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ABSTRACT

In this paper we consider the problem of sampling piecewise smooth
signals. The classical sampling theory is not able to sample them ef-
ficiently since the signals are neither bandlimited nor live in a shift-
invariant subspace. We propose a sampling scheme which still use
the set of samples from a classical sampling set-up with an arbi-
trary acquisition device but achieves accurate reconstruction by mak-
ing use of the non-linear approximate FRI reconstruction method
in addition to the classical linear reconstruction. Specifically, we
see the class of piecewise smooth signal as the sum of a piecewise
polynomial, which is a signal that is fully specified by finite num-
ber of parameters and can be recovered with FRI non-linear meth-
ods, and a globally smooth term, which can be accurately recovered
by linear reconstruction. We also show that our proposed scheme
based on combining linear and non-linear reconstruction methods
can be employed for resolution enhancement of discrete-time piece-
wise smooth signals and images.

1. INTRODUCTION

We consider the problem of sampling classes of piecewise smooth
signals with the sampling set-up of Fig.1. Given the samples
yn = {(x(t),p(t/T — n)) taken with the acquisition device
h(t) = p(—t/T), our goal is to recover the input signal z(t)
from y,.

o(t) — ] AT Yn

h(t) = @(—t/T)

Fig. 1: Sampling set-up. Here x(t) is the input signal, h(t) is the
impulse response of the acquisition device and 7' is the sampling
period. The samples are given by y, = (z(t), p(¢t/T — n)).

The classical answer to the sampling problem is given by the
famous Shannon’s theorem for sampling bandlimited signals. In that
context, the reconstruction process is linear and the sampling and
reconstruction kernel is the sinc function. Moreover, the sampling
and reconstruction process is equivalent to projecting the input signal
into the shift-invariant subspace of bandlimited signals and only this
projection can be recovered. This framework has then been extended
to classes of non-bandlimited signals that belongs to shift-invariant
subspaces [1].

Piecewise smooth signals are neither bandlimited nor belong to
a shift-invariant subspace. In this paper we model them as the sum
of a piecewise polynomial signal and a globally smooth term (see
Fig. 2).
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Fig. 2: A piecewise smooth signal can be modelled as the sum of a
piecewise polynomial signal and a globally smooth signal.

Specifically if the smooth residual lives in a shift-invariant sub-
space generated by integer shifts of ¢ (¢/T"), the piecewise smooth
function can be expressed as:
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where t}. = max(¢,0)" and @(t) is the dual of ¢(¢). Under this
model, the globally smooth signal can be fully recovered using the
traditional linear reconstruction method if h(t) = @(—t/T'). The
more recent theory of sampling signals with finite rate of innova-
tion (FRI) [2, 3, 4, 5, 6, 7, 8] can instead be used to reconstruct the
piecewise polynomial term. The FRI framework employs non-linear
reconstruction methods (i.e. Prony’s method) but also requires the
use of specific sampling kernel which are normally different from
&(t). Due to this restriction it has not been possible, so far, to sample
and accurately reconstruct piecewise smooth signals using a single
acquisition device as in Fig. 1.

In this paper we solve this problem by using the approximate
Strang-Fix methodology developed in [9] which has shown that FRI
signals can be reconstructed approximately using arbitrary sampling
kernels. This advance in FRI theory gives us the insight that we can
have a sampling scheme which takes one set of samples with an ar-
bitrary acquisition device as in the classical sampling set-up but in
addition to the classical linear reconstruction, which would perfectly
recover the smooth part, it takes advantage of the non-linear approx-
imate FRI method to recover the piecewise polynomial part.

We then extend this idea to the case of 1-D and 2-D discrete-
time piecewise smooth signals where for the sake of simplicity, we
assume ¢(t) and @(¢) are scaling functions of a wavelet decomposi-
tion [10, 11]. In this context we use the proposed hybrid reconstruc-
tion approach to enhance the resolution of the discrete-time signals.
In the case of 2-D signals this leads to a new image up-sampling
approach.

The paper is organized as follows. In Section 2 we explain how
approximate Strang-Fix method in FRI enables sampling piecewise
polynomials with an arbitrary acquisition device and how we com-
bine this result with the classical linear reconstruction to sample



piecewise smooth functions. In Section 3, we show how the idea in
sampling continuous piecewise smooth functions can be employed
to enhance the resolution of 1-D and 2-D discrete-time signals. We
then show simulation results in Section 4 and conclude in Section 5.

2. SAMPLING PIECEWISE SMOOTH FUNCTIONS

In this part we first briefly introduce the non-linear reconstruction
of the piecewise polynomial signals using FRI theory [3] where we
emphasize that the approximate Strang-Fix method in FRI enables
such reconstruction from samples taken with arbitrary sampling ker-
nels [9]. Then we show how we use this result together with the
linear reconstruction method to sample piecewise smooth signals.

Since the samples obtained by sampling a piecewise polynomial
signal p(t) with pieces of maximum degree R — 1(R > 0), can
be related to that of R-th derivative of p(t), which is denoted by
p) (t) and is a stream of (differentiated) Diracs, we concentrate on
the sampling problem of streams of differentiated Diracs. Then this
result can be used in the problem of sampling piecewise polynomials
which interests us.

Consider a stream of differentiated Diracs:

K—-1R-1

P =3 bk (- 1), )
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Assume that p{™ (¢) is sampled with a kernel (¢) that can repro-
duce exponentials e®™¢ = ™ * with m’ = m — (M + 1)/2 and
m =0,..., M. Thatis:

Z Cmme(t/T —n) =e* T withm =0,1,...,M (3)
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for a proper choice of the coefficients cm,,». It is possible to show
that a function satisfies (3) if and only if it meets the generalised
Strang-Fix conditions:

@(am) # 0and @(am + j27l) =0 l € Z\{0} 4)

where (s) is the bilateral Laplace transform of o (t).
Denote with y, = (p'™(t), p(t/T —n)) the observed samples.
Consider now the following weighted sum of the samples, where the

weights ¢, are those in (3) that reproduce e*mt/T we have:
e o]
Tm = Z Cm,nYn = / p(R) (t) eamt/Tdt
n — 00
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where by = (—=A/T)" by, and uy, = e /T,
The t1’s can be retrieved from 7, using Prony’s method (annihilat-
ing filter method). The key is to note that given a filter {h., }5_¢
whose roots of its z-transform is:

KR K-1
H(z)= Z hmz™™ = H (1 —upz™H, (6)
m=0 k=0

then this filter can annihilate the sequence 7,,. The K R unknown
coefficients of h,, can be found by solving a Yule-Walker system

constructed from at least 2K R consecutive 7,,. From the roots of
the annihilating filter h,, we obtain the locations ¢;. Then the ampli-
tudes can be found by solving, for example, the first X R equations
in (5).

Now regarding the problem of sampling piecewise polynomials,
it can be shown that the Rth finite difference of y,, is equivalent to
the set of samples obtained by sampling p) (t) with the new kernel
p(t) * Br—1(t), where Br—1(¢) is the B-spline of degree R — 1 and
this new kernel still meets the Strang-Fix conditions. Therefore we
are able to use the result of sampling stream of differentiated Diracs
for sampling piecewise polynomials.

When ¢(t) is an exponential reproducing kernel we can achieve
exact reconstruction. For any other kernels ¢ (t) which does not sat-
isfy the generalized Strang-Fix condition we want to find a linear
combination of (¢) with its shifted versions that provides the best
approximation to a specific exponential. More precisely, we want to
find coefficients ¢, such that:

Z cnp(t —n) = e, @)
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For the sake of clarity, we use ¢, = coe®™ and then we can
show that the error in approximating the exponential is [9]:

eapprox(t) = €*'[1 — co Z (o + j2ml) 2. (8)
lez

Note that if the Laplace transform of o(t) decays sufficiently
quickly, we can assume the terms @(a + j27l) are close to zero for
1 € Z\{0}. In this case, the approximation error is minimised when
cn = ¢(a) " e®™, requiring only the knowledge of () at c.
Using the approximate reproduction formula of (7) we are now
able to reconstruct approximately piecewise polynomial signals us-
ing any kernel o(¢). This fact leads to the sampling and reconstruc-
tion strategy for piecewise smooth signals highlighted in Fig. 3.
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Fig. 3: Schematic diagram of our proposed sampling and reconstruc-
tion strategy for piecewise smooth signals.

Our proposed scheme first reconstructs the piecewise polyno-
mial part p(t) using the approximate Strang-Fix theory from the
samples of the piecewise smooth function by treating the globally
smooth residual as noise (the blue part in Fig. 3). Then the contri-
bution from the piecewise polynomial part can be removed from the
samples y,, and the smooth residual 7(¢) can be reconstructed by
classical linear method (the black part in Fig. 3).

3. APPLICATION TO UPSAMPLING 1-D PIECEWISE
SMOOTH SIGNALS AND TO IMAGE UPSAMPLING

In this section, we show that the idea of combining non-linear and
linear reconstruction can be used also for enhancing the resolution
of discrete-time signals. We first explain our proposed method to up-
sample 1-D signal using a wavelet-based scheme then its extension
to image upsampling.



3.1. 1-D Signal Upsampling

We assume our samples yo[n] to be the lowpass output of a J-level
wavelet transform applied to the high-resolution piecewise smooth
signal x[n] (see Fig. 4). Given the low-pass coefficients yo[n] the
reconstruction stage gives us a coarse approximation of z[n]. Note
that if we had access to the low-pass coefficients and also the wavelet
coefficients, we could reconstruct the signal perfectly. Therefore to
obtain a faithful upsampling result our goal is to estimate the band-
pass and high-pass coefficients.

Yo

Reconstruction

Decomposition

Fig. 4: J-level wavelet decomposition and reconstruction

Knowing the low-pass samples yo[n] and the specific low-pass
filter used, we are able to reconstruct a piecewise polynomial func-
tion, called Zeri[n] by non-linear method based on the approximate
FRI method introduced in Sec. 2. Then we recover the signal to its
original resolution by keeping the coarse approximation and filling
in the details given by feeding Zrri[n] into the other channels.

3.2. Image Up-sampling

Since scan-lines taken from images can be modelled as piecewise
smooth functions, in this part we extend the method for upsampling
1-D signals to upsampling 2-D image by treating the two coordinates
of 2-D images separately.

Assume we have access to a low-resolution image o of size /N x
N, which is the low-pass version of a J-level 2D wavelet transform
applied to the high-resolution image x of size 2/ N x 27 N.

We first interpolate the low-resolution image yo vertically to a
image of size 27 N x N using the synthesis filter for coarse approx-
imation. Then from each line of samples of length N we reconstruct
a piecewise polynomial of length 27 N by FRI, in this way we get an
image Zrri, of size 27 N x 27 N which contains horizontal edges.
Similarly, we operate on the other coordinate of yo to recover an
image Zrr1, Of size 27 N x 27 N which contains vertical edges.

Then we can finalize the reconstruction by inputting Zrry, to the
channels that capture horizontal edges and :%FRIy to the channels that
capture vertical edges and either one of them to the channels that
capture diagonal edges. We then diagonally operate downsampling
and FRI upsampling to reduce the jaggies. Finally, the low-pass
coefficients of our reconstructed high-resolution image are replaced
with yo to ensure consistency.

4. SIMULATION RESULTS

4.1. Sampling Piecewise Smooth Signals

In this part, we show the reconstruction of a continuous-time piece-
wise smooth signal from samples y, = (x(t),p(t/T — n)) us-
ing our proposed scheme introduced in Sec. 2. Here p(¢) is a
spline and x(t) is a combination of a piecewise constant function
and a smooth function that lives in the shift-invariant subspace V' =

span{@(t/T —n)}nez. Fig. 5 demonstrates the reconstruction result
and its comparison to the classical linear reconstruction. It indicates
that our proposed method estimates the discontinuities of z(¢) accu-
rately and therefore leads to substantial gain compared to the linear
reconstruction.

original signal 64 samples
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0 [0)ciciasils
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linear reconstruction: SNR=21.2dB FRI reconstruction: SNR=27.2dB
200 —— original signal — 200 —o estimated discontinuities
== Linear Reconstruction == FRI reconstruction
100 100 vavhw\l
0 OANS RAASANANAAAAA,

-0.5 0 0.5 -0.5 0 0.5

Fig. 5: Sampling a piecewise smooth function z(¢) with discontinu-
ities ¢, € [0,1) at rate 1/T" = 1/64. In this example, the classi-
cal linear method gives a reconstruction with SNR=21.2dB, and our
proposed method yields a reconstruction with SNR=27.2dB.

4.2. 1-D Piecewise Smooth Signal Upsampling

In the following simulations, we show the resolution enhancement
results using our novel hybrid reconstruction method introduced in
Sec. 3. In this section we assume our samples are the low-pass
coefficients of 2-level wavelet decomposition applied to a high-
resolution piecewise smooth signal using biorthogonal 4.4 filter and
we want to recover it to its original resolution. The original high res-
olution signal in this simulation is an image scan-line. (see Fig. 6).
The upsampling result by our proposed method and its comparison
to the linear reconstruction is shown in Fig. 7.

high-resolution signal

[

(a) a scan-line from (b) the scan-line is low-passed and

-,

a natural image. downsampled by 4.
Fig. 6: The samples are the low-pass coefficients of 2-level wavelet
decomposition applied to an image scan-line.

Linear Reconstruction: SNR 18.0 dB, Our Reconstruction: SNR 21.1dB
[ | — Original signal I
3001 |- - -linear reconstruction H
‘- =-our reconstruction (original low pass+high pass from FRI)

200
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Fig. 7: Upsampling the low-resolution samples in Fig. 6 to its orig-
inal resolution. The classical linear method yields a reconstruction
with SNR=18.3dB, and our proposed method yields a reconstruction
with SNR=20.8dB.



The example in Fig.7 gives a clear indication of the gain added
to the classical linear reconstruction method by adding the high fre-
quency information obtained by non-linear reconstruction based on
approximate FRI method.

4.3. Image Upsampling

In this part, the low-resolution images are obtained by downsam-
pling the original images by a factor 4 using the 2-level 2D wavelet
decomposition with biorthogonal 4.4 filter. We first test our pro-
posed upsampling algorithm on a piecewise smooth image using a
2D extension of (1). That is, an image that is the sum of a 2D piece-
wise polynomial signal and a smooth 2D signal that can be perfectly
recovered by the linear reconstruction. The comparison between our
upsampling result and the linear reconstruction is shown in Fig. 8.
It is evident that we gain by adding our estimated high-frequency
information. Moreover, our result significantly outperforms several
state-of-the-art upsampling methods as shown in Table 1 row 2.

(a) original image (b) low resolution image

(c) linear reconstruction, (d) our
PSNR=36.49dB

reconstruction,

PSNR=42.81dB

Fig. 8: Upsampling results of a piecewise smooth image by linear
reconstruction and by proposed method.

(b) low resolution version

(a) original image

Fig. 9: Original high-resolution Peppers (512 x 512) and the low-
resolution version (128 x 128).

2

(a) the original image (b) linear reconstruc- (c) our reconstruction
tion PSNR=30.05dB PSNR=31.33dB

e

total variation (e)
mlmmlzatlon [12] wavelet
PSNR=30.98dB PSNR=30.34dB

contourlet (f) learning-based
[13] method [14]
PSNR=31.02dB

Fig. 10: Upsampling results of Peppers (see Fig. 9) by different
methods. Only cropped versions are shown for clarity.

Table 1: Comparisons of upsampling results given by different
methods in terms of PSNR.

PSNR wavelet our minimize con- dictionary
linear method TV [12] tourlet[13]learn-

ing [14]
piecewise 36.49dB 42.81dB 39.97dB 37.01dB 38.78dB
smooth
Peppers 30.05dB 31.33dB 30.98dB 30.34dB  31.02dB
Lena 29.38dB 30.11dB 29.92dB 29.73dB  29.96dB
Cameraman || 28.33dB 29.39dB 28.88dB 28.46dB 28.98dB
Child-face 31.29dB 31.82dB 31.54dB 31.50dB 31.65dB

The comparisons to the state-of-the-art methods on upsampling
natural images are exemplified visually in Fig. 10 and shown in terms
of PSNR in Table 1. It indicates that our upsamling method is able
to preserve sharp edges and its performance is competitive both vi-
sually and in terms of PSNR. Moreover, the closer a natural image
is to our piecewise smooth model, the better the performance of our
method.

5. CONCLUSIONS

In this paper, we have proposed a scheme for sampling piecewise
smooth signal. We show that the method proposed improves classi-
cal linear reconstruction results by making use of an additional non-
linear reconstruction method based on FRI theory. We also show that
this approach can be used for resolution enhancement of discrete-
time piecewise smooth signals and images.
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