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ABSTRACT

In this paperwe review someof our recentresultson the design
of critically sampledandoversampled�lter banksfor multiplede-
scriptioncoding. For the caseof critically sampled�lter banks,
we show thatoptimal �lters areobtainedby allocatingtheredun-
dancy over frequency with a reverse'water-�lling' strategy. Then
we presentfamiliesof oversampled�lter banksthatattainoptimal
performanceaswell.

1. INTR ODUCTION

Multiple Description(MD) codingis asourcecodingtechniquefor
informationtransmissionover unreliablenetworks. A MD coder
representsan informationsourceusingmultiple bit streams(de-
scriptions).Eachindividualdescriptionprovidesanapproximation
to theoriginal message,andmultiple descriptionscanre�ne each
otherto produceabetterapproximationthanthatattainableby any
single onealone. The simplestformulationof the MD problem
involvesonly two descriptions.This is the so calledcaseof two
channelsand threereceivers. The sourcegeneratestwo descrip-
tionsat ratesR1 andR2 . If bothdescriptionsarereceivedthenthe
decodercanreconstructthesourceat somesmalldistortionvalue
D 0 (thecentral distortion),but if eitheroneis lost,thedecodercan
still reconstructthesourceatsomehigherdistortionD 1 or D 2 (the
sidedistortions).

Early paperson MD codingare information theoreticin na-
ture andtry to �nd the setof achievablevaluesfor the quintuple
(R1 ; R2 ; D 0 ; D 1 ; D 2) [6, 15, 1, 28, 27, 13, 25, 26, 5]. The MD
problemcanbegeneralizedto morethantwo channelsandmore
thanthreereceivers. Thenaturalextensionis to M channelsand
2M � 1 receivers. The situationof threechannelandseven re-
ceiverswasstudiedby ZhangandBerger [27]. While anachiev-
ableregion for theM -channelcasehasbeenfoundrecently[22].

Several efforts have alsobeenmadeto designpracticalMD
codingsystems.Thesesystemscanbedividedinto two mainfam-
ilies which follows two differentphilosophies.Onefocusesonthe
problemof designingparticularquantizersthat canmeettheMD
constraint,while theotherfamily usesordinaryquantizersandget
theMD propertyfrom thechoiceof a particulartransform.

In [19], a designprocedurefor the constructionof �x ed-rate
scalarquantizerswas presented.In [20], that designprocedure
wasextendedto the entropy-constrainedcase.Variousconstruc-
tions of MD vectorquantizershave beenproposed[4, 7, 11, 21]

This paperincludesresearchconductedjointly with Martin Vetterli,
Sergio Servetto,JelenaKova�cević andVivek Goyal [5, 12].

andthe MD lattice quantizersof [21] closesthe gapbetweenthe
performanceof the entropy constrainedMD scalarquantizerand
theMD rate-distortionbound.

A ratherdifferentapproachpioneeredby Wanget al. [24] and
then extendedby Goyal and Kova�cević [8] consistsof applying
a suitableblockwisetransformto the input vectorbeforecoding
to obtain the MD property. This approachis usuallycalledMD
TransformCoding. The basic idea is to decorrelatethe vector
componentsand thento introduceagaincorrelationbetweenco-
ef�cients, but in a known andcontrolledmanner, so that erased
coef�cients canbestatisticallyestimatedfrom thosereceived.

Finally, techniquesbasedon overcompleteframeexpansions
have beenproposedin [2, 9, 14].

For anexcellentreview onMD codingreferto [10].
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Fig. 1. Abstractionof a lossy network with a frame expansion
implementedby anoversampled�lter bank.

In this paper, we considerthecommunicationmodeldepicted
in Figure1. An input sequencex[n] is fed throughanM -channel
�lter bankfollowed by downsamplingby N . The M outputse-
quencesarethenseparatelyscalarquantizedwith uniform scalar
quantizersandsentover M differentchannels.Eachchannelei-
therworksperfectlyor notatall. Thedecoderreceivesonly M � e
of thequantizedoutputsequences,wheree is thenumberof era-
suresduringthetransmission.Thereconstructionprocessis linear.
We wish to �nd propertiesof the �lter banksthat minimize the
meansquareerror(MSE)betweentheinput andthereconstructed
sequences.The caseM = N (critically sampled�lter banks)is
treatedin thenext section.We show that in this caseoptimal �l-
ter banksform a biorthogonalbasis. In Section3 andSection4,
we considerthecasewhenM > N andpresentfamiliesof over-
sampled�lter banksthatachieveoptimalperformance.Finally, we
concludein Section5 by showing a simpleapplicationexample.



2. CRITICALL Y SAMPLED FILTER BANKS

In this section,we considerthe classicaltwo-channel�lter bank
scheme,that is, we assumeM = N = 2. Moreover, we as-
sumetheinput sequencex[n] to bea stationaryGaussianrandom
processwith known statistics. The two outputsequencesarein-
dependentlycodedat ratesR1 andR2 andsentover two different
erasurechannels. Now, assumethat R bits per sampleare suf-
�cient to achieve the centraldistortionD 0 . We call redundancy
� = R1 + R2 � R thedifferencebetweenthesetwo cases.This
redundancy representsthe price we have to pay to reducethe ef-
fect of losses.Our target is to �nd �lter bankswhich minimizes
thesidedistortionsfor a given�x edredundancy � .
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Fig. 2. Thepolyphaserepresentationof theanalysisstage

Forconveniencewewill formulateourproblemin thepolyphase
domain[18,23]. In thiscasetheanalysisstagecanbeequivalently
representedby theblockschemeshown in Fig 2. Theinput-output
relationcanbeexpressedin matrix notationintroducingtheanal-
ysispolyphasematrixH (! ):

�
Y1(! )
Y2(! )

�
=

�
H 11 (! ) H 12 (! )
H 21 (! ) H 22 (! )

� �
X 1(! )
X 2(! )

�
: (1)

Call Rx (! ) the 2 � 2 polyphasepower spectraldensity(p.s.d.)
matrix of the input process.Likewise Ry (! ) is thep.s.d. matrix
of theoutputs.Thesystemresponsehasthefollowing form:

Ry (! ) = H (! )Rx (! )H + (! ); (2)

whereH + (! ) denotestheHermitiantransposeof H (! ).
Thesynthesispartof thesystemcanbeanalyzedin asimilar fash-
ion.

As a�rst stepwedecomposethematrixH (! ) into theproduct
of two matricesM (! ) andT (! )

H (! ) = T (! )M (! ): (3)

M (! ) is a unitarydecorrelatingmatrix thatdiagonalizestheinput
covariancematrix Rx (! ). Thus: Rx (! ) = M (! )�( ! )M � (! )
where�( ! ) is adiagonalmatrixwhichcontainsthespectraleigen-
valuesof Rx (! ):

�( ! ) =

2

4
� 2

1(! ) 0

0 � 2
2(! )

3

5 : (4)

For a stationaryinput process,the decorrelatingmatrix can be
foundanalyticallyandhasthefollowing form [17]:

M (! ) =

p
2

2

2

4
ej ! =2 1

� 1 e� j ! =2

3

5 ; (5)

the �lter bank relatedto M (! ) is usually called principal com-
ponent�lter bank [17]. Now, this factorizationdoesnot reduce
the generalityof the solution,sinceM (! ) is a unitary invertible

matrix independentof � andwe areconsideringsquareerrordis-
tortions.Soit is enoughto solve thesimplerproblemof optimally
designingthematrix T (! ) for thetwo input sequenceswith p.s.d.
matrix �( ! ). Thenthe �nal solutionwill be representedby the
productbetweenthis matrix andthe decorrelatingmatrix M (! ).
From now on we assumethat the two sequences(x1 [n]; x2 [n])
have alreadybeendecorrelatedandarerepresentedby thediago-
nal p.s.d.matrix �( ! ). Noticethatthesetwo sequencesarestill a
realizationof a stationaryGaussianprocess.

Wecannow statethefollowing theorem:

Theorem1 Assumethat� � 0 andthatthetwop.s.d.� 2
1(! ); � 2

2(! )
of thetwodecorrelatedinputsequencesx1 [n]; x2 [n] are such that
� 1 > � 2 where � 1 is theessentialin�mum of � 2

1(! ) and� 2 is the
essentialsupremumof � 2

2(! ): Thentheoptimalanalysis�lter s for
MD Codingof x1 [n] and x2 [n] are representedby the following
polyphasematrix:

T (! ) =

"
a(! ) 1

2a( ! )

� a(! ) 1
2a( ! )

#

;

where:

a(! ) =

s
� 2(! )

2� 1(! )(22� ( w ) �
p

24� ( ! ) � 1)

and:

� (! ) = � +
1
4

log(� 2
1(! )� � 2

2(! )) �
1

8�

�Z

� �

log(� 2
1(! )� � 2

2(! )) d! :

Even thoughit is not possibleto extendthis result to the caseof
morethan two channels,it is possibleto �nd someapproximate
solutionsto thisproblem.

3. OVERSAMPLED FILTER BANKS

We now focuson thecaseM > N andwe assumethat thereare
no morethanM � N erasures.In this casewe do not make any
assumptionson the input source. However, we usea statistical
modelfor thequantizationerror; thereconstructionthendepends
only on thecharacteristicsof the�lter bank.

We will usenotation:TF for a tight frame,UF for a uniform
frameandUTF for auniform tight frame.

Call H i (! ) = [H i 1(! ); H i 2(! ); :::H iN (! )] � the polyphase
representationof the i th analysis�lter andcall H (! ) the corre-
spondingM � N polyphaseanalysismatrix, which is a matrix
whosei th row equalsH �

i (! ). Many propertiescanbestatedeas-
ily in termsof this matrix. In particular, we cansaythat a �lter
bankimplementsa framedecompositionin l2(Z) if andonly if its
polyphaseanalysismatrix is of full rankon theunit circle [3] and
a �lter bank implementsa tight frameexpansionin l2(Z) if and
only if H � (! )H (! ) = AI N : [3]. Thepseudo-inverseis de�ned
asin the�nite-dimensionalcase:

H y (! ) = (H � (! )H (! )) � 1H � (! ): (6)

A frameimplementedwith �lter banksis uniform if: kh i [n]k =
1; i = 1; :::; M or, usingParseval's relation,if:

1
2�

Z �

� �

NX

j =1

jH ij (! )j2d! = 1; i = 1; :::; M :

If wecall � i (! ) thespectraleigenvaluesof H � (! )H (! ), then:



1. theintegralsumof thespectraleigenvaluesof H � (! )H (! )
equalsthesumof the�lters' norms:

1
2�

R�
� �

P N
i =1 � i (! )d! =

P M
i =1 khi [n]k2 ;

2. for a UF, theintegral sumof theeigenvaluesequalsM ;

3. for a TF, H � (! )H (! ) haseigenvaluesconstantover the
unit circle andequalto A with multiplicity N : � i (! ) =
A; i = 1; :::; N ;

4. for a UTF, H � (! )H (! ) haseigenvaluesconstantover the
unit circle andequalto M

N with multiplicity N .

Wenow introducea new de�nition:

De�nition 1 (Strongly uniform frame) A frameexpansionin l2(Z)
implementedbyanM � N polyphasematrixH (! ) is stronglyuni-
form if:

P N
j =1 jH ij (! )j2 = 1; i = 1; :::; M :

3.1. Examplesof Strongly Uniform Frames

It will beshown in next sectionsthatstronglyuniformtight frames
constitutean importantclassof frames. We proposethe follow-
ing factorizationto designpolyphasematricescorrespondingto
stronglyuniformtight frames:

H (! ) = F U (! ); (7)

whereF is a uniform tight framein CN andU (! ) is anN � N
paraunitarymatrix. It is easyto seethatsucha polyphasematrix
correspondsto astronglyuniformtight frame.

Although we cannotclaim that our factorizationincludesall
possiblestronglyuniformtight frames,wecanstatethefollowing:

Theorem2 De�ne an equivalencerelation by bundling a frame
(implementedwith anFIR oversampled�lter bank)with all frames
that resultfromrigid rotationsof its elementsaswell asnegation
or shift of someindividualones(i.e. hi [n] ! � hi [n � k] k 2 Z).
WhenM = N + 1, there is a single equivalenceclassfor all
stronglyuniformtight frames.

4. INTR ODUCING ERASURES

Here we considerthe effect of erasureson the structureof the
frame and on the MSE. We denoteby E the index set of era-
suresandby H E (! ) thepolyphasematrix aftere = jE j erasures.
H E (! ) is an (M � e) � N matrix obtainedby deletingthe E -
numberedrows from the M � N polyphasematrix H (! ). The
�rst questionto be answeredis underwhich conditionsH E (! )
still representsaframe.Wethenstudytheeffectof erasuresonthe
MSE.

Effect of Erasureson the Structur eof a Frame

Our aim is to usethepseudo-inverseoperatorto reconstructafter
e erasures.Thepseudo-inversematrix is de�ned only if thematrix
H E (! ) is still a frame,that is, if andonly if it is still of full rank
on theunit circle. This leadsto thefollowing de�nition:

De�nition 2 Anoversampled�lter bankwhich implementsa frame
expansionrepresentedby a polyphasematrix H (! ) is said to be
robust to e = jE j erasures if and only if for any index setE of
erasures,H E (! ) is of full rankon theunit circle.

Let usconsider�rst thecasewherethereis only oneerasure.

Theorem3 An oversampled�lter bankwhich implementsa uni-
form tight frameis robustto oneerasure if andonly if

NX

j =1

jH ij (! )j2 <
M
N

for all i = 1; :::; M ; for all ! :

Recall that by de�nition a strongly uniform frame is such that:P N
j =1 jH ij (! )j2 = 1; i = 1; :::M ; for all ! : Thus,asa conse-

quenceof theprevioustheoremwecanstatethatany oversampled
�lter bankwhich implementsa stronglyuniformtight frameis ro-
bust to oneerasure.Theresultof Theorem3 doesnot revealany-
thing abouttheexistenceof �lter bankswhich arerobust to more
thanoneerasure.

In [8], it hasbeenshown that a complex harmonicframe in
CN or a real harmonicframein RN is robust to e erasures(e �
M � N ). The following theoremguaranteesthe existenceof at
leastonefamily of stronglyuniform tight framesin l2(Z) which
arerobustto e erasures(e � M � N ):

Theorem4 Consideran oversampled�lter bankwith polyphase
analysismatrixG (! ) = F U (! ), whereF is a complex harmonic
framein CN or a realharmonicframein RN andU (! ) is anN �
N polyphasematrixnonsingularon theunit circle (det(U (! )) 6=
0). This�lter bankis robustto e erasures(e � M � N ).

If U (! ) is a paraunitarymatrix, the resultingoversampled�lter
bankG (! ) = F U (! ) representsastronglyuniformtight frame
robustto e erasures(e � M � N ).

Effect of Erasureson the MSE

In the previous section,it hasbeenshown that it is possibleto
designoversampled�lter bankswhich arerobust up to M � N
erasures.Weassumesuch�lter banksfor therestof thepaper.

Now, we want to computethe effect of the erasureson the
MSE.Consider�rst astronglyuniformframeande = 1. It follows

Theorem5 Considerencodingwith a stronglyuniformframeand
decodingwith linear reconstruction.TheMSEaveraged over all
possibleerasuresof onechannelis minimumif andonlyif theorig-
inal frameis tight. Moreovera tight frameminimizesthemaximum
distortioncausedbyoneerasure. TheMSEis givenby:

M SE1 =
�

1 +
1

M � N

�
M SE0 :

It is not possibleto extend the resultof this theoremto the case
of morethanoneerasure.However, it is possibleto computethe
M SE with e > 1 whentheoriginal frameis stronglyuniformand
tight:

M SEE =

 

1 +
1

2�

Z �

� �

eX

i =1

� i (! )
M � N � i (! )

d!

!

M SE0 ; (8)

where� i (! ) arethespectraleigenvaluesof T � (! )T (! ) andT (! )
is theN � e polyphasematrix with columnsf H i (! )gi 2 E .

Sincethe spectralsumof the e eigenvaluesof T (! ) is con-
strainedto bea constant,theminimumin (8) occurswhenall the
eigenvaluesareequalandconstant,which is true whenT (! ) is
tight.
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Fig. 3. Multiple descriptioncodingof images. (a) Original im-
age.(b) Nine descriptionsof theimage.(c) Reconstructedimage
with ninedescriptions(PSNR=27.9dB,0.2bps).(d) Reconstructed
imagewith four descriptions(PSNR=27.2dB,0.2bps.)

5. A SIMPLE APPLICATION EXAMPLE

To concludethepaper, we show how thesefamiliesof �lter banks
can be usedfor MD coding of images. In Figure 3 we show a
simple exampleof the useof oversampled�lter banks. In this
case,we have a threechannel�lter bankwith downsamplingby
two (i.e.,M = 3 andN = 2). Theimageis �ltered alongcolumns
androws,andthis leadsto ninedescriptionsshown in Figure3(b).
Eachsingledescriptionis compressedwith SPIHT [16] andsent
over a differenterasurechannel.If all the descriptionsget to the
receiver the quality of the reconstructedimageis PSNR=27.9dB
(Figure3(c)), but we still get a goodreconstructionquality with
only four descriptions(PSNR=27.2dB,Figure3(d)).
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