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ABSTRACT
In spiteof thesuccessof thestandardwavelet transform(WT) in
imageprocessing,theef�ciency of its representationis limited by
the spatialisotropy of its basisfunctionsbuilt in only horizontal
andvertical directions.One-dimensional(1-D) discontinuitiesin
images(edgesandcontours),whichareveryimportantelementsin
visualperception,intersecttoo many wavelet basisfunctionsand
reducethe sparsityof the representation.To captureef�ciently
theseanisotropicgeometricalstructures,a more complex multi-
directional (M-DIR) and anisotropic transformis required. We
presenta new lattice-basedperfect reconstructionand critically
sampledanisotropic M-DIR WT (with the correspondingbasis
functionscalleddirectionlets) that retainsthe separable �ltering
andsimple�lter designfrom thestandardtwo-dimensional(2-D)
WT andimposesdirectionalvanishingmoments(DVM). Further-
more,weshow thatthisnovel transformhasnon-linearapproxima-
tion ef�ciency competitive to theotherpreviously proposedover-
sampledtransformconstructions.

1. INTR ODUCTION
Theproblemof �nding ef�cient representationsof imagesis afun-
damentalproblemin many imageprocessingtasks,suchasdenois-
ing, compressionandfeatureextraction. An ef�cient transform-
basedrepresentationrequiressparsity, that is, a large amountof
information hasto be containedin a small portion of transform
coef�cients.

The 1-D WT hasbecomevery successfulin the last decade
becauseit provides a good multiresolutionrepresentationof 1-
D piecewise smoothsignals[1]. The applicationof waveletsto
imageprocessingrequiresthedesignof 2-D wavelet �lter -banks.
The mostcommonapproachis to use2-D separable�lter -banks,
which consistof thedirectproductof two independent1-D �lter -
banksin thehorizontalandverticaldirections.Filteringwith high-
pass(HP) �lters with enoughvanishingmoments(or zerosat ! =
0) along thesetwo directionsleadsto a sparserepresentationof
smoothsignals.This methodis conceptuallysimpleandhasvery
low complexity whileall the1-D wavelettheorycarriesover. These
arethe main reasonswhy it hasbeenadoptedin the imagecom-
pressionstandardJPEG-2000.

However, thestandard2-D WT fails to provideacompactrep-
resentationof 1-D discontinuities,like edgesandcontours.These

Thiswork is supportedby theSNF, GrantNo. 200020-103729and,in
part,by EPSRC,GrantNo. GR/557631/01.

(a) (b) (c)
Fig. 1. The standard2-D WT is isotropic. The ®ltering andsubsamplingoper-
ationsareappliedequally in bothdirectionsat eachscaleof the transform. (a) The
correspondingdecompositionin frequency. Thebasisfunctionsobtainedin this way
areisotropicat eachscaleasshown in (b) for Haarandin (c) for biorthogonal”9-7”
1-D scalingandwaveletfunctions.

objectsare, in general,anisotropicandcanhave a certaindomi-
nantdirectiondifferentfrom horizontalor vertical.Many wavelets
intersectthe discontinuityyielding many large magnitudecoef�-
cients. The main reasonfor the inef�ciency of the standard2-D
WT residesin the spatial isotropy of its construction,that is, �l-
tering andsubsamplingoperationsareappliedthe samenumber
of timesacrossthehorizontalandverticaldirectionsat eachscale.
As a result,the correspondingbasisfunctions,obtainedasdirect
productsof the1-D counterparts,areisotropic(Fig. 1).

Thus, to captureproperly the geometricalcoherenceof con-
toursandedges,thebasisfunctionsarerequired(a)to beanisotropic
and (b) to have multi-directional vanishingmoments. However,
ensuringanef�cient matchingbetweenanisotropicorientedbasis
functionsandobjectsin imagesis a non-trivial task. This issue
hasalreadybeenstudiedandseveral adaptive (bandelets[2] and
wedgelets[3, 4]) andnon-adaptive (curvelets[5] andcontourlets
[6]) methodshave beenproposed.Thesemethodsbuild dictionar-
iesof anisotropicorientedbasisfunctionsthatprovideasparserep-
resentationof edgesin images.Furthermore,Cand�esandDonoho
[5] showed that the key to achieving a goodnon-linearapproxi-
mation(NLA) behavior is the parabolicscalingrelationbetween
the lengthandwidth of anisotropicbasisfunctions. On theother
hand,theimportanceof M-DIR processinghasbeenalsoempha-
sizedin thecortex transform[7], thesteerablepyramid[8], andthe
associative representationof visualinformation[9].

However, theimplementedtransformsoftenrequireoversam-
pling, havehighercomplexity whencomparedto thestandardWT,
andrequirenon-separable convolution and�lter design.Further-
more,in someof theseconstructions(like curvelets)thedesignof
the associated�lters is performedin the continuousdomainand
this makesit dif�cult to usethemdirectlyondiscreteimages.

Several otherapproachesalsoanalyzegeometricalstructures
in images,like polynomialmodelingwith quadtreesegmentation
[10] andfootprintsandedgeprints[11]. However, all of themfail
to provide a perfectreconstructionandcritically sampledsepara-
bleschemewhile keepinga�lter designcompletelyin thediscrete
domainandwith �lters having DVM alongarbitrary directions.
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Fig. 2. Thelattice � is determinedby thegeneratormatrix M � = [d 1 ; d 2 ]T .
1-D ®ltering is appliedon the pixels alignedwith the vectord1 = [1; 1], that is,
along45� . Thepixels retainedafter thesubsamplingbelongto the lattice � 0 � �
determinedby thegeneratormatrixM � 0 = [2d 1 ; d 2 ]T . Filteringandsubsampling
areappliedseparatelyin two cosets,determinedby theshift vectorss0 ands1 .

Our goal is to constructan anisotropicperfectreconstruction
andcritically sampledbasisfunctionswith DVM, which we call
directionlets, while retainingthesimplicity of 1-D processingand
�lter designfrom thestandardseparable2-D WT. Our basiscon-
structionusesthe conceptof integer lattices[12]. We show that
our transformhasgoodapproximationpropertiesascomparedto
the approximationachieved by the otherovercompletetransform
constructionsand is superiorto the performanceof the standard
separable2-D WT while having thesamecomplexity.

Theoutlineof thepaperis asfollows. Wegive a review of in-
tegerlatticesin Section2. Thisconceptis usedin theconstruction
of ourskewedanisotropiclattice-basedtransforms,aspresentedin
Section3. In Section4 we show that the achievable asymptotic
approximationpower usingthe skewed anisotropictransformsis
O(N � 1:55 ). Finally, we concludein Section5.

2. REVIEW OF LATTICE-B ASED FILTERING
A full-rank integerlattice� consistsof thepointsobtainedaslin-
earcombinationsof two linearly independentvectors,whereboth
the componentsof the vectorsand the coef�cients are integers
[12]. Any integer lattice � is a sublatticeof thecubic integer lat-
tice

� 2, that is, � �
� 2. The lattice � canbe representedby a

non-uniquegeneratormatrix

M � =

�

a1 b1

a2 b2 �

=

�

d1

d2 �

; wherea1 ; a2 ; b1 ; b2 2
�

: (1)

Recallthatthecubiclattice
� 2 canbepartitionedinto j det(M � )j

cosetsof thelattice� [12], whereeachcosetis determinedby the
shift vectorsk , for k = 0; 1; : : : ; j det(M � )j � 1. Now we apply
the1-D WT (i.e. the1-D �ltering andsubsamplingoperations)on
thepixels alignedwith thevectord1 . After subsampling,the re-
tainedpointsbelongto thesublattice� 0 of thelattice� (� 0 � � )
with thecorrespondinggeneratormatrixgivenby (seeFig. 2) [13]

M � 0 = D s � M � =

�

2d1

d2 �

; D s =

�

2 0
0 1

�

:

Noticethatboth�ltering andsubsamplingareappliedin each
of thecosetsseparately. Thispropertyallows for anef�cient itera-
tion of thetransforms,asexplainedin [13, 14]. Furthermore,each
�ltering operationis purely 1-D. We call the directionalong the
�rst vectord1 (with thesloper 1 = b1=a1), the transformdirec-
tion. Similarly, the directionalongthe secondvectord 2 we call
thealignmentdirection.

3. SKEWED ANISOTROPIC WAVELET TRANSFORMS
As explainedin Section1 thestandardWT producesisotropicba-
sisfunctionswith vanishingmomentsalonghorizontalandvertical
directions,which fail to provide a sparserepresentationof edges
andcontoursorientedin any otherdirection.However, anew mod-
i�ed methodthatweproposeretainsthe1-D �ltering andsubsam-
pling operationsand can provide both anisotropy and DVM, as
we show next. Weproposea constructionof theanisotropictrans-
formswith DVM alonganytwo directionswith rationalslopesthat
still inheritsthesimplicity of processingand�lter designfrom the
standard2-D WT. Furthermore,theseanisotropicM-DIR trans-
formsarecritically sampledandleadto perfectreconstruction.

Usingintegerlatticeswede�ne thenew transforms,whichare
calledskewedanisotropic wavelettransforms(S-AWT). Given a
lattice� , theS-AWT consistsof the1-D transformsappliedalong
the transformandalignmentdirectionsof the lattice � . We de-
noteasS-AWT(M � ,n1 ,n2) theskewedanisotropictransformthat
hasn1 andn2 transformsin one iterationstepsalong the trans-
form andalignmentdirections,respectively. Theanisotropy ratio
� = n1=n2 determinestheelongationof thebasisfunctionsof the
S-AWT(M � ,n1 ,n2). We call the basisfunctionsof the S-AWT
directionletssincethey areanisotropicandhave a speci�c orien-
tation. An exampleof theanisotropicconstructionandfrequency
decompositionfor S-AWT(M � ,2,1) are schematicallyshown in
Fig. 3(a) and(b). The correspondingdirectionletsareshown in
Fig. 3(c) and(d). Notice that the S-AWT(M � ,n1 ,n2) is applied
in all cosetsof the lattice � separately. Noticealsothat thestan-
dard2-D WT is equivalent to the S-AWT(I ,1,1), whereI is the
identity matrix. Directionletshave DVM in any two directions
with rationalslopes.1 Thefollowing propositiongivesthenumber
anddirectionsof theDVM in directionlets.For reasonsof lack of
space,theproof is omittedhereandcanbefoundin [14].

Proposition1 Assumethatthedirectionletsof theS-AWT(M � ,n1 ,
n2) are obtainedusinga 1-D waveletwith L vanishingmoments.
Then,at each scaleof theiteration,there are:

(a) 2n 1 � 1 directionletswith L th order DVM alongthetrans-
form directionof thelattice � ,

(b) 2n 2 � 1 directionletswith L th orderDVM alongthealign-
mentdirectionof thelattice � , and

(c) (2n 1 � 1)(2n 2 � 1) directionletswith L th orderDVM along
bothdirections.

The S-AWT improves the ef�ciency of representationof images
that containsanisotropicstructuresin different directionsas ex-
plainedin thesequel.

4. NON-LINEAR APPROXIMA TION
Themain taskof approximationis to representa signalby a sub-
set of transformcoef�cients, whereasthe rest of them is set to
zero. We distinguishbetweenlinearapproximationandNLA. In
the�rst, theindicesof theretainedcoef�cients are�x ed,whereas
in thelatter, they areadaptedto thesignal.Themean-squareerror
(MSE)of approximationis givenby kx � x̂ k2 = ky � ŷ k2 , where
y is anorthogonaltransformedversionof x . Compressionusing
orthogonaltransformsis, roughlyspeaking,anextensionof NLA

1RecallthatanL th orderDVM alongthedirectionwith arationalslope
r = b=a is equivalent to requiringthe z-transformof a basisfunction to
have a factor(1 � z� a

1 z� b
2 )L .
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Fig. 3. TheS-AWT allowsfor ananisotropiciterationof the®ltering andsubsam-
pling operationsappliedalongthe transformandalignmentdirectionsof the lattice
� . Thetransformis iteratedon thelow-pass,similarly asin thestandard2-D WT. (a)
The®ltering schemefor theS-AWT(M � ,2,1). Oneiterationstepis shown. (b) The
decompositionin frequency for two iterations.Thebasisfunctionsobtainedfrom the
(c) Haarand(d) biorthogonal”9-7” 1-D scalingandwaveletfunctions.

thatconsistsof (a) approximation,(b) indexing theretainedcoef-
�cients, and(c) quantizationof the coef�cients.2 Thus,theMSE
in this caseis affectedby two factors:(a) truncationerrordueto
NLA and(b) quantizationerror.

The asymptoticrate of decayof the MSE, asN tendsto in-
�nity , is avery importantapproximationpropertyof thetransform
usedin NLA andcompression.Mallat [15] showed that for a C2

smooth2-D signalf (x1 ; x2) awayfrom aC2 discontinuitycurve3

(which we call a C2=C2 signal) the lower boundof the achiev-
ableMSE for any approachin constructionis givenby O(N � 2 ).
Notice that the standardWT is far from optimal since its rate
of decayis O(N � 1) [15]. Someotheradaptive or non-adaptive
methodshavebeenshown to improvesubstantiallytheapproxima-
tion power. Curvelets[5] andcontourlets[6] canachieve therate
O((log N )3N � 2), which is nearly optimal. Furthermore,ban-
delets[2] andwedgelets[3, 4] havebeenshown to performindeed
optimally. However, noticethatnoneof thesemethodsis basedon
critically sampled�lter -banksthat are very convenientfor com-
pression. Furthermore,in somecases,a complex non-separable
processingis required.

4.1. Anisotropic Spatial Segmentation
The approximationef�ciency of directionletsis sensitive to the
choiceof thetransformandalignmentdirections.However, notice
thatsynthetic(includingalsoC2=C2) andnaturalimageshavege-
ometricalfeatureswhoseorientationsvary over space.Direction-
ality, thus,can be consideredasa local characteristicde�ned in
a smallneighborhood.This implies thenecessityfor spatial seg-
mentationasawayof partitioninganimageinto smallersegments
with only oneor a few dominantdirectionspersegment.

2SomealgorithmsmergequantizationandNLA into asingleoperation
producinganembeddedbitstream.

3C2 smoothnessof both 1-D and2-D functionsmeansthat the func-
tionsaretwice continuouslydifferentiable.
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Fig. 5. Anisotropicsegmentationpartitionstheunit squareinto 2s equallywide
verticalstrips.Theequivalentcurvatureis reducedin eachsegmentby thefactor22s .
Sincethereare2s segmentsthatintersectthediscontinuity, thetotalnumberof theE-
typedirectionletsis reducedby 2s . At thesametime, thetotal numberof theS-type
coef®cientsis increasedby thesamefactor.

Now, recall that a C2 curve can be locally representedby
the Taylor seriesexpansion,that is, by a quadraticpolynomial
y(x) = ax2 + bx + c, wherea andb arerelatedto the second
and�rst derivative of thecurve (curvatureandlinearcomponent),
respectively. Without lossof generality, we assumethat the C2

discontinuitycurve is Horizon[3] on theunit square[0; 1]2 .
Sincethe smoothregions of the function f (x1 ; x2) areC2 ,

assumethat the 1-D �lters usedin the S-AWT(M � ,n1 ,n2) are
orthogonaland have at least two vanishingmoments. Let the
transformbe appliedalong the classof straightlines de�ned by
f y(x) = r x + d : d 2 � g. Here, the sloper determinesthe
transformdirection,whereasthealignmentdirectionis vertical.

Thedirectionletsthatintersectthediscontinuitycurvearecalled
E-type. The numberof the E-typedirectionletsat the scalej is
givenby Ne(j ) = O(2n 2 j � d ). Here,� d is thewidth of thestrip
alongthetransformdirectionthatcontainsthecurve (seeFig. 4).
Noticethatanincrementin thescaleindex j is equivalentto anit-
erationstepto a�ner scale.It canbeeasilyseenthatthetransform
directionwith thesloper = a + b minimizesthewidth � d (and,
thereof,Ne(j )) on theunit squareyielding � d = a=2.

An anisotropicspatialsegmentationpartitionstheunit square
into vertical stripsusingthedyadicrule, that is, thereare2s ver-
tical strips at the sth level of segmentation,wherethe width of
eachstrip is 2� s (seeFig. 5). The equivalentcurvaturein each
segmentis now reducedandgivenby a � 2� 2s . Theoptimaltrans-
form directionis chosenfor eachsegmentindependently. Notice
that the total numberof the E-typedirectionletsis reduced,that
is, it is givenby thesumacrossall thesegmentsandit is equalto
Ne(j; s) = O(a=2 � 2n 2 j � s ).

Thedirectionlets,whichdonotintersectthediscontinuitycurve
arecalledS-type. Thenumberof S-typedirectionletsin asegment
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Fig. 6. (a) An imagefrom theclassC 2 =C 2 is approximatedusingthestandard
2-D WT andthe S-AWT(� ,3,2). (b) The decayof the MSE is fasterin the caseof
theS-AWT(� ,3,2).

is givenby Ns (j ) = 2( n 1 + n 2 ) j + s � Ne(j ). Thetotal numberof
S-typedirectionletsis given by the sumacrossall the segments,
thatis, Ns (j; s) = O(2( n 1 + n 2 ) j + s � a=2 � 2n 2 j � s ).
4.2. Approximation Power
TheS-AWT appliedonasegmentedimagewith theoptimaltrans-
form directionin eachsegmentoutperformsthestandard2-D WT
in bothapproximationandcompressionrateof decayof theMSE.
Thefollowing theoremgivestherateof decayfor C2=C2 images.
For reasonsof lack of space,we give only the key ideasof the
proof (see[14] for thefull proof).

Theorem1 Given a 2-D C2=C2 function f (x1 ; x2) and � =
(
p

17 � 1)=2 � 1:562,

(a) NLAbytheS-AWTusingspatialsegmentationandN trans-
formcoef�cients achieves

MSE= kf � f̂ N k2 = O � N � � � :
In that casetheoptimalanisotropyratio is � � = � .

(b) Compressionby theS-AWTusingspatialsegmentationand
R bits for encodingachieves

MSE= O � R � � � :

To approximatethefunctionf (x1 ; x2), wekeepall thecoef�-
cientswith themagnitudeslargeror equalto 2� m , wherem � 0,
thatis, (a)theE-typedirectionletsatthescales0 � j � 2m=(n1+
n2) and(b) theS-typedirectionletsat thescales0 � j � 2m=n3 ,
wheren3 > n1 + n2 [14]. Assumingthat the numberof seg-
mentationlevels is given by s = � m, where� � 0, it can be
shown [14] that optimality is achieved for the anisotropy ratio
� � = n1=n2 = � and the segmentationrate � � = 0. In that
case,MSE= O(N � � ).

For thecompressionapplication,it canbeshown thatthetotal
numberof encodingbits is given by R(m) = O(2�m= 2 ) [14].
The MSE generatedby quantizationis given by O(N � 2� 2m ).
Therefore,thetotalMSEisequalto O(2� � 2 m= 2)= O(R � � ) [14].

Noticethattheoptimalanisotropy ratio is irrationaland,thus,
cannotbe achieved. However, the S-AWT(� ,3,2) approximates
well theoptimal transform,in which casethenumberof segmen-
tationlevelss is de�ned ass = (log2 N )=51. Theachievablerate
of decayof theMSE is O(N � 1:55 ). Although this rateis slower
thanthe onesobtainedin [2]-[6], we want to emphasizethat the
S-AWT(� ,3,2) is critically sampledandusesonly separablepro-
cessing. This is importantfor compressionbecause,in thecaseof
orthogonal1-D �lter -banks,theLagrangian-basedalgorithmsstill
canbe applied,making it easierto have very goodcompression
algorithms.Fig. 6 illustratesthegainobtainedby NLA usingthe
S-AWT(� ,3,2) appliedon a C2=C2 imagewhencomparedto the
resultsof NLA usingthestandardWT.

5. CONCLUSION
Weproposednovel anisotropictransformsfor imagesthatusesep-
arable�ltering in many directions,notonly horizontalandvertical.
The associatedbasisfunctions, called directionlets,have DVM
alongany two directionswith rationalslopes.Thesetransformsre-
tain thecomputationalef�ciency andthesimplicity of �lter design
from the standardWT. Still, multi-directionality and anisotropy
overcomethe weaknessof the standardWT in the presenceof
edgesandcontours,that is, they allow for sparserrepresentations
of thesedirectionalanisotropicfeatures.The NLA power of di-
rectionletsis substantiallysuperiorto thatof thestandardWT pro-
viding anorderof decayof theMSE equalto O(N � 1:55 ) for the
C2=C2 classof images.Eventhoughthisdecayis slower thanthe
oneprovidedby someotherschemes,thedirectionletsallow criti-
calsampling.This is importantfor applicationsin imagecompres-
sion in the caseof orthogonal1-D �lter -bankssinceLagrangian
optimizationcanbeimplementedin a straightforwardmanner.
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