ON COMPRESSION USING THE DISTRIBUTED KARHUNEN-LO EVE TRANSFORM
Michael Gastpar, Pier Luigi Dragotti, and Martin Vetterli
Department of EECS, University of California, Berkeley, CA 94720-1770
Department of Electrical and Electronic Engineering, Imperial College, London, SW7 2BT, UK

Swiss Federal Institute of Technology (EPFL), CH-1015 Lausanne, Switzerland
gastpar@eecs.berkeley.edu, p.dragotti@ic.ac.uk, martin.vetterli@epfl.ch

ABSTRACT X1 X
. - A : Approx 1

In this paper, we discuss a framework for the distributed : Encoder 1
compression of vector sources, based on our previous work X Xy
on distributed transform coding [1, 2, 3, 4]. In particular, our X
goal is to develop a strategy of first applying a suitable dis- KXar1 | | X
tributed Karhunen-Léve transform, whereafter each com- : Encoder 2 APPIOX 2 | Dacodet
ponent can be handled by standard distributed compression X Xnriarr
techniques. In the present paper, we first study the scenario —* —
where all but one terminal furnish a noisy approximation of Xara+1 X aranav41
their observation. For the case where the underlying vector :
is Gaussian, and the added noise is also Gaussian, we estab- : Encoder 3 Approx 3 .
lish that indeed, it is optimal for the last terminal to apply a Xv | - XN

(local) transform to its observations, and to separately com-

press each component in the transform domain. Then, we

outline how this leads to a general simple distributed com- Fig. 1. The distributed KLT problem: Distributed compres-
pression strategy for Gaussian vector sources: Each termision of multiple correlated vector sources.

nal applies a suitable local transform to its observations, and

encodes the resulting components separately in a Wyner-

Ziv fashion, i.e., treating the compressed descriptions of all \ne discuss a scheme where each terminal applies a suitable

other terminals as side information available to the deCOder-transform, whereafter each component can be compressed
This achieves the best known performance. The optimumseparately. Hence, there are two key parts to the solution:

performance in unknown to date. the optimal transform, and the bit allocation between the
components. These two tasks have to be addressed jointly.
1. INTRODUCTION In the present paper, we first study in detail a simplified

scenario of the general distributed compression problem,
The implementation of distributed compression strategieswhere all but one of the terminals furnish noisy approxima-
has recently received considerable attention [5, 6, 7, 8, 9,tions of their observations to the decoder, and the last termi-
10]. In this paper, we address the situation where multiple nal is asked to optimally compress its observations, consid-
terminals each sample a part of a large object, characterizearing that the decoder has access to side information. This
by a vectorX of length V, and the goal is to reconstruct is a slight variation on the problem studied by Wyner and
the entire large object to within the smallest mean-squaredZiv [13, 14], the variation being in thdistortion criterion
error possible. For the scope of the present paper, we rethe ultimate goal of the overall coding effort is to enable
strict attention to the case whepé is a vector of jointly the decoder to furnish the best approximation of the entire
Gaussian random variables. One task is to determine thevector X. Then, we outline how this leads to a certain dis-
smallest rates required to achieve a fixed distortion level. tributed compression strategy. It cannot be shown that this
However, this problem is unsolved to date, even for the casestrategy is optimal since the optimum is unknown to date,
N = 2. Bounds appearin[11, 12]. Our goal is to extend the but it can be shown that this strategy achieve the currently
currently known best achievable rates to the scenario whereknown best performance for the case of a Gaussian random
each terminal observes a sub-vector of the overall ve€tor  vector X and a mean-squared error fidelity criterion.



2. PROBLEM STATEMENT X1 X1

o . L : Approx 1
The distributed compression problem addressed in this pa- - Enc 1 )
per is illustrated in Figurel. There afeterminals (in the Xu Xy
figure, L = 3), each observation a part of the vector Xaria /‘*\ZM-H Yarss Karir
\NV >
def . .

X == X15X27"',XJ\/[' (1) . . }Y/ Dec

) Xnpr+mr ZM—1+k 8¢ X Ve
Throughout this paper, we assume thais a vector of N B c }\ S YM -1tk M
jointly Gaussian random variables, with mean zero and co- Xa4arr41] ~ X nrgnrr 41
variance matrix>. The assumption thaX has zero mean
is not crucial, but it considerably simplifies the notation. N
Therefore, itis kept throughout the paper. Moreover, through- <] Xy

out the paper, we assume that the fidelity (or distortion) cri-
terion is the mean-squared error between the vettand
the best estimaté& that the decoder can produce based on Fig. 2. Compression involving partial observation (or sub-

the approximation furnished by the encoders, sampling) and side information.
D = E|X-X|% 2
As a consequence of the assumption thais a vector
3. THE CONDITIONAL KLT WITH NOISY SIDE of jointly Gaussian random variables, and that the additive
INFORMATION noiseZ is also Gaussian, we can write
In this section, we extend our previous results [1, 2, 4] to Xge = AXgs+ AV +V, (6)

the scenario illustrated in Figure 2: The decoder has access , N )
to side information about the vectd¥, as follows. The  Where(Xs,Ys.) andV e C are independent Gaus-

encoder samples the fir8f components of the vectoX, sian random vectors, and € CN~'*¥=M and A, €
denoted by CN-Mxk:2 gre constant matrices. By the same token, we
can write
Xs = (X1,...,Xnm), 3)
(MXs = BYL +W, @)

with zero mean and covariance matrix denotedly The
side information at the decoder is derived from the remain- whereYy. andiW e CV are independent Gaussian random

ing N — M components of the vectoY, denoted by vectors, and3 € CN*#2 js a constant matrix.
The goal of our consideration is to minimize the distor-
Xse = (Xm+1,---5XN)- 4) tion 9
We denote the covariance matrix betwe€p and X g by N ,
Ysge. However, the decoder cannot directly accéss. E [”X = X[FYse = ys”} : (®)

Instead, a transformed and noisy version is available,
As we will see, at least in the Gaussian case considered in

Yo = CoqXge + 27, (5) this paper, the minimizing solution will not require the en-
coder to know the value of the realizatigf.. In line with

whereZ = (Znrt1,- .-, Zm-14k,) denotes the vector of o, hrevious work [1, 2, 4], two perspectives are of inter-
added Gaussian noise. We assume it to be of zero meang; 1o our further considerations: First, the problem of find-
and covariance matriX;. For most of our derivations in mg the best:-dimensional approximation, and second, the

the sequelZ need not be independent &fs-; denote their  roplem of compressing s using the least number of bits.
cross-correlation matrix by z <.

Remark 1. The additive noise€ 41, ..., Zp—1+k, CAN

be thought of as modeling the effect of compressing the side
information X .. Note that at this point, we are assuming For the problem illustrated in Figure 2, suppose that En-
the noise component8,s 41, ..., Zym—1+k, Neither to be coder 1 may furnish &-dimensional approximation of its
mutually independent, nor to be independent of the signal M-dimensional observation. Thedimensions should be
Xs.. However, clearly, the Gaussian assumption does im- picked such as to minimize the distortion criterion (8). What
pose certain limitations to our model. is the best set ok dimensions? To determine this, we

3.1. Bestk-dimensional Approximation



rewrite the distortion criterion as follows: X1 Y1 Ry X,

[ Encl }------ -] —
12y / : . . :
B[IX = X|2vE = v o _
. Xm Yn Ry Xum
= B |1 Xs — Xsl*V4: = . L i N e
X1 A\ M+1 Y4 Xnr41
. | AM-
+ B [IXse - Xoel2IVe = yise] w
: v/ Dec
. . 2 . ’ se %
The key step is to relate the estimate. to the estimate Karemr Z};’—H’W Vi1 | Xaryg e
i . ko . e .. - 2
Xs. SinceXge. is the (conditional) minimum mean-squared  y Ca N o
. _ M+M’+1 XM+ 41
error estimate o s, it can be expressed as — —
~ , , . .
XSC = E [XSC j”7 YSC = yS(‘] 5 XN XN
E— | —

whereT is the approximation furnished by Encoder 1. Us-
ing (6), this can be rewritten as
Fig. 3. Compression involving subsampling and side infor-

Xge = E[AXs+A:Yge + VT, Ve = ysc] mation: An optimal strategy.

E[AXg+ V|T, Y4 = yls.].

Finally, sinceT" is only a function ofXs, itis independent  Thegrem 1. The best-dimensional approximation that En-

of V, hence, coder 1 can furnish is a subspace of the eigenvectors of the
Xge = AFE[Xs|T, Vi = yls] matrix Xy . The bestk d|men§|ons are t2he eigenvectors
; corresponding to thé largest eigenvaluea; of the matrix
AXg. S

Using this insight, we find
. 3.2. Compression Problem
B [|lX - X|?¥4 =y | | .
Reconsider the problem illustrated in Figure 2, but suppose
=K [||XS — Xg|?|Vée = yg} now that Encoder 1 may furnish a description usipits
R per sample (i.e.R bits for each observed/-dimensional
+E [||AXs +V — AXs|?|Vée = y%} (9)  vector). Again, this description should be shaped in such a

. ) ) ) way as to minimize the distortion criterion (8).
Noting thatV is, by construction, independent Bf.., and

collecting terms, the mean-squared error can be expressedheorem 2. The rate-distortion function for the problem
as with side information, illustrated in Figure 2, wher€ is a

Int I 121 , 9 vector of jointly Gaussian random variables, is given by
B [0 Xs = (49 Xs|PIVé = v + EIVIE. (20)

1 V2
The last step is to apply a transforf to (/") X s such that R(D) = min E max < = logs =, 0 (11)
the resulting components, denotedYyy, are conditionally i=1

uncorrelated giverYs.. In the considered Gaussian sce- wherev? are the eigenvalues of the matiiy, and where
nario, such a transform exists: it is simply the eigendecom- Vi 9 ’

position of the conditional covariance matrix 0f)Xs the minimum is over aib; satisfyingd "2, D;+E|[V|* <
givenYy¢.. This conditional covariance matrix is simply the D.

covariance matrixy, of W as defined in Equation (7). De-
note the eigendecomposition Bf;: by QAQ™, whereQ is

a unitary matrix, and\ is diagonal. ThenYs = Q@ Xg, and
in terms ofY, the distortion can be written as

4. DISTRIBUTED COMPRESSION STRATEGIES

In an information-theoretic setting, the optimal codebooks
E [IIYs _ YSHQ‘YéC _ f‘/s} L E|V|? to achieve the promises of_Theorem 2 are Gausglaq. The
fact that each component in the transform domain is en-

M NP , ) coded separately means that the encoding operation can be
- Z E “Ym = Y| ¥5e = ysc} +E[V]| thought of as adding independent (across Aiecompo-
m=1 nents) and white (across time) Gaussian noise to the com-
The last expression permits a simple characterization ofponentsy;, Ys, ..., Ya,. The components that get zero rate

the solution to the considered problem, as follows. in the rate allocation problem (11) are simply omitted.



This insight suggests a simple algorithm to design cod-
ing strategies: Once thk/ encoding terminals in Figure 3
have been replaced by additive (white) Gaussian noise (or [1]

simply omitted wheneveR,; = 0), the overall situation be-

comes symmetric, and we can proceed in a round robin fash-
ion: We fix the transforn€; and the additive noises for En-
coder 1, and optimize the transform and the rate allocation
for Encoder 2. The convergence of this procedure will be

studied later. Notice, however, that ttegtal rates for each
encoder, denoted by ;), forl = 1,2,... L, (i.e., for exam-
ple, from Figure 3, we sef(;) = Ry + Ry + ... + Rup),

arecoupled In particular, they have to satisfy sum rate con-
ditions that can be derived in extension of the arguments
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