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ABSTRACT

In this paperwe review someof our recentresultson the design
of critically sampledandoversamplediter banksfor multiple de-
scription coding. For the caseof critically sampled Iter banks,
we shav thatoptimal lters areobtainedby allocatingthe redun-
dang over frequeny with areverse'water lling' stratgy. Then
we presenfamiliesof oversamplediter banksthatattainoptimal
performanceswell.

1. INTRODUCTION

Multiple Description(MD) codingis asourcecodingtechniqueor
informationtransmissiorover unreliablenetworks. A MD coder
representsn information sourceusing multiple bit streamg(de-
scriptions).Eachindividual descriptiorprovidesanapproximation
to the original messageandmultiple descriptionsanre ne each
otherto producea betterapproximatiorthanthatattainableby ary
single one alone. The simplestformulation of the MD problem
involvesonly two descriptions.This is the so called caseof two
channelsandthreerecevers. The sourcegenerateswo descrip-
tionsatratesR; andR;. If bothdescriptionsarerecevedthenthe
decodercanreconstructhe sourceat somesmall distortionvalue
Do (thecentml distortion),butif eitheroneis lost,thedecodercan
still reconstructhesourceatsomehigherdistortionD 1 or D, (the
sidedistortions).

Early paperson MD coding areinformationtheoreticin na-
tureandtry to nd the setof achivable valuesfor the quintuple
(R1;R2;D0;D1;D>) [6, 15, 1, 28, 27, 13, 25, 26, 5]. The MD
problemcanbe generalizedo morethantwo channelsandmore
thanthreerecevers. The naturalextensionis to M channelsand
M 1 recevers. The situationof threechanneland seven re-
ceiverswasstudiedby ZhangandBerger[27]. While anachies-
ableregionfor theM -channelasehasbeenfoundrecently[22].

Several efforts have alsobeenmadeto designpracticalMD
codingsystemsThesesystemsanbedividedinto two mainfam-
ilies which follows two differentphilosophiesOnefocusesonthe
problemof designingparticularquantizerghat canmeetthe MD
constraintwhile the otherfamily usesordinaryquantizersandget
theMD propertyfrom the choiceof a particulartransform.

In [19], a designprocedurefor the constructionof x ed-rate
scalarquantizerswas presented.In [20], that designprocedure
was extendedto the entrofy-constrainectase. Variousconstruc-
tions of MD vectorquantizershave beenproposed4, 7, 11, 21]

This paperincludesresearctconductedointly with Martin Vetterli,
Sepgio Senetto,Jelen&Kovacevic andVivek Goyal [5, 12].

andthe MD lattice quantizersof [21] closesthe gapbetweerthe
performanceof the entrofy constrainedVD scalarquantizerand
theMD rate-distortiorbound.

A ratherdifferentapproactpioneeredy Wangetal. [24] and
then extendedby Goyal and Kovacevi€ [8] consistsof applying
a suitableblockwisetransformto the input vector beforecoding
to obtainthe MD property This approachis usually called MD
TransformCoding. The basicideais to decorrelatethe vector
componentandthento introduceagaincorrelationbetweenco-
efcients, but in a knovn and controlledmanney so that erased
coefcients canbestatisticallyestimatedrom thosereceved.

Finally, techniquesdasedon overcompleteframe expansions
have beenproposedn [2, 9, 14].

For anexcellentreview on MD codingreferto [10].

Fig. 1. Abstractionof a lossy network with a frame expansion
implementedy anoversamplediter bank.

In this paper we considerthe communicatiormodeldepicted
in Figurel. An inputsequence&|n] is fed throughanM -channel
Iter bankfollowed by dovnsamplingby N. The M outputse-
guencesarethen separatelyscalarquantizedwith uniform scalar
gquantizersandsentover M differentchannels.Eachchannelei-
therworksperfectlyor notatall. ThedecoderecevesonlyM e
of the quantizedoutputsequencesyheree is the numberof era-
suresduringthetransmissionThereconstructiomprocesss linear.
We wish to nd propertiesof the Iter banksthat minimize the
meansquareerror (MSE) betweertheinputandthereconstructed
sequencesThecaseM = N (critically sampledlter banks)is
treatedin the next section. We shaw thatin this caseoptimal I-
ter banksform a biorthogonalbasis. In Section3 and Section4,
we considerthecasewhenM > N andpresentamiliesof over-
samplediter banksthatachieve optimalperformanceFinally, we
concludein Section5 by shaving a simpleapplicationexample.



2. CRITICALL Y SAMPLED FILTER BANKS

In this section,we considerthe classicaltwo-channellter bank
schemethatis, we assumeM = N = 2. Moreover, we as-
sumethe input sequencea[n] to be a stationaryGaussiamandom
processwith known statistics. The two outputsequencesrein-
dependentlcodedatratesR; andR, andsentover two different
erasurechannels. Now, assumethat R bits per sampleare suf-
cient to achieve the centraldistortionDo. We call redundang
= R; + Rz R thedifferencebetweerthesetwo cases.This
redundang representshe price we have to pay to reducethe ef-
fect of losses.Our tamgetis to nd lter bankswhich minimizes
thesidedistortionsfor agiven x edredundang .

ya[n]

Hw) | R®

y[n]

Fig. 2. Thepolyphaseepresentatioof theanalysisstage

Forcorveniencevewill formulateourproblemin thepolyphase
domain[18, 23]. In this casetheanalysisstagecanbeequialently
representebly theblock schemeshawvn in Fig 2. Theinput-output
relationcanbe expressedn matrix notationintroducingthe anal-
ysispolyphasematrixH (! ):

Yi(!) Hi (1)
Ya2(!) Hai(!)

CallRx(! ) the2 2 polyphasepower spectraldensity(p.s.d.)
matrix of theinput process.Likewise Ry (! ) is the p.s.d. matrix
of theoutputs.The systenresponséiasthe following form:

H(!)
Hao(!)

Xa(l)
x:0) - @

Ry(!) = H()R<(")H (1) @)
whereH * (! ) denoteghe Hermitiantransposef H (! ).
Thesynthesipartof the systemcanbeanalyzedn a similar fash-
ion.

Asa rst stepwedecompos¢hematrixH (! ) into theproduct
of two matricesM (! ) andT (! )

H()=TE)M(): ©)

M (! ) is aunitarydecorrelatingnatrix thatdiagonalizesheinput
covariancematrix Rx (! ). Thus:Rx(!) = M) ( ')M (1)
where (! ) isadiagonamatrixwhichcontainghespectrakigen-
valuesof R (! ):

(1y=4 5: 4
0 (1)

For a stationaryinput process,the decorrelatingmatrix can be
foundanalyticallyandhasthefollowing form [17]:
2 3
p E e] =2 1
M(1)= -4 5; ®)
2 1 el

the lter bankrelatedto M (! ) is usually called principal com-
ponent Iter bank[17]. Now, this factorizationdoesnot reduce
the generalityof the solution,sinceM (! ) is a unitary invertible

matrix independenbf andwe areconsideringsquareerror dis-
tortions. Soit is enoughto solve the simplerproblemof optimally
designingthematrix T (! ) for thetwo input sequencewith p.s.d.
matrix ( ! ). Thenthe nal solutionwill be representedby the
productbetweenthis matrix andthe decorrelatingmatrix M (! ).
From now on we assumethat the two sequence$xi[n]; x2[n])
have alreadybeendecorrelatecdindarerepresentedy the diago-
nalp.s.d.matrix ( ! ). Noticethatthesetwo sequencearestill a
realizationof a stationaryGaussiarprocess.

We cannow statethefollowing theorem:

Theorem1 Assuméhat Oandthatthetwop.s.d. 5(!); 3(!)
of thetwo decorelatedinput sequences: [n]; xz2[n] are sudh that
1> > whee ;istheessentialn mumof 2(!)and :isthe
essentiasupemumof 3(! ): Thenthe optimalanalysis Iter s for
MD Codingof x1[n] and x2[n] are representecdby the following
polyphasematrix:

" a(!) L ?
T() = : 2a(!) :
= ar)
wheee:
s
a(l) = o),
2 1122 M 220 1)
and:
1 1 z
)= + Zlog( HOBEID)! 3 log( i(t) 3(')d!:

Even thoughit is not possibleto extendthis resultto the caseof
morethantwo channelsijt is possibleto nd someapproximate
solutionsto this problem.

3. OVERSAMPLED FILTER BANKS

We now focusonthecaseM > N andwe assumehatthereare
nomorethanM N erasuresln this casewe do not make ary
assumption®n the input source. However, we usea statistical
modelfor the quantizatiorerror; the reconstructiorthendepends
only onthecharacteristicef the Iter bank.

We will usenotation: TF for a tight frame,UF for a uniform
frameandUTF for auniformtight frame.

CallHi(') = [Hix(! );Hi2(! );::Hinv (1)] the polyphase
representatiomf the ith analysis Iter andcall H(! ) the corre-
spondingM N polyphaseanalysismatrix, which is a matrix
whoseith row equalsH; (! ). Mary propertiescanbe statedeas-
ily in termsof this matrix. In particular we cansaythata Iter
bankimplementsaframedecompositionin [(Z) if andonly if its
polyphaseanalysismatrix is of full rankon the unit circle [3] and
a Iter bankimplementsa tight frame expansionin 1,(Z) if and
onlyif H (! )H(!) = Al n: [3]. Thepseudo-imerseis de ned
asin the nite-dimensionalcase:

HY(1) = (H (DH() 'H () 6)
A frameimplementedwith Iter banksis uniformif: kh;[n]k =
1, i= 1;::; M or, usingParseal's relation,if:

Z
zi jHj (1)j%d! = 1;
j=1

i=1::M:

If wecall (! ) thespectrakigevaluesofH (! )H(!),then:



1. theintegral sumof thespectrakigervaluesof H (! )H(!)
equalghesumof the Iters' norms:

R P P
L Nooyd =M Kkhi[n]kE;

2. for aUF, theintegral sumof the eigevaluesequalsM ;

3. foraTF H (! )H(!) haseigevaluesconstantover the
unit circle andequalto A with multiplicity N: (! ) =
A; i=1;:5N;

4. foraUTF H (! )H(!) haseigevaluesconstanbover the
unit circle andequalto m— with multiplicity N .

We now introducea new de nition:

De nition 1 (Strongly uniform frame) Aframeexpansioninl,(Z)
implementettyanM N polyphasematrixH (! ) is stronglyuni-
formif:

P . . .
LHEMPP =1 i= LM

3.1. Examplesof Strongly Uniform Frames

It will beshavn in next sectionghatstronglyuniformtight frames
constitutean importantclassof frames. We proposethe follow-
ing factorizationto designpolyphasematricescorrespondingo
stronglyuniformtight frames:

H(1)= FU(); (7)

whereF is auniformtight framein CN andU (! )isanN N
paraunitarymatrix. It is easyto seethatsucha polyphasematrix
correspondso a stronglyuniformtight frame.

Although we cannotclaim that our factorizationincludesall
possiblestronglyuniformtight frames we canstatethefollowing:

Theorem?2 De ne an equivalencerelation by bundling a frame
(implementedvith an FIR oversampledlter bank)with all frames
thatresultfromrigid rotationsof its elementsas well as negation
or shiftof someindividual ones(i.e. hi[n] ! hi[n klk 2 2).

WhenM = N + 1, ther is a single equivalenceclassfor all

stronglyuniformtight frames.

4. INTRODUCING ERASURES

Here we considerthe effect of erasureson the structureof the
frame and on the MSE. We denoteby E the index setof era-
suresandby He (! ) thepolyphasematrix aftere = JE| erasures.
He(')isan(M e) N matrix obtainedby deletingthe E -
numberedrows from theM N polyphasematrix H(! ). The
rst questionto be answereds underwhich conditionsH e (! )
still representaframe.We thenstudytheeffectof erasuresnthe
MSE.

Effect of Erasureson the Structur e of a Frame

Our aimis to usethe pseudo-imerseoperatorto reconstructfter
e erasuresThepseudo-imersematrixis de ned only if thematrix
He (1) is still aframe,thatis, if andonly if it is still of full rank
ontheunit circle. Thisleadsto thefollowing de nition:

De nition 2 Anoversamplediter bankwhichimplements frame
expansionrepresentecby a polyphasematrix H (! ) is saidto be
robustto e = jEj erasuesif and only if for anyindex setE of
erasues,He (! ) is of full rankontheunitcircle.

Letusconsiderrst the casewherethereis only oneerasure.

Theorem 3 Anoversampledlter bankwhich implements uni-
formtight frameis robustto oneerasue if andonly if

jHij (1)j* < %forall i=1:;M; forall! :
j=1

Becallthat by de nition a strongly uniform frame is suchthat:

Ly Hi (1)j? = Li = 1;::M; forall ! : Thus,asa conse-
gquenceof the previoustheoremwe canstatethatany oversampled
Iter bankwhich implementsa stronglyuniformtight frameis ro-
bustto oneerasure Theresultof Theorem3 doesnot reveal ary-
thing aboutthe existenceof Iter bankswhich arerobustto more
thanoneerasure.

In [8], it hasbeenshawvn thata complex harmonicframein

CN or arealharmonicframein RN is robustto e erasurege
M N). Thefollowing theoremguaranteeshe existenceof at
leastone family of stronglyuniform tight framesin 1,(Z) which
arerobusttoeerasurege M N):

Theorem4 Consideran oversampledlter bankwith polyphase
analysismatrixG (! ) = FU (! ), wheeF isacompleharmonic
framein CN or arealharmonicframein RN andU (! ) isanN

N polyphasenatrix nonsingularontheunit circle (det(U (! )) 6
0). This Iter bankisrobusttoeerasues(e M N).

If U(!) is a paraunitarymatrix, the resultingoversamplediter
bankG (! ) = F U(!) representastronglyuniformtight frame
robusttoeerasurege M N).

Effect of Erasureson the MSE

In the previous section,it hasbeenshawvn thatit is possibleto
designoversampledlter bankswhich arerobustuptoM N
erasuresWe assumesuch Iter banksfor therestof thepaper
Now, we want to computethe effect of the erasureson the
MSE.Considerrst astronglyuniformframeande = 1. It follows

Theorem5 Considerencodingwith a stronglyuniformframeand
decodingwith linear reconstruction.The MSE averaged over all
possibleerasuesof onechannelis minimumif andonlyif theorig-
inal frameis tight. Moreover a tight frameminimizeghemaximum
distortioncausedy oneerasue. TheMSEis givenby:

1
M N

MSE,;= 1+ M SEg:

It is not possibleto extend the resultof this theoremto the case
of morethanoneerasure.However, it is possibleto computethe
M SE with e > 1 whentheoriginalframeis stronglyuniformand
tight:
|
Z .
xe (1
1+ & GO

M SEe = 2 - 7,\/' N i(!) !

M SEo; (8)

where (! ) arethespectrakigevaluesof T (! )T (! )andT (! )
istheN e polyphasamatrix with columnsf H; (! )giz e .

Sincethe spectralsumof the e eigevaluesof T (! ) is con-
strainedto be a constantthe minimumin (8) occurswhenall the
eigewvaluesare equaland constantwhich is truewhenT (! ) is
tight.
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Fig. 3. Multiple descriptioncoding of images. (a) Original im-
age. (b) Nine descriptionof theimage. (c) Reconstructe@mage
with ninedescription§PSNR=27.9dB0.2bps).(d) Reconstructed
imagewith four descriptionfPSNR=27.2dB0.2bps.)

5. A SIMPLE APPLICATION EXAMPLE

To concludethe paperwe shav how thesefamiliesof Iter banks
canbe usedfor MD coding of images. In Figure 3 we shav a

simple example of the useof oversampledlter banks. In this

case,we have athreechannel Iter bankwith dovnsamplingby

two (i.e.,M = 3andN = 2). Theimageis ltered alongcolumns
androws, andthis leadsto ninedescriptionshavn in Figure3(b).

Eachsingledescriptionis compressedvith SPIHT [16] andsent
over a differenterasurechannel.If all the descriptiongyetto the

recever the quality of the reconstructedmageis PSNR=27.9dB
(Figure 3(c)), but we still geta goodreconstructiomyuality with

only four description{PSNR=27.2dBFigure3(d)).
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