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ABSTRACT

In spiteof the succes®f the standardvavelettransform(WT) in
imageprocessingthe ef ciency of its representatiors limited by
the spatialisotropy of its basisfunctionsbuilt in only horizontal
andvertical directions. One-dimensiona(1-D) discontinuitiesin
imagegedgesandcontours)which areveryimportantelementsn
visual perceptionjntersecttoo mary wavelet basisfunctionsand
reducethe sparsityof the representation.To captureef ciently
theseanisotropicgeometricalstructures,a more complex multi-
directional (M-DIR) and anisotopic transformis required. We
presenta new lattice-basedperfectreconstructionand critically
sampledanisotopic M-DIR WT (with the correspondingbasis
functionscalled directionlet$ that retainsthe sepaable ltering
andsimple lter designfrom the standardwo-dimensiona(2-D)
WT andimposedirectionalvanishingmoment¢DVM). Further
more,weshaw thatthis novel transformhasnon-linearapproxima-
tion ef ciency competitve to the otherpreviously proposedver-
sampledransformconstructions.

1. INTRODUCTION
Theproblemof nding ef cient representationsf imagess afun-
damentaproblemin mary imageprocessingasks suchasdenois-
ing, compressiorand featureextraction. An efcient transform-
basedrepresentatiomequiressparsity that is, a large amountof
information hasto be containedin a small portion of transform
coefcients.

The 1-D WT hasbecomevery successfuln the last decade
becauset provides a good multiresolutionrepresentatiorof 1-
D piecavise smoothsignals[1]. The applicationof waveletsto
imageprocessingequiresthe designof 2-D wavelet lter -banks.
The mostcommonapproachis to use2-D separablelter -banks,
which consistof the direct productof two independent-D lter -
banksin thehorizontalandverticaldirections.Filtering with high-
pass(HP) Iters with enoughvanishingmomentgor zerosat! =
0) alongthesetwo directionsleadsto a sparserepresentatiomf
smoothsignals. This methodis conceptuallysimpleandhasvery
low compleity while all the1-D wavelettheorycarriesover. These
arethe mainreasonsvhy it hasbeenadoptedn the imagecom-
pressiorstandardd PEG2000Q

However, thestandard®-D WT failsto provide acompactep-
resentatiorof 1-D discontinuities)ike edgesandcontours.These
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Flg. 1. Thestandar®-D WT is isotropic. The ®ltering and subsamplingoper
ationsare appliedequallyin both directionsat eachscaleof the transform. (a) The
correspondinglecompositionin frequeng. Thebasisfunctionsobtainedin this way
areisotropicat eachscaleasshawn in (b) for Haarandin (c) for biorthogonal’9-7”
1-D scalingandwaveletfunctions.

objectsare,in general,anisotropicand canhave a certaindomi-
nantdirectiondifferentfrom horizontalor vertical. Many wavelets
intersectthe discontinuityyielding mary large magnitudecoef-
cients. The mainreasonfor the inef ciency of the standard2-D
WT residesin the spatial isotropy of its constructionthatis, |-
tering and subsamplingoperationsare applied the samenumber
of timesacrosghehorizontalandverticaldirectionsat eachscale.
As aresult,the correspondingbasisfunctions,obtainedasdirect
productsof the 1-D counterpartsareisotropic(Fig. 1).

Thus, to captureproperly the geometricalcoherenceof con-
toursandedgesthebasisfunctionsarerequired(a)to beanisotopic
and (b) to have multi-directional vanishingmoments However,
ensuringan ef cient matchingbetweenanisotropicorientedbasis
functionsand objectsin imagesis a non-triial task. This issue
hasalreadybeenstudiedand several adaptve (bandelet42] and
wedgeletd3, 4]) andnon-adaptie (curvelets[5] and contourlets
[6]) methodshave beenproposed Thesemethodsbuild dictionar
iesof anisotropimrientedbasisfunctionsthatprovide asparseep-
resentatiorof edgesn images.FurthermoreCandsandDonoho
[5] shaved thatthe key to achieving a good non-linearapproxi-
mation (NLA) behaior is the parabolicscalingrelation between
thelengthandwidth of anisotropicbasisfunctions. On the other
hand,theimportanceof M-DIR processinghasbeenalsoempha-
sizedin thecortex transform[7], thesteerablgyramid[8], andthe
associatie representatioof visualinformation[9].

However, theimplementedransformsftenrequireoversam-
pling, have highercompleity whencomparedo the standardVT,
andrequirenon-sepaable corvolution and Iter design. Further
more,in someof theseconstructionglik e curvelets)the designof
the associatediters is performedin the continuousdomainand
this malkesit dif cult to usethemdirectly ondiscretemages.

Several otherapproacheslso analyzegeometricaltructures
in images Jlike polynomialmodelingwith quadtreeseggmentation
[10] andfootprintsandedgeprintd11]. However, all of themfail
to provide a perfectreconstructiorandcritically sampledsepag-
ble schemavhile keepinga Iter designcompletelyin thediscrete
domainandwith lters having DVM alongarbitrary directions
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Fig. 2. Thelattice is determinecby the generatomatrixM = [d1;d2]" .

1-D ®ltering is appliedon the pixels alignedwith the vectord; = [1; 1], thatis,
along45 . Thepixels retainedafterthe subsamplingbelongto the lattice  °
determinedy thegeneratomatrixM o = [2d1;d2]" . Filteringandsubsampling
areappliedseparatelyn two cosetsdeterminedy the shift vectorssy ands; .

Our goalis to constructan anisotropicperfectreconstruction
and critically sampledbasisfunctionswith DVM, which we call
directionlets while retainingthe simplicity of 1-D processingand

Iter designfrom the standardseparable-D WT. Our basiscon-
structionusesthe conceptof integer lattices[12]. We shav that
our transformhasgood approximationpropertiesascomparedo
the approximationachieved by the otherovercompletetransform
constructionsandis superiorto the performanceof the standard
separabl®-D WT while having the samecompleity.

Theoutline of the paperis asfollows. We give areview of in-
tegerlatticesin Section2. This concepts usedin theconstruction
of our skewed anisotropidattice-basedransformsaspresentedh
Section3. In Section4 we shav that the achiezable asymptotic
approximationpower usingthe skewed anisotropictransformsis
O(N %), Finally, we concludein Sections.

2. REVIEW OF LATTICE-B ASED FILTERING
A full-rank integerlattice  consistsf the pointsobtainedaslin-
earcombinationsof two linearly independentectors whereboth
the componentsof the vectorsand the coefcients are integers
[12]. Any integerlattice is a sublatticeof the cubicintegerlat-

tice 2, thatis, 2, Thelattice canberepresentedby a
non-uniquegeneratomatrix
ar b d;
M = = : whereag;az;bi;bp2 0 (1
a b ds 1,82, b1 by 1)

Recallthatthecubiclattice 2 canbepartitionedntojdet(M )j
cosetof thelattice [12], whereeachcosetis determinedby the
1. Now we apply
the1-D WT (i.e.the1-D Itering andsubsamplingperationspn
the pixels alignedwith the vectord:. After subsamplingthe re-
tainedpointsbelongto thesublattice °of thelattice ( © )
with thecorrespondingeneratomatrix givenby (seeFig. 2) [13]

2d, 2 0
d; ‘PsT 01
Noticethatboth ltering andsubsamplin@reappliedin each
of the cosetsseparatelyThis propertyallows for anef cient itera-
tion of thetransformsasexplainedin [13, 14]. Furthermoreeach
ltering operationis purely 1-D. We call the directionalongthe
rst vectord; (with thesloper: = bi=a;), thetransformdirec-
tion. Similarly, the directionalongthe secondvectord, we call
thealignmentdirection

M o=Ds M =

3. SKEWED ANISOTROPIC WAVELET TRANSFORMS
As explainedin Sectionl the standardNT producedsotropicba-
sisfunctionswith vanishingmomentsalonghorizontalandvertical
directions,which fail to provide a sparserepresentatiof edges
andcontoursorientedn ary otherdirection.However, anew mod-
i ed methodthatwe proposeetainsthe1-D Itering andsubsam-
pling operationsand can provide both anisotroy and DVM, as
we shaw next. We proposea constructiorof the anisotropidrans-
formswith DVM alonganytwo directionswith rationalslopeshat
still inheritsthe simplicity of processingnd lter designfrom the
standard2-D WT. Furthermore theseanisotropicM-DIR trans-
formsarecritically sampledcandleadto perfectreconstruction

Usingintegerlatticeswe de ne thenew transformswhichare
called skewed anisotiopic wavelettransforms(S-AWT). Given a
lattice , theS-AWT consistf the 1-D transformsappliedalong
the transformand alignmentdirectionsof the lattice . We de-
noteasS-AWT(M ,n1,n;) the skewed anisotropidransformthat
hasn; andn; transformsin one iteration stepsalongthe trans-
form andalignmentdirections,respectiely. Theanisotiopyratio

= ni=n; determineshe elongatiorof the basisfunctionsof the
S-AWT(M ,n1,n2). We call the basisfunctionsof the S-AWT
directionletssincethey areanisotropicandhave a speci ¢ orien-
tation. An exampleof the anisotropicconstructionrandfrequeng
decompositiorfor S-AWT(M ,2,1) are schematicallyshavn in
Fig. 3(a) and(b). The correspondinglirectionletsare shovn in
Fig. 3(c) and(d). Noticethatthe S-AWT(M ,n1,n») is applied
in all cosetsof thelattice  separately Notice alsothatthe stan-
dard2-D WT is equialentto the S-AWT(l,1,1), wherel is the
identity matrix. Directionletshave DVM in any two directions
with rationalslopes' Thefollowing propositiongivesthe number
anddirectionsof the DVM in directionlets.For reason®f lack of
spacetheproofis omittedhereandcanbefoundin [14].

Proposition1 AssumeéhatthedirectionletftheS-ANTM  ,nq,
n) are obtainedusinga 1-D waveletwith L vanishingmoments.
Then,at eath scaleof theiteration, there are:

(a) 2"t  1directionletswith Lth order DVM alongthetrans-
formdirectionof thelattice ,

(b) 2"2 1 directionletswith Lth order DVM alongthealign-
mentdirectionof thelattice , and

(c) (2"t 1)(2"2 1) directionletswith Lth order DVM along
bothdirections.

The S-AWT improvesthe ef ciency of representatiomf images
that containsanisotropicstructuresin differentdirectionsas ex-

plainedin thesequel.

4. NON-LINEAR APPROXIMA TION

The maintaskof approximationis to represent signalby a sub-
set of transformcoefcients, whereasthe restof themis setto

zero. We distinguishbetweeninear approximationand NLA. In

the rst, theindicesof theretainedcoefcients are x ed,whereas
in thelatter, they areadaptedo the signal. Themean-squarerror
(MSE) of approximatioris givenby kx k% = ky  $k?, where
y is anorthogonalransformedversionof x. Compressiorusing
orthogonaltransformds, roughly speakingan extensionof NLA

1RecallthatanL th orderDVM alongthedirectionwith arationalslope
r = b=ais equvalentto requiringthe z-transformof a basisfunctionto

haeafactor(l z, %z, °)-.
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Fig. 3. TheS-AWT allows for ananisotropidterationof the®Itering andsubsarn
pling operationsappliedalongthe transformand alignmentdirectionsof the lattice

. Thetransformis iteratedon thelow-passsimilarly asin the standard®-D WT. (a)
The®ltering scheméor the S-AWT(M ,2,1). Oneiterationstepis shovn. (b) The
decompositionin frequeng for two iterations.The basisfunctionsobtainedrom the
(c) Haarand(d) biorthogonal’9-7” 1-D scalingandwaveletfunctions.

thatconsistsof (a) approximation(b) indexing the retainedcoef-
cients, and(c) quantizatiorof the coefcients.? Thus,the MSE
in this caseis affectedby two factors: (a) truncationerror dueto
NLA and(b) quantizatiorerror.

The asymptoticrate of decayof the MSE, asN tendsto in-
nity , is avery importantapproximatiorpropertyof thetransforr
usedin NLA andcompressionMallat [15] shaved thatfor a C2
smooth2-D signalf (x1; x2) awayfromaC? discontinuitycurve®
(which we call a C2=C? signal) the lower boundof the achie/-
able MSE for ary approachin constructionis givenby O(N  2).
Notice that the standardWT is far from optimal since its rate
of decayis O(N ') [15]. Someotheradaptve or non-adaptie
methodshave beenshavn to improve substantiallytheapproxima
tion power. Cunelets[5] andcontourletd6] canachie/e therate
O((log N)3N 2), which is nearly optimal. Furthermore ban-
delets[2] andwedgeletg3, 4] have beenshawvn to performindeec
optimally. However, noticethatnoneof thesemethodss basedn
critically sampled lter -banksthat are very corvenientfor com-
pression. Furthermorejn somecasesa complex non-separabl
processings required.
4.1. Anisotropic Spatial Segmentation
The approximationef ciency of directionletsis sensitve to the
choiceof thetransformandalignmentdirections.However, notice
thatsynthetic(includingalsoC?=C?) andnaturalimageshave ge-
ometricalfeatureswhoseorientationsvary over space.Direction-
ality, thus, can be consideredasa local characteristicde ned in
a smallneighborhood This implies the necessityfor spatial seg-
mentationasaway of partitioninganimageinto smallersggment:
with only oneor afew dominantdirectionspersegment.

2Somealgorithmsmemge quantizatiorandNLA into asingleoperatior
producinganembeddeditstream.

3C? smoothnessf both 1-D and2-D functionsmeansthat the func-
tionsaretwice continuouslydifferentiable.

lopt = @+h

(@) (b)
Flg. 4. ThecuneintheC2=C?2 2-D functionf (X1 ; X2) canbelocally approxi-
matedby aquadratigolynomialy (x) = ax 2 + bx + c. TheE-typedirectionletsn-
tersecthe curve andhave a slower decayof magnitudescrossscaleghanthe S-type
directionlets which correspondo the smoothregions. (a) The E-typedirectionlets
lie within the strip alongthe sloper . (b) Thewidth of thestrip 4 is minimizedfor
r=a+hb
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Flg. 5. Anisotropicsegmentatiorpartitionsthe unit squareinto 2° equallywide

verticalstrips. Theequialentcunvatureis reducedn eachsegmentby thefactor22S .
Sincethereare2® segmentghatintersecthediscontinuity thetotal numberof the E-
type directionletss reducedoy 2°. At the sametime, the total numberof the S-type
coef®cientsis increasedy the samefactor

Now, recall thata C2 curve can be locally representedy
the Taylor seriesexpansion,that is, by a quadraticpolynomial
y(x) = ax? + bx + ¢, wherea andb arerelatedto the second
and rst deriative of the curve (curvatureandlinearcomponent),
respectiely. Without loss of generality we assumethat the C?
discontinuitycurve is Horizon[3] ontheunit squarg0; 1.

Sincethe smoothregions of the functionf (x1; x2) are C?,
assumethat the 1-D lters usedin the S-AWT(M ,ni,n2) are
orthogonaland have at leasttwo vanishingmoments. Let the
transformbe appliedalongthe classof straightlines de ned by
fy(x) = rx+ d:d2 g Herethesloper determineshe
transformdirection,whereaghealignmentdirectionis vertical.

Thedirectionletghatintersecthediscontinuitycurve arecalled
E-type The numberof the E-type directionletsat the scalej is
givenby Ne(j) = O(2"2) ). Here, 4 is thewidth of thestrip
alongthetransformdirectionthat containsthe curve (seeFig. 4).
Noticethatanincrementn thescaleindex j is equivalentto anit-
erationstepto a ner scale.lt canbeeasilyseerthatthetransform
directionwith thesloper = a + bminimizesthewidth 4 (and,
thereof,N¢(j)) ontheunit squareyielding ¢ = a=2.

An anisotropicspatialsggmentationpartitionsthe unit square
into vertical stripsusingthe dyadicrule, thatis, thereare2® ver
tical strips at the sth level of sggmentationwherethe width of
eachstripis 2 ° (seeFig. 5). The equivalentcunaturein each
segmentis now reducedandgivenbya 2 2. Theoptimaltrans-
form directionis choserfor eachsegmentindependently Notice
that the total numberof the E-type directionletsis reduced that
is, it is givenby the sumacrossall the sggmentsandit is equalto
Ne(j; 8) = O(a=2 221 9),

Thedirectionletswhichdonotintersecthediscontinuitycurve
arecalledS-type Thenumberof S-typedirectionletsn asegment



Fig. 6. (a) AErl1 imagefrom the classC2=C? is appr(gg%atemsingthe standard
2-D WT andthe S-AWT( ,3,2). (b) The decayof the MSE is fasterin the caseof

the S-AWT( ,3,2).

is givenby Ns(j) = 2("1*12)i*s  N(j). Thetotal numberof

S-typedirectionletsis given by the sumacrossall the segments,
thatis, Ns(j; s) = O+ n2i*s  g=p pnai sy

4.2. Approximation Power

TheS-AWT appliedon asggmentedmagewith theoptimaltrans-
form directionin eachseggmentoutperformshe standard®2-D WT

in bothapproximatiorandcompressiomateof decayof the MSE.

Thefollowing theoremgivestherateof decayfor C*=C? images.
For reasonof lack of space,we give only the key ideasof the

proof (see[14] for thefull proof).

Theorem1 Givena 2-D C2=C? functionf (x1;x2) and =
(17 1)=2 1562
(a) NLAbytheS-ANTusingspatialsggmentatiorandN trans-
form coefcients achieves
MSE= kf fyk®=0O N
In thatcasethe optimalanisotopyratiois =
(b) Compessionby the S-ANT usingspatial segmentatiorand

R bitsfor encodingachieves
MSE= O R

To approximatehefunctionf (X1; X2), we keepall thecoef-
cientswith themagnitudesargeror equalto2 ™, wherem 0,
thatis, (a)theE-typedirectionletsaatthescale® j 2m=(n;+
ny) and(b) the S-typedirectionletsatthescaled | 2m=ns,
wherensz > nj + ny [14]. Assumingthatthe numberof seg-
mentationlevelsis givenby s = m, where 0, it canbe
shavn [14] that optimality is achiesed for the anisotroy ratio

= ni=n; = andthe sgmentationrate = 0. In that
caseMSE= O(N ).

For the compressiompplication it canbe shavn thatthetotal
numberof encodingbits is givenby R(m) = O™ ?) [14].
The MSE generatedby quantizationis givenby O(N 2 2™),
Thereforethetotal MSEis equalto O(2 Zm= 2= O(R )[14].

Noticethatthe optimalanisotrop ratiois irrationaland,thus,
cannotbe achieved. However, the S-AWT( ,3,2) approximates
well the optimal transform,in which casethe numberof sggmen-
tationlevelss isde ned ass = (log, N )=51. Theachievablerate
of decayof the MSE is O(N  *%). Althoughthis rateis slower
thanthe onesobtainedin [2]-[6], we wantto emphasizéhatthe
S-AWT( ,3,2) is critically sampledandusesonly sepaable pro-
cessing Thisis importantfor compressioecausein the caseof
orthogonall-D Iter -banksthe Lagrangian-basealgorithmsstill
canbe applied,makingit easierto have very good compression
algorithms.Fig. 6 illustratesthe gain obtainedby NLA usingthe
S-AWT( ,3,2) appliedon aC?=C? imagewhencomparedo the
resultsof NLA usingthe standardVT.

5. CONCLUSION
We proposedovel anisotropidransformdor imageshatusesep-
arable Itering in mary directionsnotonly horizontalandvertical.
The associateasisfunctions, called directionlets,have DVM
alongary two directionswith rationalslopes.Thesearansformge-
tain thecomputationa&f ciency andthesimplicity of Iter design
from the standardWT. Still, multi-directionality and anisotroy
overcomethe weaknesf the standardWT in the presenceof
edgesandcontours thatis, they allow for sparserepresentations
of thesedirectionalanisotropicfeatures. The NLA power of di-
rectionletss substantiallysuperiorto thatof the standardVT pro-
viding an orderof decayof the MSE equalto O(N %%°) for the
C2=C? classof images Eventhoughthis decayis slowerthanthe
oneprovided by someotherschemesthe directionletsallow criti-
calsampling.Thisis importantfor applicationsn imagecompres-
sionin the caseof orthogonall-D lter -bankssinceLagrangian
optimizationcanbeimplementedn a straightforvard manner
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