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Abstract—Recently, the statistical restricted isometry property
(RIP) has been formulated to analyze the performance of deter-
ministic sampling matrices for compressed sensing. In thispaper,
we propose the usage of orthogonal symmetric Toeplitz matrices
(OSTM) for compressed sensing and study their statistical RIP
by taking advantage of Stein’s method. In particular, we derive
the statistical RIP performance bound in terms of the largest
value of the sampling matrix and the sparsity level of the input
signal. Based on such connections, we show that OSTM can
satisfy the statistical RIP for an overwhelming majority of signals
with given sparsity level, if a Golay sequence used to generate
the OSTM. Such sensing matrices are deterministic, Toeplitz,
and efficient to implement. Simulation results show that OSTM
can offer reconstruction performance similar to that of random
matrices.

Index Terms—Compressed sensing, restricted isometry prop-
erty, sensing matrices, sequences, signal sampling, Toeplitz ma-
trices.

I. I NTRODUCTION

COMPRESSED sensing (CS) [1]–[4] is a novel theory
which has drawn much attention since its advent several

years ago. The CS theory is based on the assumption that
a signal is compressible or sparse. Consider a discrete-time,
length-N signalx that can be represented (or approximated)
by only K (K ≪ N ) coefficients. CS is accomplished by
computing a measurement vectory through the following
linear transformation [1], [2]:

y = Φx, (1)

where y represents anM × 1 sampled vector andΦ is
an M × N measurement matrix. It was proved in [1], [2]
that under certain conditions,x can be well recovered from
only M = O(K log(N/K)) measurements through non-linear
optimization.

Despite the fast development, there still exists a wide gap
between the theory and practice of CS. The first family
of sensing matrices forl1-based reconstruction consists of
random Gaussian/Bernoulli matrices. However, huge memory
buffering for storage and high computational complexity due
to unstructured nature restrict its applications. As a result,
some papers proposed structurally random matrices, such as
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Hadamard or Toeplitz matrices [5], [6]. The restrict isometry
property (RIP) guarantees the recovery of the sparsest solution
from the compressive measurements utilizing certain efficient
and robust algorithms such asl1 minimization, matching
pursuit and its variants [4]. In practice, deterministic sensing
matrices are highly desirable. Deterministic matrices with the
RIP have been proposed in [7]–[9]. However, their guaranteed
RIP performance is not comparable to that of random matrices.

Recently, a statistical version of the RIP has been developed
by several authors [10]–[12], where a deterministic sensing
matrix Φ is required to preserve thel2 norm within a small
fraction, with respect to foranyK-sparse input vectorx whose
support is taken uniformly at random. In particular, Tropp
derived explicit bounds for the extreme singular values of
random collections of columns from a general dictionary [10].
Though no specific sensing matrices were proposed, it implied
dictionaries with small coherenceµ can be used as sensing
matrices with good statistical RIP. Meanwhile, Calderbanket
al. derived the performance bound of statistical RIP for a large
class of deterministic matrices [12]. An essential property of
their sensing matrices is that the columns from a group under
pointwise multiplication, such as those constructed from the
extended BCH codes and discrete chirps. Their sensing ma-
trices permit low-complexity reconstruction, and the required
conditions on sensing matrices are easily checkable.

In this paper, we propose a new class of deterministic
sensing matrices based on orthogonal symmetric Toeplitz
matrices (OSTM) [13], and investigate their statistical RIP
by exploiting Stein’s method. Stein’s method of exchange-
able pairs is a powerful tool for concentration inequalities,
especially for those involving random permutations [14]. We
hope this will inspire more research on the application of
this powerful machinery to CS. Furthermore, we show that
the statistical RIP of an OSTM will be near-optimal if it
is generated from of a Golay sequence [15]. The proposed
deterministic sensing matrices offer a few advantages: they are
easy to generate as onlyN numbers need to be stored; both
sampling and reconstruction are more efficient to implement
since the Toeplitz structure permits a fast Fourier transform
(FFT)-based implementation [16]; and they are well suited to
some applications that are inherently Toeplitz, such as system
identification, channel estimation [17] and Terahertz imaging
[18], [19]. Empirical results show that these deterministic
matrices can provide reconstruction performance similar to
that of the random matrices.
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A. Relation to Prior Work

In the conference version of this paper [13], we derived a
weaker bound for the statistical RIP of OSTM using Cheby-
shev’s inequality. However, the bound was unable to capture
the impact of the sign sequence. In this paper, we make a
significant improvement by deriving an exponential bound
using Stein’s method, which enables us to tell the superiority
of Golay sequences as the underlying sign sequences.

The proposed OSTM might be viewed as a derandom-
ized version of Romberg’s random convolution [20]. More
precisely, the sensing matrices in [20] are generated from
randomly sampled rows of the matrixΦN = N−1/2F ∗

NΣFN

where FN is the N × N discrete Fourier matrix, andΣ
is a diagonal matrix whose entries, roughly speaking, are
random phases uniformly distributed on[0, 2π]. The analysis
was based on the mutual coherenceµ. In our deterministic
sensing matrices, we will fix the diagonal ofΣ (obtained from
a Golay sequence) to optimize the isometry property of sensing
matrices.

We notice that while random permutation is a technique
of proof in statistical RIP, it is an inherent feature of the
structurally random sensing matrices proposed in [5], [21],
where the signals are scrambled by uniform permutation
before sampling.

Random Toeplitz matrices with entries drawn independently
from the same distribution have been shown to good for CS
[6], [16]. For instance, the entries of the Toeplitz matrix in [6]
are drawn from the Bernoulli distribution. It is shown that there
exist constantsc1, c2 > 0 depending only onδ3K such that
for any M ≥ c1K

3 ln(N/K), the sensing matrixΦ satisfies
RIP of order3K for everyδ3K ∈ (0, 1/3) with probability at
least

1 − exp

(

−c2
M

K2

)

. (2)

It is seen that the failure probability is relatively high because
of the square ofK in denominator.

B. Organization

The rest of this paper is organized as follows. In Section II,
we briefly review the concepts of RIP and statistical RIP.
The construction of OSTM is given in Section III. Then in
Section IV, we derive an exponential bound for the statisti-
cal RIP for the proposed deterministic sensing matrices, by
using Stein’s method. Section V is devoted to the usage of
Golay’s sequences to achieve near-optimal performance for
OSTM. Simulation results are given in Section VI, followed
by conclusions in Section VII.

II. RIP AND STATISTICAL RIP

It was established in [22] that for a matrixΦ to be a CS
sensing matrix, it is sufficient that it satisfies the RIP, which
makes sensing matrix act as a near isometry on allK-sparse
vectors.

Definition 1 (RIP [22]): Let Ω denote the set of all length-
N vectors x with K non-zero coefficients. AnM × N

measurement matrixΦ has the restricted isometry property
(RIP) with parameters (K, δ) for δ ∈ (0, 1) if it satisfies [22]

(1 − δ)‖x‖2 ≤ ‖Φx‖2 ≤ (1 + δ)‖x‖2, for all x ∈ Ω.

Note that the RIP implies that forall N × K sub-matrices
of Φ, the eigenvalues of their Gram matrices lie in the interval
of [1 − δ, 1 + δ]. This is a very restrictive condition and the
currently known measurement matrices satisfying the RIP
with (near) optimal number of measurements fall into two
categories [23]: (i) Random matrices with i.i.d. sub-Gaussian
variables, e.g., normalized i.i.d. Gaussian or Bernoulli ma-
trices; (ii ) Random partial bounded orthogonal matrices in
which the sensing operators are obtained by choosingM rows
uniformly at random from a normalizedN × N Fourier or
Walsh-Hadamard transform matrices.

In some applications, deterministic sensing matrices are
highly desirable. However, the construction of deterministic
RIP matrices is a challenging task. As an alternative, statistical
versions of the RIP were proposed for deterministic sensing
matrices [11], [12]. In this paper, we follow the statistical RIP
formulation given by Calderbanket al. in [12].

Definition 2 (Statistical RIP):Let Φ be a normalizedM ×
N deterministic matrix and denoteφi (1 ≤ i ≤ N ) as its
i-th column. The input signalx is a K-sparse random vector
with non-zero coefficientsx1, x2, · · · , xK whose positions
are chosen uniformly at random. Under such a model, the
measurement vector can be expressed as

y(π) = Φx =

N
∑

i=1

φπ(i)xi, (3)

whereπ is drawn from the uniform distribution over the set of
all permutations of{1, · · · , N}. Φ is said to have the statistical
RIP provided that the following inequality holds for anyK-
sparse signals with high probability:

∣

∣‖y(π)‖2 − ‖x‖2
∣

∣ ≤ δ‖x‖2 (4)

with respect to uniform permutationπ.
The statistical RIP defined above is a weaker condition than

the RIP. The statistical RIP has been analyzed in [12] for a
large class of deterministic matrices, as summarized by the
following theorem:

Theorem 1 ( [12]): Let Φ be a deterministicM×N sensing
matrix satisfying the following properties:

• The columns ofΦ form a group under point-wise multi-
plication;

• The rows ofΦ are orthogonal and all row sums are equal
to zero, i.e.,

∑N
i=1 φi = 0;

• For all columns apart from the first one, the square of the
column’s l2 norm is less thanN2−η, where0 < η ≤ 1.

Let x be aK-sparse signal where the positions of theK non-
zero entries are equiprobable. Then, forK−1

N−1 < δ < 1 and
η > 1/2, the following inequality holds:

P
(∣

∣‖Φx‖2 − ‖x‖2
∣

∣ < δ‖x‖2
)

≥ 1 − 2 exp

[

− [δ − (K − 1)/(N − 1)]2Mη

8K

]

.
(5)
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The proof of the exponential bound was based on McDi-
armid’s inequality [12]. Note that (5) implies that

P
(∣

∣‖Φx‖2 − ‖x‖2
∣

∣ > δ‖x‖2
)

< O
(

exp

[

−δ2Mη

K

])

. (6)

III. OSTM

From above one can see that sensing matrices play an
important part in compressed sensing because their properties
directly affect the performance and complexity. In this section
we first give the definition of circulant sensing matrices, and
then that of OSTM.

Definition 3 (Circulant sensing matrices):An M × N cir-
culant sensing matrixΦ is obtained by selectingM rows from
an N ×N circulant matrixΦN and multiplying a normalized
parameter

√

N/M . TheN ×N matrix ΦN has the following
properties:

• It is circulant, which means that each row is obtained
from the preceding row by rotation to the right by one
element.

• All the row vectors and column vectors are real and
orthogonal, i.e.

N
∑

j=1

φjsφjt = 0 if s 6= t, (7)

and have normalized amplitude

N
∑

s=1

φ2
js = 1. (8)

• The sum of elements in any row or column is±1.

There are several ways to generate circulant matrices. In
this paper, we are interested in OSTM introduced by Bottcher
[24]. Denote byOSTN the set of real-valuedN × N OSTM.
Bottcher proved that the setOSTN is finite and its cardinality
is given by

|OSTN | =

{

3 · 2N/2 − 2 if N is even
2
√

2 · 2N/2 − 2 if N is odd.

The setOSTN consists of circulant and skew-circulant matri-
ces. In this paper, we focus on the case of evenN where all
matrices in setOSTN are circulant:

Definition 4 (Circulant OSTM [24]):Let N be an even
number andN ≥ 4, and denote byFN the N × N Fourier
matrix. The setOSTN contains2N/2+1 circulants whose first
column is given by











a1

a2

...
aN











=
1

N
F ∗

N











σ1

σ2

...
σN











where (σ1, σ2, · · · , σN ) =
(γ, ε1, . . . , εN/2−1, β, εN/2−1, . . . , ε1) and the parameters
(γ, ε1, . . . , εN/2−1, β) ∈ {−1, 1}N/2+1.

A circulant OSTM which has the following structure:

ΦN =

































a b c . . . f g f . . . c b
b a b c . . . f g f . . . c
c b a b c . . . f g f . . .
... . . .
f . . .
g f . . .
f g f . . .
... . . .
b c . . .

































.

In this paper,σ , (σ1, σ2, · · · , σN ) is referred to as the
sign sequence. Thus, the first row (i.e., the transpose of the
first column) of OSTM is given by the inverse FFT (IFFT) of
the sign sequence. One can generate other rows by successive
rotation. Let the diagonal matrixΣ = diag(σ). It is not
difficult to see that OSTMΦN takes the following form:

ΦN =
1

N
F ∗

NΣFN . (9)

The reason is that the elements ofΦN defined in (9) have
the expression ofφp,q = 1

N

∑N−1
k=0 σk+1 exp{ 2πi

N k(q − p)},
while the first row of OSTM obtained from IFFT of the sign
sequence is given byan = 1

N

∑N−1
k=0 σk+1 exp{ 2πi

N k(n− 1)}
for n = 1, · · · , N . Obviously,φp,q = aq−p+1 mod N which
corresponds to the circulant property.

In this paper, anM ×N sensing matrix based on OSTM is
generated in the following way:

1) Apply IFFT to the sign sequence to obtain the first row
of OSTM.

2) Follow the circulant property to construct theN × N
matrix ΦN .

3) ChooseM rows and normalize it by multiplying
√

N/M
to form theM × N sensing matrixΦ.

After the second step, it can be proved that theN×N matrix
ΦN is orthogonal and Toeplitz. Obviously, among2N/2+1

such matrices, some are better than others for the purpose
of CS. For example, the sign sequences(1, 1, · · · , 1) and
(−1,−1, · · · ,−1) are very bad since they generate a diagonal
matrice ΦN . In the next two Sections, we will analyze the
impact of the sign sequence on the statistical RIP, and then
identify good sign sequences.

IV. A NALYSIS OF STATISTICAL RIP

In this Section, we apply Stein’s method to analyze the
statistical RIP and demonstrate the uniqueness of recovery.
Appendix A gives a brief summary of concentration inequal-
ities based on Stein’s method.

The main theorem is presented below.
Theorem 2:Let x be a length-N , K-sparse signal with non-

zero coefficientsx1, x2, x3, · · · xK . Assume thatx has zero-
mean (i.e.,

∑K
i=1 xi = 0) and the positions of theK non-zero

entries are equiprobable. LetΦ be anM × N deterministic
sensing matrix obtained by selectingM rows arbitrarily from
an N × N circulant matrix satisfying the three conditions in
Definition 3, normalized by factor

√

N/M . Then

E
(

‖Φx‖2
)

= ‖x‖2, (10)
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and

P
(∣

∣‖Φx‖2 − ‖x‖2
∣

∣ < δ‖x‖2
)

≥1 − 2 exp

(

− Mδ2

8C1 · K

)

(11)

whenK ≤ C0(δ)
M

log N (this condition is required such that the
failure probability will tend to0 as N → ∞), C0 ∼ δ2 is a
constant depending onδ only, andC1 =

∑M
ζ=1 ϕ2

ζ , determined
by theM largest values inΦ.

The proof, based on Stein’s method, is given in Appendix
B.

Remarks:
1) The theorem holds true for circulant matrices statisfying

Definition 3 in general and for OSTM in particular.
2) The restriction thatx has zero mean is needed only

to simplify the derivation so thatE(‖Φx‖2) is fixed.
In practice, forx with non-zero mean, we can add an
all-ones row vector

[

1 1 · · · 1
]

to measure the DC
component of the signal.

3) The bound holds for arbitrary row selection, in contrast
to random row selection in other sensing matrices. In
particular, we may choose consecutive rows so that the
matrix is Toeplitz.

4) It will be shown in the next Section that OSTM can
achieveC1 ∼ O(1) when the sign sequence is derived
from a Golay sequence.

5) When C1 ∼ O(1), OSTM can achieve a bound on
the similar order of magnitude in (5) with the tightest
conditionη = 1 [12].

WhenC1 ∼ O(1), it can be derived from (11) that

P
(∣

∣‖Φx‖2 − ‖x‖2
∣

∣ > δ‖x‖2
)

< 2 exp

(

−O
(

Mδ2

K

))

.

(12)
Clearly (12) decays exponentially withMK , while the bound in
(6) decays exponentially withM

η

K for 1/2 < η ≤ 1.
From (12), we can easily arrive at the following corollary.
Corollary 1: Suppose thatx andΦ follow the same defin-

itions in Theorem 2 withM ≥ K log N
C0δ . Then, we have

P
(∣

∣‖Φx‖2 − ‖x‖2
∣

∣ ≤ δ‖x‖2
)

> 1 − 1

N
,

if the sparsity levelK satisfies

K ≤ C0(δ)
M

log N
, (13)

whereC0(δ) has the same definition as that in (11).
Recall that for i.i.d Gaussian and Bernoulli matrices, the

RIP holds with high probability when [4]

K ≤ C2(δ)
M

log (N/M)
, (14)

where C2(δ) is a constant depending only onδ. One can
observe that (13) takes a similar form to (14). Note that
there are no existing solutions of deterministicM × N
sensing matrices that could achieve the RIP bound of (14). In
contrast, Corollary 1 suggests that whenK is on the similar
order, the statistical RIP can be satisfied with high probability.

Meanwhile, it is known that ifΦ satisfies2K-RIP, unique
and stable reconstruction ofK-sparse signals will be guar-
anteed [2]. However, in general statistical RIP in itself does
not guarantee unique reconstruction [12]. The probabilitythat
{β ∈ RN ; Φα = Φβ} = {α} should be estimated, and this
probability needs to be very close to1 when α obeys the
uniform distribution among allK-sparse vectors inRN of the
same norm. This is indeed the case as shown in the following
theorem.

Theorem 3:Suppose thatx, Φ and δ follow the same
definitions as in Theorem 2 withM ≥ K log N

C0(δ)
. Then x is

the only K-sparse vector that satisfies the equationy = Φx
with probability at least1−ǫ with respect to the random choice
of x, where

ǫ = N exp

(

−3(1 − δ − K
M )2M2

8(K2 + K + K3

N )

)

. (15)

In other words, the probability of unique recovering
a K-sparse signalx whose support is randomly selected
exceeds1 − ǫ. The detailed proof can be found Appendix C.

Now our task is to minimize theM largest values inΦ.
In general, the bound ofC1 might be on the same order of
N/M . Fortunately,C1 will be reduced dramatically toO(1)
if we carefully select the sign sequence for OSTM. This will
be shown in the next Section.

V. OPTIMIZATION OF OSTM USING GOLAY SEQUENCES

Since the first row ofΦ is the IFFT of the sign sequence
σ = (γ, ε1, . . . , εN/2−1, β, εN/2−1, . . . , ε1), minimizing the
M largest values amounts to making the frequency spectrum
of the sign sequence as flat as possible. One might wonder
the usage of the classicalm sequence whose spectrum is com-
pletely flat due to its ideal autocorrelation property. However,
the sign sequence has the mirror symmetry such that them
sequence is not well suited. Specifically, if we choose anm
sequence for(ε1, . . . , εN/2−1), the spectrum ofσ will be far
from flat.

In this Section, we use the Golay sequence to form the first
N/2 entries(γ, ε1, . . . , εN/2−1) of the sign sequence. Then let
β = −γ and complete the second half of the sequence which
is a mirror image of(ε1, . . . , εN/2−1).

Golay sequences were introduced by Golay [15] and have
since found numerous applications such as peak-to-average
power control for orthogonal frequency-division multiplexing
(OFDM) [25], [26]. The binary Golay sequences are known
to exist for all lengths2α110α226α3, α1, α2, α3 non-negative
integers [15].

Definition 5: Let the aperiodic autocorrelation function of
a sequencex be defined by

Rx(l) =

N−l−1
∑

j=0

xjxj+l, l = 0, · · · , N − 1. (16)

Let a = (a0, a1, · · · , aN−1) and b = (b0, b1, · · · , bN−1) be a
pair of binary sequences with values1 or −1 only. Thena
andb are a Golay complementary pair if

Ra(l) + Rb(l) = 0, (17)
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for l = 1, · · · , N −1. A sequence in any complementary pairs
is called a Golay sequence.

It is helpful to see (17) in polynomial form. A sequencea
can be associated with the polynomiala(z) = aN−1z

N−1 +
· · · + a1z + a0 in indeterminatez with coefficients±1. The
Golay sequence pair(a, b) satisfy [15]

a(z)a(z−1) + b(z)b(z−1) = 2N. (18)

Equations (17) and (18) are equivalent expressions because
a(z)a(z−1) = Ra(0) +

∑N−1
k=1 Ra(k)(zk + z−k). Further,

restricting z to lie on the unit circle in the complex plane,
we have

|a(z)|2 + |b(z)|2 = 2N, |z| = 1. (19)

This means that the absolute value of each polynomial on
the unit circle is bounded by

√
2N [25]. The reason why we

choose a Golay sequence is exactly this property, which means
the envelope of its Fourier transform is limited to a small range
relative to the mean. Formally, in our context letSs(ω) =
∑N/2

i=1 sie
jω(i−1) for a Golay sequences = (s1, . . . , sN/2).

Then one has the property

max
0≤ω<2π

|Ss(ω)|2 ≤ N. (20)

Since the bound on the Fourier transform of a Golay
sequence holds for all envelop, the bound will not change
when we add several binary values to form a new sequence.

Theorem 4:Let σ = (γ, ε1, . . . , εN/2−1, β, εN/2−1, . . . , ε1)
be the sign sequence of OSTMΦN . Denote byϕζ the ζth
largest value in a row ofΦN . If we set(γ, ε1, . . . , εN/2−1) as
a Golay sequence and letβ = −γ, then we have the bound

C1 =
M
∑

ζ=1

ϕ2
ζ ≤ 4. (21)

Proof: First, note that the maximum valueϕ1 satisfies

ϕ2
1 =

N

M
max

k
{a2

k} =
1

MN
max

k

∣

∣

∣

∣

∣

N
∑

i=1

σie
jωk(i−1)

∣

∣

∣

∣

∣

2

(22)

where ωk = 2π(k − 1)/N . The factor N
M comes from

normalization. Due to the mirror-symmetrical structure ofthe
sign sequence, it is not difficult to tell that the second halfof
the sum is a complex conjugate of the first half. The terms
pertaining toσi appear in pairs with conjugate values. Then
because

∣

∣

∣

∣

∣

N
∑

i=1

σie
jωk(i−1)

∣

∣

∣

∣

∣

2

≤ 2

∣

∣

∣

∣

∣

∣

N/2
∑

i=1

σie
jωk(i−1)

∣

∣

∣

∣

∣

∣

2

+ 2

∣

∣

∣

∣

∣

∣

N
∑

i=N/2+1

σie
jωk(i−1)

∣

∣

∣

∣

∣

∣

2

(23)

using the conjugate property, we obtain

ϕ2
1 ≤ 4

MN
max

k

∣

∣

∣

∣

∣

∣

N/2
∑

i=1

sie
jωk(i−1)

∣

∣

∣

∣

∣

∣

2

=
4

MN
max

k
|Ss(ωk)|2 ≤ 4

M

(24)

where the last inequality is due to (20). Now it can be
concluded that

C1 =

M
∑

ζ=1

ϕ2
ζ ≤ ϕ2

1 · M ≤ 4, (25)

which gives the near-optimalC1.

Remarks:

1) If σ = (1, 1, · · · , 1), thena1 = 1 andC1 can be as large
asN . Namely, the bound will be very bad.

2) On the other hand, by Parseval’s theorem we have the
lower boundC1 ≥ N

M ·M · 1
N

∑N
k=1 a2

k = 1
N

∑N
k=1 σ2

k =
1 for any OSTM. Therefore, settings as a Golay sequence
is optimal within a factor of 4.

VI. SIMULATION RESULTS

Extensive simulations have been carried out to compare
the reconstruction performance of different random and de-
terministic sensing matrices. For illustration purposes,we
first present here some results for different64 × 512 and
128 × 1024 sampling matrices with various reconstruction
algorithms. Then, recovery performance is compared to that
of random convolution [20].

In the first simulation with sparse Gaussian signals, the
details are shown as follows:

1) 64 × 512 sensing matrices: These sampling matrices
include the random i.i.d. Gaussian matrix, the random
partial Walsh-Hadamard transform (WHT) matrix and the
OSTM;

2) 128 × 1024 sensing matrices: Sampling matrices under
comparison are the random i.i.d. Gaussian matrix, the
random partial Discrete Cosine Transform (DCT) matrix
and the OSTM.

The reconstruction algorithms are based on thel1-
regularized least-squares algorithm [27], subspace pursuit (SP)
[28], and the sparsity adaptive matching pursuit (SAMP) [29],
respectively. The non-zero coefficientsxi (i = 1, · · ·K) of the
input signal obey the Gaussian distribution.

Fig. 1 and Fig. 2 depict the empirical frequencies of exact
reconstruction for64 × 512 sensing matrices and128 × 1024
sensing matrices, respectively. In these simulations, 1000 trials
were run for each sparsity levelK and the positions of non-
zero elements are selected uniformly at random. Besides, we
assume that the exact reconstruction is achieved if the signal
to noise ratio (SNR) is greater than 50 dB. From these figures,
one can observe that the performance of deterministic matrices
are quite similar to those of the random matrices.

Simulations have also been run on images. We used the MRI
Shepp-Logan phantom image (128× 128) as a test image
and the results are compared with random convolution. The
fast reconstruction algorithm for Toeplitz matrices with same
parameters in [16] was applied. 500 trials were run for each
sampling level and the results with 10% sampling rate are
shown in Fig. 3. Results with different sampling rates can
be seen in Table I. The reconstruction SNR shows that the
performance of OSTM is a little better than that of random
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Fig. 1. Simulation results for different64 × 512 sensing matrices. (a)l1 regularized least squares algorithm. (b) SP algorithm. (c)SAMP algorithm.
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Fig. 2. Simulation results for different128 × 1024 sensing matrices. (a)l1-regularized least squares algorithm, (b) SP algorithm, (c) SAMP algorithm.

TABLE I
SNR (IN DB) COMPARISON OF RANDOM CONVOLUTION ANDOSTM

Sampling rateM/N 14% 13% 12% 11% 10% 9%
Random convolution 83.20 54.21 27.55 21.38 15.94 12.83

OSTM 83.20 57.87 28.37 21.49 16.49 13.29

convolution. It is because the sign sequence is carefully chosen
instead of a random one.

OSTM is well suited to applications with large values of
N , since both sampling and reconstruction will benefit from
efficient implementation by means of FFT. The complexity
of basis pursuit (BP) isN3, while the complexity of the SP
algorithm is upper bounded byO(MNK). The computational
complexity of the fast reconstruction algorithm in [16] is
complicated because it is not only al1 minimization problem,
but also includes equality fidelity,l1 and l2 square penalized
fidelity, as well as one of or bothl1 and total variation regu-
larizations. Its theoretical computation speed is faster than that
of SP because of using FFT. Fig. 4 demonstrates the recovery
peak SNR (PSNR) and consuming time of processing image
Lena (256× 256) under various sampling rates for random
convolution and OSTM using the fast recovery algorithm in
[16], structurally random matrices (SRM-SAMP) using SAMP,
and Gaussian matrices using block-SP. BecauseK is unknown
in natural image processing, SAMP is applied here with
Daubechies’ 9/7 wavelet as the sparsifying matrix. SAMP
is known for offering a comparable theoretical guarantee as
the best optimization-based approach, and both the OMP and
the SP can be viewed as SAMP’s special cases. Structurally

random matrices are used as the sampling operator in SAMP
due to their fast and efficient implementations [5]. Resultsof
SP with block size64× 64 and Gaussian random matrices as
sensing matrices are shown as a comparison of the processing
time. A natural image is often too large to implement SP
in Matlab directly so we use block-SP in order to avoid
running out of memory. In contrast, the fast reconstruction
algorithm in [16] can deal with much longer signals with
less simulation time, because the image is viewed as a two-
dimensional matrix. The results show that OSTM with the
fast recovery algorithm in [16] achieves similar PSNR to that
of random convolution, and better than that of SRM-SAMP
and block-SP. The fast recovery algorithms reveal an obvious
superiority in computational complexity.

VII. C ONCLUSIONS ANDFUTURE WORK

We have investigated the statistical RIP of OSTM in com-
pressed sensing. Specifically, we have shown that OSTM
satisfies the statistical RIP and unique recovery with high
probability except an exponentially small fraction. If theun-
derlying sign sequence is obtained from a Golay sequence, the
OSTM will achieve near-optimal statistical RIP. Experimental
results show that these deterministic sensing matrices compare
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(a) (b) (c)
Fig. 3. Simulation results for different128× 1024 sensing matrices. (a) Original phantom image. (b) Recovered image from random convolution with 10%
sampling rate, SNR=15.64 dB. (c) Recovered image from OSTM with 10% sampling rate, SNR=16.38 dB.
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Fig. 4. Reconstruction of the Lena image (256 × 256) under various sampling rates for random convolution and OSTM using fast recovery algorithm in
[16], SAMP with structurally random matrices, and Gaussianmatrices with block-SP. (a) Reconstruction PSNR in dB. (b) Consuming time in seconds. Note
that the reconstructing times of random convolution and OSTM decrease with the sampling rate, because the fast reconstruction algorithm terminates earlier
when more measurements are obtained.

favorably with existing random matrices. Our proof was based
on Stein’s method.

There are many intriguing questions that future work should
consider. First, the noise resilience of these deterministic
operators needs to be analyzed and evaluated. Secondly, the
applications of OSTM-based sensing matrices can be ex-
ploited. Thirdly, new reconstruction algorithms for OSTM-
based sensing need to be developed. Furthermore, it is in-
teresting to further consider the statistical model of the input
signal in the statistical RIP formulation.

APPENDIX

A. Concentration inequality based on Stein’s method

Stein’s method is a powerful tool to obtain bounds on the
distance between two probability distributions with respect to
a probability metric. A fundamental idea in Stein’s method
is the exchangeable pair. Two random variablesZ and Z ′

are said to form an exchangeable pair if the joint probability
density function of(Z, Z ′) is equal to that of(Z ′, Z). In [14],
Stein’s method was used to derive measure concentration, as
stated in the following theorem:

Theorem 5 ( [14]): Suppose that(Z, Z ′) is an exchange-
able pair of random variables. LetF (Z, Z ′) be an an-
tisymmetric function, i.e.,F (Z, Z ′) = −F (Z ′, Z) with
E(F (Z, Z ′)|Z) = f(Z). Define∆(Z) as

∆(Z) =
1

2
E
(

|(f(Z) − f(Z ′))F (Z, Z ′)|
∣

∣Z
)

.

Then,E(f(Z)) = 0 and if there exist non-negative constants
a0 anda1 such that∆(Z) ≤ a0 + a1f(Z) almost surely, then
for any t ≥ 0, we have

P(f(Z) ≥ t) ≤ exp

(

− t2

2a0 + 2a1t

)

(26)

and

P(f(Z) ≤ −t) ≤ exp

(

− t2

2a0

)

. (27)

As the statistical RIP is based on the permutation operator
π, in this paper we will derive a new bound of (4) by
applying Theorem 5 to the concentration inequality for random
permutation (i.e., whenZ = π).
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B. Proof of Theorem 2

For the random permutation operatorπ in (3), we can define
its exchangeable pair asπ′ = π ◦ (I, J) [14], whereI and
J are chosen uniformly and independently at random from
{1, · · · , N}. (I, J) denotes the transposition ofI andJ , i.e.,
π′(I) = π(J), π′(J) = π(I) andπ′(i) = π(i) for i 6= I, J .

Define the antisymmetric functionF(π, π′) as follows:

F(π, π′) =
N

4

(

‖y(π)‖2 − ‖y(π′)‖2
)

=
N

4

(

‖y(π)‖2 − ‖y(π) − r‖2
)

=
N

4

(

‖y(π)‖2 − ‖y(π)‖2 + 2y(π)
H

r(π) − ‖r(π)‖2
)

=
N

4

(

2yH(π)r(π) − ‖r(π)‖2
)

(28)

wherey(π) is given by (3) andr(π) is the difference between
y(π) andy(π′) that can be expressed as

r(π) = y(π) − y′(π)

= (φπ(I) − φπ(J))(xI − xJ )

= φπ(I)xI + φπ(J)xJ − φπ(I)xJ − φπ(J)xI .

(29)

Next, according to Theorem 5, we need to find

f(π) = E (F (π, π′)|π)

=
N

4
EI,J

(

2yH(π)r(π) − ‖r(π)‖2
)

.

From the expression ofr(π) in (29), by summing over all
choices of1 ≤ I, J ≤ N , we have

EI,J

(

2yH(π)r(π)
)

=
4‖y(π)‖2

N
, (30)

EI,J

(

‖r(π)‖2
)

=
4‖x‖2

N
, (31)

where we have used the assumptions that
∑N

i=1 φi = 0 and
∑N

i=1 xi = 0. Substituting the above results intof(π) yields

f(π) = ‖y(π)‖2 − ‖x‖2. (32)

By Theorem 5, we know thatE(f(π)) = 0, which implies
that (10) holds.

To get the concentration inequality in (11), we thus need to
bound

∆(π) =
1

2
E
(

|(f(π) − f(π′))F (π, π′)|
∣

∣π
)

=
N

8
E

(

(

2yH(π)r(π) − ‖r(π)‖2
)2 ∣
∣π
)

.
(33)

Here,

2yH(π)r(π) = 2(

N
∑

k=1

φT
π(k)xk)(φπ(I) − φπ(J))(xI − xJ )

= 2[

N
∑

k 6=I,J

φT
π(k)xk + φT

π(I)xI + φT
π(J)xJ ]

(φπ(I) − φπ(J))(xI − xJ ).
(34)

Note that

(φT
π(I)xI+φT

π(J)xJ )(φπ(I) − φπ(J))(xI − xJ )

= xI(φ
T
π(I)φπ(I) − φT

π(I)φπ(J))(xI − xJ )

+ xJ (φT
π(J)φπ(I) − φT

π(J)φπ(J))(xI − xJ )

= (1 − φT
π(I)φπ(J))(xI − xJ )2 =

‖r(π)‖2

2
.

(35)

As a result,

E
(

2yH(π)r(π) − ‖r(π)‖2
)2

=E



2(

N
∑

k 6=I,J

φT
π(k)xk)(φπ(I) − φπ(J))(xI − xJ )





2

.
(36)

To bound (36), we need three lemmas in the following.
Lemma 1:Let x be a length-N , K-sparse signal andΦ =

[

φ1, φ2, · · · , φN

]

be anM × N normalized sensing matrix.
Then (36) is bounded by

E
(

2yH(π)r(π) − ‖r(π)‖2
)2

≤ 16

N
‖x‖2 ·

K
∑

j=1

N
∑

i=1,
i6=wj

(φT
π(wj)

φπ(i))
2 · E(xI − xJ)2, (37)

wherewj ∈ {1, 2, · · · , N}, j = 1 . . .K denotes the index of
K non-zero values ofx.

Proof: According to (36),

E
(

2yH(π)r(π) − ‖r(π)‖2
)2

=E






4





N
∑

k 6=I,J

(φT
π(k)xkφπ(I)) −

N
∑

k 6=I,J

(φT
π(k)xkφπ(J))





2

(xI − xJ )2






.

(38)

When permutationsπ and π′ are fixed,φi’s and x are also
fixed, except for the pairI and J . The expectation will be
taken over all(I, J) pairs. Because the two terms in the
brackets share no common values, the expectation can be
calculated separately.

The first term can be bounded by

E











N
∑

k 6=I,J

(φT
π(k)xkφπ(I)) −

N
∑

k 6=I,J

(φT
π(k)xkφπ(J))





2






≤ E



2

N
∑

k 6=I,J

(φT
π(k)xkφπ(I))

2 + 2

N
∑

k 6=I,J

(φT
π(k)xkφπ(J))

2





≤ E



4

N
∑

k 6=I,J

(φT
π(k)xkφπ(I))

2



 .

(39)
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By the Cauchy-Schwarz inequality, we have

N
∑

k 6=I,J

(φT
π(k)xkφπ(I))

2 ≤
N
∑

j=1,
j 6=I,J

(φT
π(j)φπ(I))

2
N
∑

j=1,
j 6=I,J

x2
j

≤
N
∑

j=1,
j 6=I

(φT
π(j)φπ(I))

2
N
∑

j=1

x2
j =

N
∑

j=1,
j 6=I

(φT
π(j)φπ(I))

2‖x‖2.

(40)

Substitute this into (39), we obtain

E



4

N
∑

k 6=I,J

(φT
π(k)xkφπ(I))

2





≤ 4

N
‖x‖2

N
∑

i=1

N
∑

j=1,
j 6=i

(φT
π(j)φπ(i))

2.

(41)

Recall that the signalx is assumed to be sparse, i.e., there
are onlyK non-zero values among{xi, i = 1 · · ·N}. Denote
the indices of theseK non-zero values asw1, w2, . . . , wK ,
wj ∈ (1, N). Then, (39) can be rewritten as

E



4

N
∑

k 6=I,J

(φT
π(k)xkφπ(I))

2





= E



4
∑

wj 6=I,J

(φT
π(wj)xwj

φπ(I))
2





≤ 4

N
‖x‖2

N
∑

i=1

K
∑

j=1,
j 6=i

(φT
π(wj)φπ(i))

2

≤ 4

N
‖x‖2

K
∑

j=1

N
∑

i=1,
i6=j

(φT
π(wj)

φπ(i))
2

(42)

which leads to Lemma 1 immediately.
Lemma 2:Let x be a length-N , K-sparse signal andΦ be

an M × N normalized sensing matrix. Then

K
∑

j=1

N
∑

i=1,
i6=wj

(φT
π(wj)φπ(i))

2 ≤ N

M





K
∑

j∈(1,N)

M
∑

i∈(1,N)

v2
ij



 , (43)

wherevij ’s are the entries ofΦ indexed by the selectedM
rows andK non-zero values ofx (cf. Fig. 5).

Proof: Fig. 5 shows theM×N sensing matrix.s andt are
any two of the column indexes corresponding to indexesws

andwt of nonzero values inx. p, q are any two row indexes,
p 6= q. The cross elements of two columns and two rows are
vps andvqs. Here we notice that the left side of (43) consists
of the quadratic sum of two vectors, so it can be divided into
two parts:non-cross termandcross term.

Consider terms containingvps. The non-cross termin (43)
pertainingvps is

v2
ps ·

N
∑

i=1
i6=s

v2
pi = v2

ps ·
(

N

M
− v2

ps

)

. (44)

M

q

p

1
1 s t N

vps

vqs

...

· · ·

�

�

Fig. 5. The schematic diagram of sensing matrixΦ with M rows. p and
q are row indexes.s and t ∈ {wi|i = 1, . . . , K} are indexes of columns
corresponding to non-zero values inx. vps denotes the element in the sensing
matrix within pth row andsth column.vqs shares the similar definition.

Equation (44) holds for any row in the sensing matrix, as the
quadratic sum is alwaysN/M . When it comes to thecross
term, the result in (43) will be a little complicated. Similarly,
we consider the terms pertainingvps andvqs as follows:

vpsvqs ·







N
∑

i=1
i6=s

vpivqi







=vpsvqs ·
(

vp · vT
q − vpsvqs

)

= − (vpsvqs)
2
,

(45)

wherevp andvq are two row vectors. The last equality exploits
the orthogonal property of the sensing matrix.

According to (44) and (45), the result which includes all
elements in columns will be

N

M

(

M
∑

i=1

v2
is

)

−
M
∑

i=1

v4
is −

M
∑

i=1,j=1
i6=j

v2
isv

2
js ≤ N

M

(

M
∑

i=1

v2
is

)

.

(46)

Repeating this for all columns, we derive (43) easily.
Lemma 3:Let x be a length-N , K-sparse signal and

Φ be an M × N the normalized sensing matrix.vij is
given in the definition in Lemma 2. Then, the bound of
∑k

j∈(1,N)

∑M
i∈(1,N)v

2
ij is

K
∑

j∈(1,N)

M
∑

i∈(1,N)

v2
ij ≤ K

M
∑

ζ=1

ϕ2
ζ ≤ K · Mϕ2

1 (47)

whereϕζ denotes theζth largest value of a row inΦ.
Remark 1:Since the elements of every row inΦ are the

same in circulant matrices,ϕζ is theζth largest value for any
row.

Proof: Consider the columnvj . Obviously,

M
∑

i∈(1,N)

v2
i,j ≤

M
∑

ζ=1

ϕζ
2. (48)
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Since the each column is constituted from the same sequence
of numbers, (48) applies to all columns. Moreover, since in
our case the sensing matrix is real-valued, Lemma 3 follows
straightforwardly.

Let C1 =
∑M

ζ=1 ϕζ
2. Applying the lemmas above,∆(π)

can be bounded as follows

∆(π) =
N

8
EI,J

(

(

2yHr − ‖r‖2
)2 |π

)

≤ N

8
· 16K · C1

M
‖x‖2

E
[

(xI − xJ)2
]

≤ N

8
· 16K · C1

M
‖x‖2 · 2‖x‖2

N

≤ 4C1 · K
M

· ‖x‖4.

(49)

Now we are ready to derive the final result. Using (26) and
(27) in Theorem 5, we have

P (f(π) ≥ t) ≤ exp

(

− t2

2 4C1·K
M · ‖x‖4

)

P
(

‖y‖2 − ‖x‖2 ≥ t
)

≤ exp

(

− Mt2

8C1 · K‖x‖4

)

.

(50)

Let t = δ‖x‖2. (11) can be easily obtained:

P
(∣

∣‖Φx‖2 − ‖x‖2
∣

∣ < δ‖x‖2
)

≥1 − 2 exp

(

− Mδ2

8C1 · K

)

,
(51)

which completes the proof of Theorem 2.

C. Proof of Theorem 3

Proof: Here we prove the unique reconstruction of statis-
tical RIP of OSTM by using Stein’s method. The proof shares
the same definition of random permutation operatorπ and the
exchangeable pairπ, π′. Let τ = {τ1, τ2, · · · , τK} be a set of
K random columns ofΦ, andw be a random selected column
of Φ apart fromτ . Table II refers to the cases of locations of
I, J . Because we need to calculate the expectation ofF , the
results of different cases will be added together accordingto
the locations ofI, J . In Table II, we define the cases depending
on whenI, J are inτ, w or not, because the locations ofI, J
will make the result of

(

‖y(π)‖2 − ‖y(π′)‖
)

very different.
Define the antisymmetric functionF (π, π′) as follows:

F (π, π′) =
N(N + 1)

3N − 2

(

‖y(π)‖2 − ‖y(π′)‖2
)

(52)

wherey = φT
τ φw.

According to Theorem 5, we need to find

f(π) = E (F (π, π′)|π)

= EI,J

(

‖y(π)‖2 − ‖y(π′)‖2
)

.
(53)

The expectation is taken over all(I, J) pairs (there areN(N−
1) of them). Given the positions ofτ andw, we analyze the
(I, J) pairs case by case.

Case 1: WhenI, J are not inτ, w, ‖y(π)‖2−‖y(π′)‖2 = 0.
This is because the value of‖φT

τ φw‖2 will not change ifI, J
are exchanged.

Case 2: WhenI ∈ τ , J /∈ τ andJ /∈ w, which meansJ is
in the (N − K − 1) columns (the case ofJ ∈ τ , I /∈ τ and
I /∈ w is exactly similar). Write‖φw‖2 = Υ2. Then,

N
∑

i=1

‖φT
i φw‖2 =

N
∑

i=1





M
∑

j=1

vjwvji





2

=
N
∑

j=1

(

v2
jw ·

N
∑

i=1

v2
ji

)

+
∑

p6=q

(

vpwvqw

N
∑

i=1

vpivqi

)

=

N
∑

j=1

(

v2
jw · N

M

)

+
∑

p6=q

(vpwvqw · 0)

=

N
∑

j=1

(

v2
jw

)

· N

M

=
N

M
Υ2

(54)

due to Condition 2) and Condition 3). Thus,

EI

(

‖φT
I φw‖2

)

=
1

K
‖y‖2, (55)

EJ

(

‖φT
J φw‖2

)

=

(

‖φT
allφw‖2 − ‖φT

τ φw‖2 − |φT
wφw|2

)

N − K − 1

=
( N

M − 1)Υ2 − ‖y‖2

N − K − 1
.

(56)

Substituting the above results intof(π) yields the sum of the
second case in the table

∑

(

‖y(π)‖2 − ‖y(π′)‖2
)

= 2K(N − K − 1)·
[

(
‖y‖2

K
+

‖y‖2

N − K − 1
) − N − M

M(N − K − 1)
Υ2

]

= 2(N − 1)‖y‖2 − 2(N − M) · K

M
· Υ2.

(57)

Case 3: WhenJ ∈ w, I /∈ τ andI /∈ w, which meansI is
in the (N − K − 1) columns (the case ofI ∈ w, J /∈ τ and
J /∈ w is exactly similar).

Case 4: WhenI ∈ τ andJ ∈ w (the case ofJ ∈ τ , I ∈ w
is exactly similar).

Now consider the combination of the third and fourth cases.
For instance,J is in w, and I is any column except forw.
The sum of the two cases is

∑

(

‖y(π)‖2 − ‖y(π′)‖2
)

=









(N − K − 1)‖y‖2 −
∑

I is in
(N−K−1)

‖φT
τ φI‖2









+









K‖y‖2 −
∑

I is in
(τ)

‖φT
τ φI‖2









.
= (N − 1)‖y‖2 −

(

N

M
Υ2 · K − ‖y‖2

)

= N‖y‖2 − N · K

M
Υ2

(58)
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TABLE II
‖y(π)‖2 − ‖y(π′)‖2 IN DIFFERENT CASES OF(I, J) PAIRS

Case Location ofI, J ‖y(π)‖2 − ‖y(π′)‖2 Number of Terms
1 I, J are not inτ, w 0 (N − K − 1)(N − K − 2)
2 I is in τ , or J is in τ ‖φT

I
φw‖2 − ‖φT

J
φw‖2 2K(N − K − 1)

3 I or J is in w ‖φT
τ φI‖

2 − ‖φT
τ φJ‖

2 2(N − K − 1)
4 I is in τ andJ is w, or J is in τ andI is w ‖φT

τ φJ‖
2 − ‖φT

τ φI‖
2 2K

5 I, J are inτ 0 K(K − 1)

The last two equations hold because the norm of each column
is very close to the norm of columnw whenM → ∞.

Case 5:I, J are both inτ . Similar to Case1, afterI, J are
exchanged, the value of‖φT

τ φw‖2 will not change. So the
result will also be0 in this case.

Sum up all above and applying Stein’s method, we have

E (f(π)) =
N(N − 1)

3N − 2
· 1

N(N − 1)
·

E

[

(3N − 2)‖y(π)‖2 − (3N − 2M) · K

M
· Υ2

]

= E
(

‖y(π)‖2
)

− 3N − 2M

3N − 2
· K

M
· Υ2 = 0,

(59)

which indicates thatE
(

‖y(π)‖2
)

= 3N−2M
3N−2 · K

M · Υ2. When
N ≫ M , the term3N−2M

3N−2 → 1, meaning thatE
(

‖y(π)‖2
) .

=
K
M ·Υ2. In addition, we have the upper bound on∆(π) in terms
of elements in Table II:

∆(π) =
1

2
E
(

|(f(π) − f(π′))F(π, π′)|
∣

∣π
)

.

≤ N(N − 1)

2(3N − 2)
· 1

N(N − 1)
· { 4

M2
Υ4 · 2K(N − K − 1)

+
4K2

M2
Υ4 · 2(N − K − 1) +

4K2

M2
Υ4 · 2K}

≤ 4(N − K − 1)Υ4

M2(3N − 2)
· (K + K2 +

K3

N − K − 1
).

(60)

If N ≫ K, the result becomes

4Υ4

3M2
· (K2 + K +

K3

N
).

Based on the above result, Stein’s method indicates that

P

(

‖y(π)‖2 − 3N − 2M

3N − 2
· K

M
· Υ2 ≥ t

)

≤ exp

(

− t2

2 · 4Υ4

3M2 · (K2 + K + K3

N )

)

.

(61)

Substitutingt = (1−δ)Υ2− 3N−2M
3N−2 · K

M ·Υ2 into the inequality
above, we have

P
(

‖y(π)‖2 ≥ (1 − δ)Υ2
)

≤ exp

(

−
(1 − δ − 3N−2M

3N−2 · K
M )2Υ4

2 · 4Υ4

3M2 · (K2 + K + K3

N )

)

≤ exp

(

−3(1 − δ − K
M )2M2

8(K2 + K + K3

N )

)

,

(62)

whereδ is as same as in Theorem. 2.

Note that the results so far hold for a fixed choice of column
w. Since the bound does not depend on the identity ofw, we
can apply the union bound over allN possible columnsw. So
the probability that there exists aw such that

‖y(π)‖2 ≤ (1 − δ)Υ2

is at most1 − N exp

(

− 3(1−δ− K
M

)2M2

8(K2+K+ K3

N
)

)

= 1 − ǫ. If (13)

holds, ǫ ∼ O
(

exp (−(log N)2 + log N)
)

. Thus, for smallδ
and sufficiently largeN , ‖y(π)‖2 has a very high probability
of being smaller than(1 − δ)Υ2; specifically, the probability
is 1 − ǫ.

The following proof uses an argument in [10]. The proce-
dure of the last step is similar to the proof of UStRIP in [12].
As said before,τ is a set ofK indices sampled randomly
from {1, . . . , N}. Then letS be any other subset of{1, . . . ,
N} of size less than or equal toK, andPτ be the orthogonal
projection operator on the rangeRτ . With probability at least
1 − ǫ,

‖PτφS‖2 = (φ†
τ φS)†(φ†

τφτ )−1(φ†
τφS)

≤ ‖φ†
τφS‖2

(σmin(φτ ))2

≤ ‖y‖2

1 − δ
≤ Υ2,

(63)

whereσmin(φτ ) denotes the smallest singular value ofφτ .
The result implies that there exists a vector in range ofφS

that is outside the range ofφτ . Precisely,dim(range(φτ ) ∩
range(φS)) < K. Due to the structure of OSTM,φτ is non-
singular with probability exceeding1 − ǫ, so that

dim(range(φτ )) = K

with probability exceeding1 − ǫ. Consider the set of signals
in range(φτ ) that can be represented using a different set
of K columns. This set can be written as a finite union of
subspaces with dimension strictly less thanK. Therefore, it
has zero volume with respect to any nonatomic measure. In
other words, it is almost sure that the signal has no other
representation as a linear combination ofK columns fromΦ
[10]. Since theτ in φτ are randomly chosen which satisfy
near-isometry with probability exceeding1−ǫ, no two signals
with supportτ have the same values in the measurement space.
Thus, the theorem is proved.
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