitrary row selection, in contragxceedsl — e. The detailed proof can be found Appendix C.
to random row selection in other sensing matrices. In
particular, we may choose consecutive rows so that theNow our task is to minimize the\/ largest values inb.
matrix is Toeplitz. In general, the bound of; might be on the same order of

4) It will be shown in the next Section that OSTM canV/M. Fortunately,C; will be reduced dramatically t@(1)
achieveC; ~ O(1) when the sign sequence is derivedf we carefully select the sign sequence for OSTM. This will
from a Golay sequence. be shown in the next Section.

5) When C; ~ O(1), OSTM can achieve a bound on
the similar order of magnitude in (5) with the tightest V- OPTIMIZATION OF OSTM USING GOLAY SEQUENCES

conditionn =1 [12]. Since the first row of® is the IFFT of the sign sequence
WhenC; ~ O(1), it can be derived from (11) that o = (v,e1,...,en/2-1,8:€Nn/2-1, - - -, €1), Minimizing the
5 M largest values amounts to making the frequency spectrum
P (\H‘MHQ — |\~”C||2’ > 5H~”C||2) < 2exp <_(9 (ﬁ)) ) of the sign sequence as flat as possible. One might wonder
K (12) the usage of the classical sequence whose spectrum is com-

Clearly (12) decays exponentially wiﬁﬁ, while the bound in pletel_y flat due to its ideal auto_correlaﬂon property. Hoare
. Y the sign sequence has the mirror symmetry such thatrthe
(6) decays exponentially Wltl'flrlIT for1/2 <n<1.

. . - sequence is not well suited. Specifically, if we choosenan
From (12), we can easily arrive at the following corollary 9 b y

s fi _1), th t & will be f
Corollary 1: Suppose that and ® follow the same defin- fequ%nct:e Ofe1,- -, €n/2-1), the spectrum of will be far
itions in Theorem 2 with\/ > £1°5N Then, we have rom nat. -
: = " Cos ' In this Section, we use the Golay sequence to form the first
1 N/2 entries(v,¢1,...,en/2-1) Of the sign sequence. Then let
2 2 2 ) ) )
P (|H(I)x” = [l ‘ < ol ) >1- N’ 8 = —~ and complete the second half of the sequence which
if the sparsity levelK satisfies is a mirror image of(ey, ..., en/2-1).
Y Golay sequences were introduced by Golay [15] and have
K <(Cy(6)—, (13) since found numerous applications such as peak-to-average
log N power control for orthogonal frequency-division multigileg
whereCy(6) has the same definition as that in (11). (OFDM) [25], [26]. The binary Golay sequences are known
Recall that for i.i.d Gaussian and Bernoulli matrices, thg exist for all length2*110%226%%, a1, as, 3 NON-negative
RIP holds with high probability when [4] integers [15].
M Definition 5: Let the aperiodic autocorrelation function of
K<COCy(6)——= 14) a sequence be defined b
< Gy )1Og(N/M), (14) q fefine y
where C»(6) is a constant d(_ept_anding only ah One can R, (1) = Z wjxjs, 1=0,-- ,N—1. (16)
observe that (13) takes a similar form to (14). Note that gy
there are no existing solutions of deterministid x N eta= (ao,a1,-- ,an_1) andb = (bo, b1, ,by_1) be a

sensing matrices that could achieve the RIP bound of (14).pgir of binary Sequences with valuasor —1 only. Thena

andb are a Golay complementary pair if
Ra(l) + Rb(l) = 01 (17)

contrast, Corollary 1 suggests that whi&nis on the similar
order, the statistical RIP can be satisfied with high proliigbi



forl =1,---, N —1. A sequence in any complementary pairsshere the last inequality is due to (20). Now it can be

is called a Golay sequence. concluded that
It is helpful to see (17) in polynomial form. A sequence
can be associated with the polynomidk) = ay_12¥ 1 + C) = Z gpg <@ M <4, (25)
-+ 4+ a1z + ag in indeterminatez with coefficients+1. The =1

Golay sequence paii, b) satisfy [15] which gives the near-optimal

a(z)a(z™) +b(2)b(z7!) = 2N. (18) u
Remarks:
Equations (17) and (18) are equwalent expressions becaqu If o = (1,1,---,1), thena; = 1 andC; can be as large
a(z)a(z71) = Ra(0) + Y55 Ra(k)(z* + 27%). Further, as N. Namely, the bound will be very bad.
restricting z to lie on the umt circle in the complex plane, 2) On the other hand by parseva|s theorem we have the
we have lower boundC; > ¥ . A LS a2 = LSV 0?2 =
la(2)|? +|b(2)]* = 2N, |z| = 1. (19) 1 for any OSTM. Therefore, settingas a Golay sequence

. ) is optimal within a factor of 4.
This means that the absolute value of each polynomial on

the unit circle is bounded by'2N [25]. The reason why we
choose a Golay sequence is exactly this property, which smean
the envelope of its Fourier transform is limited to a smafiga ~ Extensive simulations have been carried out to compare

V1. SIMULATION RESULTS

relative to the mean. Formally, in our context I§f(w) = the reconstruction performance of different random and de-
SN2 5.e7¢(=1) for a Golay sequence = (s1,...,8n/2). terministic sensing matrices. For illustration purposes,
Then one has the property first present here some results for differeht x 512 and
128 x 1024 sampling matrices with various reconstruction
o nax |Ss(w)]* < N. (20) algorithms. Then, recovery performance is compared to that

of random convolution [20].
Since the bound on the Fourier transform of a Golay In the first simulation with sparse Gaussian signals, the
sequence holds for all envelop, the bound will not changketails are shown as follows:

when we add several binary values to form a new sequencel) 64 x 512 sensing matricesThese sampling matrices

Theorem 4:Leto = (v,€1,...,enja—1,8,6N/2-1,- -, €1) include the random i.i.d. Gaussian matrix, the random
be the sign sequence of OST¥y. Denote byy. the (th partial Walsh-Hadamard transform (WHT) matrix and the
largest value in a row oby. If we set(v,e1,...,en/2-1) @S OSTM:;

a Golay sequence and |gt= —v, then we have the bound  2) 128 x 1024 sensing matricesSampling matrices under
M comparison are the random i.i.d. Gaussian matrix, the
Cy = Z 903 <4 (21) random partial Discrete Cosine Transform (DCT) matrix

N
02 = i max{ak} = v max

and the OSTM.
) _ o The reconstruction algorithms are based on the
Proof: First, note that the maximum valug satisfies regularized least-squares algorithm [27], subspace j1§&®)
[28], and the sparsity adaptive matching pursuit (SAMP),[29
ZU pdwi(i= 1) (22) respectively. The non-zero coefficients(i = 1, - - - K) of the
input signal obey the Gaussian distribution.
Fig. 1 and Fig. 2 depict the empirical frequencies of exact
where w, = 2m(k — 1)/N. The factor &+ comes from reconstruction fol64 x 512 sensing matrices ant8 x 1024
normalization. Due to the mirror-symmetrical structuretloé  sensing matrices, respectively. In these simulations) 198ls
sign sequence, it is not difficult to tell that the second laélf were run for each sparsity levél and the positions of non-
the sum is a complex conjugate of the first half. The termgro elements are selected uniformly at random. Besides, we
pertaining too; appear in pairs with conjugate values. Theassume that the exact reconstruction is achieved if theakign

because to noise ratio (SNR) is greater than 50 dB. From these figures,
5 N/2 2 N one ca_rtl ob_se_:ve :ha}{th the pefn;cr)]rman%e of det(ter_ministic oestri
o (i o (i . (i_@IB quite similar to those of the random matrices.
Z giel U] <2 Z 0ie/ D] 42 Z aiel gSimulations have also been run on images. We used the MRI
=t =t =N/2H Shepp-Logan phantom image (128 128) as a test image
(23) and the results are compared with random convolution. The
using the conjugate property, we obtain fast reconstruction algorithm for Toeplitz matrices witme
parameters in [16] was applied. 500 trials were run for each
4 N2 2 4 sampling level and the results with 10% sampling rate are
o1 < VN max Zsieﬂ“’k(“” = Wmast(wkﬂ? < —shown in Fig. 3. Results with different sampling rates can
i=1 k be seen in Table I. The reconstruction SNR shows that the

(24) performance of OSTM is a little better than that of random
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TABLE |

SNR (N DB) COMPARISON OF RANDOM CONVOLUTION ANDOSTM

Sampling rateM /N 14% 13% 12% 11% 10% 9%
Random convolution 83.20 54.21 27.55 21.38 15.94 12.83
OSTM 83.20 57.87 28.37 21.49 16.49 13.29

convolution. It is because the sign sequence is carefuthgeh random matrices are used as the sampling operator in SAMP
instead of a random one. due to their fast and efficient implementations [5]. Resafts
) ) o . SP with block size4 x 64 and Gaussian random matrices as
OSTM is well suited to applications with large values 0fensing matrices are shown as a comparison of the processing
N, since both sampling and reconstruction will benefit froe A natural image is often too large to implement SP

efficient implementation by means of FFT. The complexity, \jatiap directly so we use block-SP in order to avoid
of basis pursuit (BP) isV?, while the complexity of the SP 1 nning out of memory. In contrast, the fast reconstruction
algorithm is upper bounded l§(M N K). The computational gigorithm in [16] can deal with much longer signals with
complexity of the fast reconstruction algorithm in [16] iSess simulation time, because the image is viewed as a two-
complicated because it is not only.aminimization problem, gimensional matrix. The results show that OSTM with the
but also includes equality fidelity; and!l> square penalized gat recovery algorithm in [16] achieves similar PSNR tot tha
fidelity, as well as one of or both and total variation regu- ot random convolution, and better than that of SRM-SAMP

larizations. Its theoretical computation speed is fastenthat ;.4 plock-SP. The fast recovery algorithms reveal an olsviou
of SP because of using FFT. Fig. 4 demonstrates the recovei¥eriority in computational complexity.

peak SNR (PSNR) and consuming time of processing image
Lena (256x 256) under various sampling rates for random
convolution and OSTM using the fast recovery algorithm in VII. CONCLUSIONS ANDFUTURE WORK

[16], structurally random matrices (SRM-SAMP) using SAMP, We have investigated the statistical RIP of OSTM in com-
and Gaussian matrices using block-SP. Becdtise unknown pressed sensing. Specifically, we have shown that OSTM
in natural image processing, SAMP is applied here witkatisfies the statistical RIP and unique recovery with high
Daubechies’ 9/7 wavelet as the sparsifying matrix. SAMPBrobability except an exponentially small fraction. If tha-

is known for offering a comparable theoretical guarantee derlying sign sequence is obtained from a Golay sequenee, th
the best optimization-based approach, and both the OMP @d8TM will achieve near-optimal statistical RIP. Experirtedn
the SP can be viewed as SAMP’s special cases. Structuraigults show that these deterministic sensing matricepacen
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(a) (b) (©)
Fig. 3. Simulation results for different28 x 1024 sensing matrices. (a) Original phantom image. (b) Recdvenage from random convolution with 10%
sampling rate, SNR=15.64 dB. (c) Recovered image from OSTiti 40% sampling rate, SNR=16.38 dB.
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Fig. 4. Reconstruction of the Lena imag&h§ x 256) under various sampling rates for random convolution and@@$ising fast recovery algorithm in
[16], SAMP with structurally random matrices, and Gaussigatrices with block-SP. (a) Reconstruction PSNR in dB. (bhgliming time in seconds. Note
that the reconstructing times of random convolution and KSiEcrease with the sampling rate, because the fast reaotistr algorithm terminates earlier
when more measurements are obtained.

favorably with existing random matrices. Our proof was lbase Theorem 5 ( [14]): Suppose thatZ, Z’) is an exchange-

on Stein’s method. able pair of random variables. LeF(Z,Z’) be an an-
There are many intriguing questions that future work shoutsdymmetric function, i.e.,F(Z,Z') = —F(Z',Z) with

consider. First, the noise resilience of these deterniinis®(F(Z,2")|Z) = f(Z). DefineA(Z) as

operators needs to be analyzed and evaluated. Secondly, the

applications of OSTM-based sensing matrices can be ex- A(Z) = lE(|(f(Z)—f(Z’))F(Z, 2| |2).

ploited. Thirdly, new reconstruction algorithms for OSTM- 2

based sensing need to be developed. Furthermore, it is ‘ern B

teresting to further consider the statistical model of thmgut ’

signal in the statistical RIP formulation.

(f(Z)) = 0 and if there exist non-negative constants
ap anda; such thatA(Z) < ag + a1 f(Z) almost surely, then
for anyt > 0, we have

t2
ApPPENDIX PUZ 20 <o (-gtgr) @
A. Concentration inequality based on Stein’'s method 2a0 + 2a:t

Stein’s method is a powerful tool to obtain bounds on thgnd
distance between two probability distributions with respe 2
a probability metric. A fundamental idea in Stein’s method P(f(Z) < —t) <exp (—ﬂ) : (27)
is the exchangeable pairTwo random variablesZ and Z’ 0
are said to form an exchangeable pair if the joint probabilit As the statistical RIP is based on the permutation operator
density function of Z, Z’) is equal to that of 2, Z). In [14], 7 in this paper we will derive a new bound of (4) by

Stein’s method was used to derive measure concentrationg@dlying Theorem 5 to the concentration inequality for @md
stated in the following theorem: permutation (i.e., whel = ).



B. Proof of Theorem 2 Note that
For the random permutation operatom (3), we can define T T
its exchangeable pair ag = 7 o (I,.J) [14], whereI and (On(n21+0n()T1)(Dn(r) = n(n) @1 =~ 27)

J are chosen uniformly and independently at random from = x1(¢f(1)¢ﬁ(1) - qS,Tr(I)qSﬁ(J))(:vI —xy)

T 2 m O )t and ) ) o £ L +282(6n() @) = brSrn)(a1 — 1)
Define the antisymmetric functioRi(r, ) as follows: = (1= 6T bmin) s — )2 = 1T I
F(m.n') = 2 ()2 ~ o)) (#5)
= T (@I = lly(r) — rl?) As a result
= X (@I = Iyl + 20w ") ~ Jr@)?) B @ ) = I ml?)’
= % 2y (m)r(m) = Ir(m)]1?) . —E (2(2% STy 1) (D) — On(r) (@1 — m)) 0

wherey(n) is given by (3) and-() is the difference between

y(m) andy(n’) that can be expressed as
r(m) =y(r) =y (m)

= (r(1) = Pr(n) (@1 — T )
= On()T1 + Pr(1)TJ — r(1)
Next, according to Theorem 5, we need to find

f(m) = E(F(r, 7))
N
= T Ers 2y (m)r(m) = [Ir(m)II?) -

From the expression of(7) in (29), by summing over all
choices ofl <1,J < N, we have

(29)

Ty — ¢w(J)£U1-

Er g (2yH(7T)7’(7T)) = W, (30)
B, (Irm))?) = @)

where we have used the assumptions gl , ¢; = 0 and

Zf\;l x; = 0. Substituting the above results infgr) yields

f(m) = ly(@)* = .

By Theorem 5, we know thaE(f(w)) = 0, which implies
that (10) holds.

(32)

To get the concentration inequality in (11), we thus need

bound
(I(f () = f(=")) F(m,7")| |7)

) (33)
E ((2y" (m)r(m) = (o))" | )

Here,

29" (m)r(m) = 20 bniey 1) (D (r) — Om(y) (@r — )

= [[M]=

=2 Z ¢7Tr(k)$k + ¢£(1)$I + ¢7Tr(J)$J]

kAILJ

(Dr(r) = Gr()(@r — 7).

(34)

To bound (36), we need three lemmas in the following.
Lemma 1:Let = be a length~, K-sparse sighal and =

[1,02,--- ,¢n]| be anM x N normalized sensing matrix.
Then (36) is bounded by
E (2y" (m)r(m) — ||r ()] )
& 37
< el D (Wb Ear — 2, €7
j=1 i=1,
i;éwj
wherew; € {1,2,---,N}, j =1...K denotes the index of

K non-zero values of.
Proof: According to (36),

E (2" (m)r(x) - ||r(m)]?)’

2
N N
=E |4 > (0Lmartdnn) = Y (@Lmzrdan) | (2r—z5)?
kAL, kAL

(38)

When permutations and 7’ are fixed,¢;'s and z are also
fixed, except for the paif and J. The expectation will be
gken over all(Z,J) pairs. Because the two terms in the
rackets share no common values, the expectation can be
calculated separately.

The first term can be bounded by

B 2
N N
E ( > (@EwmTrdemn) — Y ((bZ(k)Ik(bfr(J)))
KA WAL
N N i
SE (2 Y (0Fmmdnn)’ +2 D (OrTrdn(n)’
| kAL k£, J |
<E|4 Z ﬂ_(k)ilfk(ﬁﬂ.(]) :|
KA

(39)



By the Cauchy-Schwarz inequality, we have

N
> (@rmreen)? Z (6705 8n))* D 5
k£1,J ; . 7;1
N N N (40)
Z ﬁ(])¢71' I) 2ZI Z ¢7T I) "':C”2
j=1, j=1 j=1,
HH J;é]
Substitute this into (39), we obtain
E 14 Z k)ffk%(l))
k£I,J
A N N (41)
< NWHQ Z Z (¢7Tr(j)¢7r(i))2
i=1 j=1,
J#i

Recall that the signat is assumed to be sparse, i.e., the

are only K non-zero values amonfye;,i = 1--- N}. Denote
the indices of thesdl non-zero values asy,wo,..., Wk,
w; € (1, N). Then, (39) can be rewritten as
E |4 Z ) ThPr(1))?
| k#LJ
=E |4 Y (6L, %uw;éxm)’
L ’LU]‘#I,J
4 N K (42)
2 T 2
=1 j=
.7751
4
< N”IHQ Z Z ((bZ(wj)(bﬂ(i))z
j=1i=1,
i#£]
which leads to Lemma 1 immediately. [ ]

Lemma 2:Let = be a lengthy, K-sparse signal an® be
an M x N normalized sensing matrix. Then

N K M
55 @ ur <X Xl @
J= 1,1751 jE(1,N) i€(1,N)
K2 wj

wherev;;'s are the entries o indexed by the selected/
rows andK non-zero values of (cf. Fig. 5).
Proof: Fig. 5 shows thé// x N sensing matrixs andt are

any two of the column indexes corresponding to indexgs
andw, of nonzero values in. p, ¢ are any two row indexes,
p # q. The cross elements of two columns and two rows are
vps andug,. Here we notice that the left side of (43) consist§,here
of the quadratic sum of two vectors, so it can be divided into Re

two parts:non-cross termand cross term
Consider terms containing,,. The non-cross termin (43)
pertainingu, is

(44)

Mz
@

1=1

i#s

1 ] t N

1
Ups

p ||
Vgs

q ||

M

Fig. 5. The schematic diagram of sensing matbixwith M rows. p and

g are row indexess andt € {w;|i = 1,..., K} are indexes of columns
corresponding to non-zero valuesainv,s denotes the element in the sensing

rr@atrix within pth row andsth column.vys shares the similar definition.

Equation (44) holds for any row in the sensing matrix, as the
quadratic sum is alway®//M. When it comes to theross
term, the result in (43) will be a little complicated. Similarly,
we consider the terms pertaining; andv,, as follows:

VpsUgs * Z UpiVqi
z;és (45)
:Upqus . (’Up . ’Ug — Upqus)
2
= — (Vpsgs)~

wherev, andv, are two row vectors. The last equality exploits
the orthogonal property of the sensing matrix.

According to (44) and (45), the result which includes all
elements in column will be

N M ) M A M 2 2 o N M )
M Zvis - Vis — Z vzsvjs —M Zvis :
=1 =1 1=1,7=1 =1

i#]

(46)
Repeating this for all columns, we derive (43) easily.m
Lemma 3:Let = be a lengthN, K-sparse signal and

® be an M x N the normalized sensing matrix;; is
given in the definition in Lemma 2. Then, the bound of

k M .
2 je(n) Zie(l,N)Uizj 1S

K

Z ZUZJ<KZSD€<K'M‘P%

jE(1,N) i€(1,N)

(47)

¢ denotes th&th largest value of a row irb.
mark 1:Since the elements of every row i are the
same in circulant matricesy. is the(th largest value for any
row.

Proof: Consider the columm;. Obviously,

M
(48)



10

Since the each column is constituted from the same sequenc€ase 2: Wherl € 7, J ¢ 7 andJ ¢ w, which meansJ is
of numbers, (48) applies to all columns. Moreover, since in the (N — K — 1) columns (the case of € 7, I ¢ T and
our case the sensing matrix is real-valued, Lemma 3 followsz w is exactly similar). Write||¢,,[|> = 2. Then,

straightforwardly. [ ] 9
Let Cy = Y21, 2. Applying the lemmas above () N
can be bounded as follows Z 167 bl Z Z”ﬂ'wvﬁ

N =1 =1 j=1
2
A(r) = =By (v = I712)* )

N N
]%7 16K - C4 - Z <U.72'w Zv721> + Z (Upquw vaqu>

<3 =3 lel’E [(@r - 2s)’] = po =
49) N
N 6K C 2||z||? ( N (54)
<N LR Cyyye. 2] =3 (0 37) + 3 (Gt -0)
4C K A Jj=1 p#q
< ] i(Q)N
= v w _—
Now we are ready to derive the final result. Using (26) and ;=1 ’ M
(27) in Theorem 5, we have N 12
M
t2
P(f(m)21) <exp| ——qorim 3 due to Condition 2) and Condition 3). Thus,
2 M H‘TH (50) 1
Mt? Er (167 ¢ull?) = =yl (55)
P (”y”2 _ HxHQ > t) < exp (_m> ) I(” I ” ) K” ”
, , (I9audwl® = 16T bl — |¢3dwl®)
Let ¢ = §||z||%. (11) can be easily obtained: E; (197 dwl?) = N_K_1
P ([®]* = lz]?| < dll2]|*) _ Gr = DY — iyl
Mé§? (51) N-K-1
>1-2 =7
2120 (~ g ) (56)

Substituting the above results infd~) yields the sum of the

which completes the proof of Theorem 2. second case in the table

C. Proof of Theorem 3 > Uy@I* = ly(x)I*) = 2K (N = K —1):
2 2
Proof: Here we prove the unique reconstruction of statis- (”y” + Iy ) — N-M T2
- - : K "N-K- 1 MN-K-1 (57)
tical RIP of OSTM by using Stein’s method. The proof shares -8 (N-K-1)
the same deflnltpn ot random permutation operat@nd the = (N —1)|y? —2(N = M) — .12
exchangeable pair, 7’. Let 7 = {71, 72, -+ , 7K } be a set of

K random columns o®, andw be a random selected column Case 3: When/ € w, I ¢ 7 and ¢ w, which meand is
of ® apart fromr. Table Il refers to the cases of locations ofn the (N — K — 1) columns (the case of € w, J ¢ 7 and
I, J. Because we need to calculate the expectatiof’,ofhe .J ¢ w is exactly similar).

results of different cases will be added together accorting Case 4: Wherl € r and.J € w (the case off € 7, I € w
the locations of , J. In Table 11, we define the cases depending exactly similar).

on when/, J are in7,w or not, because the locations bf.J Now consider the combination of the third and fourth cases.
will make the result of([|y(m)||> — [ly(x')||) very different.  For instance,/ is in w, and I is any column except fotv.
Define the antisymmetric functiof'(w, 7’) as follows: The sum of the two cases is
N(N +1 2 INTE
Py = YD (e ) G2 2 (@I = )
wherey = ¢L ¢,,. _ o 2 T, 12
According to Theorem 5, we need to find = |V =K =Dyl I;ﬂ lér &1
N-K-1
f(m) =E (F(x, x)|) ) R
= Er.s (Jly(m)2 = ly(=)]I?) . . (58)
The expectation is taken over &ll, J) pairs (there arév (N — loll” = I;n I-orl
1) of them). Given the positions af andw, we analyze the (7)
(I,J) pairs case by case. N 9 A 9
Case 1: Whed, J are not inr, w, [|y(m) |2 — [|y(=)[|2 = 0. =W =Dliyl” = { 3777 K ]

This is because the value §%% ¢, |2 will not change ifI, J ) K _,
are exchanged. = N|y||*=N- MT
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TABLE Il
lly(m)|I? = ||ly(=")||? IN DIFFERENT CASES ORI, J) PAIRS

Case Location of I, J ly(@I2 = ly(=)I? Number of Terms
1 I, J are not inT, w 0 (N-K-1)(N-K-2)
2 TisinT,orJisint I¢T pw || — ||<1>T¢>w||2 2K(N — K —1)
3 TorJisinw ¢>T¢,||2—||¢T¢J 2(N - K —1)
4 TisinTandJisw,or Jisin7 and] is w oL o712 — oL or? 2K
5 I,Jareint 0 K(K-1)

The last two equations hold because the norm of each colummote that the results so far hold for a fixed choice of column

is very close to the norm of columm when M — oc.
Case 51, J are both inr. Similar to Casel, aftef, J are

w. Since the bound does not depend on the identity ofve
can apply the union bound over &l possible columns. So

exchanged, the value df¢Z ¢, |2 will not change. So the the probability that there exists«a such that

result will also be0 in this case.

Sum up all above and applying Stein’s method, we have

NN -1) 1
E/M) =38y ~vo1n
E [(3N —2)|ly(m)||* — (3N — 2M)) - % T2
B o 3N-2M K _,
(59)
which indicates thaE (||y(r)|?) = 324 - £ . Y2 When

N > M, the term22=22L 1 meaning thaE (||y(7)[|?) =

L£.72. In addition, we have the upper bound Attr) in terms
of elements in Table II:

Am) = 5B (1(7() = f())F(r. ) ! [7)

ly(m)* < (1 —6)Y?
is at mostl — N exp —%) =1—e If (13)
N

holds, e ~ O (exp (—(log N)? +log N)). Thus, for small§
and sufficiently largeV, ||y(r)||? has a very high probability
of being smaller tharfl — §)Y?; specifically, the probability
is1—e.

The following proof uses an argument in [10]. The proce-
dure of the last step is similar to the proof of UStRIP in [12].
As said before;s is a set of K indices sampled randomly
from {1,...,N}. Then letS be any other subset dfL, ...,
N} of size less than or equal t&, andP ., be the orthogonal
projection operator on the range.. With probability at least
1—e¢,

(619s) T (p1or) (¢l bs)
T a2
< lstosi?
(Omin(¢7))
Ml _ o
<7,
< 1 1_s°>
whereo,in(¢,) denotes the smallest singular valuedof.
The result implies that there exists a vector in range of
that is outside the range af,. Precisely,dim(range(¢,) N

IPros|? =

(63)

range(¢s)) < K. Due to the structure of OSTMy, is non-
singular with probability exceeding— ¢, so that

dim(range(¢,)) = K

with probability exceeding — ¢. Consider the set of signals
in range(¢,) that can be represented using a different set

N(N -1) 1 4
= 233N -2) N(N-1) { 1 2K(N—K—1)
4K? 4K2
+WT4 2(N — K—1)+—T4 2K}
4(N - K—-1)r* 5 K3
< . —).
=  M2(3N -2) K+ K+ =)
(60)
If N > K, the result becomes
474 K3
(K?4+ K+ —).
3M?2 (K7 + K+ N)
Based on the above result, Stein’s method indicates that
3N -2M K
P 2= = SY2 >t
(v - 225 57

(61)
)

t2
<ex —
= p( 2 (K2t K+ &K

Substituting: = (1—§) 12— 2221 &.72 into the inequality
above, we have
P (Jly(m|* > (1 -0)7?)

_ s 3N—2M K\2~4
2'3M2'(K2+K+W) (62)

31-6-&
whered is as same as in Theorem. 2.

)2 M2
S(K2+ K+ &%y )7

of K columns. This set can be written as a finite union of
subspaces with dimension strictly less than Therefore, it
has zero volume with respect to any nonatomic measure. In
other words, it is almost sure that the signal has no other
representation as a linear combinationfofcolumns from®
[10]. Since ther in ¢, are randomly chosen which satisfy
near-isometry with probability exceeding- ¢, no two signals
with supportr have the same values in the measurement space.
Thus, the theorem is proved.

]
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