1.   
SIGNAL PROPAGATION AND TRAVELLING WAVES

We have seen that to communicate information we usually encode it as a variation of some quantity, e.g. voltage, with time. This variation v(t) is our signal. To send that signal somewhere, we must have a signal source coupled to a medium, in such a way that energy is propagated away from the source, so that a replica of the signal arrives at the receiver. Inevitably, there will be a time delay involved, since the signal must travel at finite speed. Consider the simple telephone channel illustrated in Figure 1.1. The acoustic pressure signal pi(t) is converted by the microphone into an equivalent electrical signal vi(t). Two wires connect the microphone output with the speaker input; current will therefore flow in the line, drawing energy from the microphone and causing a voltage vo(t) to appear across the speaker at x=L, where it is converted into an output acoustic signal po(t). 

Normally in a circuit we assume that two points connected by a conductor (e.g. wire) must be at the same potential, but actually this is an approximation. The approximation is fair if the time taken for a signal to propagate between the two points is very small compared to the rate at which the signal is changing. Electrical signals can propagate at nearly the speed of light; we can take 2x108 m/s as a typical value, or 20 cm/ns. For a small circuit operating at kHz frequencies, the propagation delays are negligible compared to the signal period T=1/f. But for MHz signals propagating over km, they are certainly not.
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Figure 1.1  A one-way telephone link

What would we expect the relationship to be between the input and output voltages? If the signal is not attenuated or distorted as it propagates, vo(t) should be a precise replica of vi(t), but shifted in time. The time difference is simply the distance travelled, L, divided by the speed at which the signal propagates, which we shall call u. Then we can write:

vo(t) = vi(t - L/u)
(1.1)

We have neglected two important factors here. Both the microphone and the speaker will have some effective impedance Z, and the instantaneous power transmitted or received is equal to v2/Z. If there are no losses, power must be conserved, so for vi(t) and vo(t) to be at the same amplitude, it is necessary for the impedances of the source and receiver to be equal. We will also find that the propagation medium, in this case the pair of wires, has an impedance associated with it. Related to this matter of impedances is the fact that part of the signal energy may reflect back to the source, and indeed multiple reflections may occur. These matters will be discussed in later sections. 

The voltage difference that appears at the receiver must first appear at every point along the pair of wires (again neglecting impedances/reflections). Then we can write for an arbitrary position x :

v(t,x) = vi(t - x/u)
(1.2)

In words, the signal at any point is equal to the signal at the origin at an earlier time, the time difference being x/u. This is a very powerful relation, because it indicates that for a signal travelling in one dimension (and so without spreading loss) and without other attenuation or distortion, the two dimensional function v(t,x) can be reduced to a function of a single dimension (t - x/u), and thus an equation for the source signal vi(t) can be directly converted into a full description of the signal in time and space simply by substituting (t - x/u) for t. 

Let us consider a particular example. For simplicity, rather than a real voice signal, we will consider a single triangular pulse of the form:

vi(t) =
At 
0 < t < 1 µsec
(1.3)


0
t > 1 µsec, t < 0

where A has units V/µsec. We can convert this to a full description of the signal in time and space, as described above, simply by substituting (t - x/u) for t, so that:

v(t,x) =
A(t - x/u)
0 < (t - x/u) < 1 µsec
(1.4)


0
(t - x/u) > 1 µsec,   (t - x/u) < 0

It is now straightforward, if we know u, to sketch v(t) for any value of x. Taking u = 2(108 m/s, and a few arbitrary values of x, we get the following signals :
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Figure 1.2   v(t) for various x, for the signal of (6.4).

We might also like to know the distribution of the signal in space, for some particular moment in time. This information is implicit in (1.4), and thus we can plot the spatial distributions for a few arbitrary values of t as in Figure 1.3. From these plots we can make some general observations: the signal in space has the same shape as that in time but reversed, and its spatial dimensions are related to its temporal ("in time") dimensions by the velocity, u. 
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Figure 1.3   v(x) for various t, for the signal of (1.4).

One important restriction on (1.4) is that it is only valid for x ( 0. If we allow it to be valid for all x, then it describes a signal generated at t = - and x = -, which happened to pass the origin at t = 0. An equivalent restriction will apply for any conversion from v(t) to v(t - x/u); we should take x to be the distance from the source, having only positive values.

We can show that any arbitrary signal in time can be treated as a superposition of sinusoidal waves. This is also true for signals in space, and for the combined signal v(t - x/u). This is very useful in the analysis of circuits and communication links, because it means that if we can determine the behaviour of these systems for sinusoidal inputs as a function of frequency, we can determine the output for any arbitrary input. (This depends on the system being linear, which we will define later.) Therefore as we study propagation in transmission lines, we will concern ourselves mainly with these sinusoidal signals, as 'building blocks' of arbitrary communication signals.

Converting a sinusoidal signal in time, v(t) = Asin(t), to one in time and space, we get:

v(t,x) = Asin((t - x/u)) = Asin(t - x/u)
(1.5)

We can simplify (1.5) by introducing a new quantity k = /u. Thus we have:

v(t,x) = Asin(t - kx)
(1.6)

This quantity k is very important for the analysis of waves in space. It describes the frequency of oscillation in space, in equivalence to the meaning of the angular frequency  in time; thus we call k the spatial angular frequency, or simply the spatial frequency. And just as  is related to the period T by  = 2(/T, k is related to the spatial period. For a sinusoidal signal, the spatial period is called the wavelength, for which we use the symbol , and we have :

k = 2(/
(1.7)

Reiterating the relation by which we introduced k above, the ratio of temporal to spatial frequency is the velocity, or, more correctly, the phase velocity, because it describes the speed of propagation of any particular phase of the signal :

u = /k
(1.8)

We have seen that in the mathematical manipulation of waves it can be advantageous to use complex exponential rather than trigonometric notation. Since exp(j) = cos + jsin, we can convert between the two forms in two ways :

Acos(t + ) = (A/2)exp[j(t + )] + (A/2)exp[-j(t + )]
(1.9)

Acos(t + ) = Re{Aexp[j(t + )]}
(1.10)

For the latter case we often write only the exponential, so that taking the real part (the Re{}) is assumed. Since terms in the exponent can be separated out as factors, we can now combine the amplitude and phase into a single complex amplitude, and we can easily factor out a common time or space dependence from a summation of waves. For example :

Aexp[j(t - kx + )] = (Aexp(j))exp(jt )exp(-jkx)
(1.11)

2.
INTRODUCTION TO TRANSMISSION LINES

All signals take a finite time to propagate from one place to another, whether it be between two components on a circuit board or along a cable of hundreds of meters. For many electrical signals, however, this time can be neglected. The reason is that the propagation time is often very small compared with the time over which the signal changes appreciably; so that the conductors over which the signal travels remain at equilibrium, i.e. at uniform potential. If this is not the case, we cannot easily use Kirchoff's equations, for example, because the current and voltage at one end of a connection may not be equal to the current and voltage at the other end.

Most electrical signals in conductors travel at a velocity somewhat less than the speed of light in vacuum (3 x 108 m/s). If we take u = 2 x 108 m/s as a typical example, we can see that the time to travel 10 cm across a circuit board is 0.5 nsec. Even for a signal frequency as high as 5 MHz, this is only equivalent to about 1( phase shift, which is fairly negligible. For a telephone wire 1 km long the propagation time will be 5 µsec, but the highest frequency in the voice signal is only about 5 kHz, for which this gives about 10( phase shift (note that the phase shift  = 2t/T = t, where T is the period and t the time difference). For higher frequency signals carried for significant distances, these shifts start to become quite important. If there are reflections in the line, for example, the receiver will see a superposition of several copies of the signal, and if these are significantly out of phase with each other, the signal will be attenuated or distorted.

In cases where propagation times matter, we need to know the characteristics of propagation as well as possible, so that the effects can be predicted and controlled. To do this we carry the signal along dual conductor cables of fixed geometry; these will have uniform velocities and impedances, and we call them transmission lines. An example with which you are familiar is coaxial cable, which has a central conductor separated by a dielectric material from a concentric outer conductor. In this case the electric field caused by the signal voltage (the potential difference between the two conductors at a particular position in the cable) is well confined in the dielectric, so there is minimal influence on the signal from the environment external to the cable.

When a signal is applied to a transmission line, in the form of a voltage difference applied between the two conductors at one end of the line, current begins to flow. It flows in both conductors, in opposite directions and equal amounts, but it does not flow instantly all along the line. As we have stated, the signal takes time to propagate; the other end of the line does not yet 'know' that the voltage was applied. The current is only possible because the line has some capacitance, distributed along its length, between the two conductors. The very powerful Coulomb forces between electrons ensure that where there is a net charge in one conductor, there must be an equal and opposite 'mirror charge' on the other. This symmetry also ensures that the currents are always equal and opposite, since these are just the rate of change of charge. These currents cause magnetic fields, which also couple the two conductors by their mutual inductance. It is the distributed capacitance and inductance that effectively complete the circuit, allowing current to flow from the signal source even when no current is (yet) flowing at the far end of the line.

The transmission properties of a line are mainly determined by its capacitance and inductance per unit length, which we shall call Co and Lo respectively. Let us now consider a short segment x of line, as illustrated in Figure 2.1. The rate of change of voltage between the two conductors is determined by the capacitance of the segment and the net current flowing into it, according to :

 ((I/(x)x = -(Cox) (v/(t
(2.1)

from which we obtain:

Co(v/(t = - (I/(x
(2.2)
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Figure 2.1   Voltages and currents in a short segment of transmission line.

Similarly, the voltage difference from one end of the segment to the other is determined by the rate of change of current and the inductance of the segment :

 ((v/(x)x = - (Lox) (I/(t
(2.3)

from which we obtain:

Lo(I/(t = - (v/(x
(2.4)

To combine (2.2) and (2.4) we take second derivatives, with respect to time and space respectively, giving :

Co(2v/(t2 = - (2I/(x(t
(2.5)

Lo(I2 /(t (x = - (v2/(x2
(2.6)

It can be shown that the second derivatives of I above are equivalent, and therefore:

(2v/(x2 = LoCo(v2/(t2
(2.7)

This is called the wave equation; any signal distribution in time and space must satisfy this equation. We have already seen that sinusoidal waves form a useful basis for arbitrary signal shapes, so let us see if these are a valid solution. Taking v = vosin(t - kx), we obtain :

(2v/(x2 = - k2v
(2.8)

(v2/(t2 = - 2v
(2.9)

Thus the wave equation will be satisfied for the sinusoidal signal if the following condition is satisfied:

(k/)2 = LoCo
(2.10)

But we have seen in the previous section that /k is the phase velocity. Thus we have obtained an equation for the velocity of waves on a transmission line:

u = /k = 1/(LoCo)1/2
(2.11)

We would also like to know the relative amplitude of the voltage and the associated current, according to I = Iosin(t - kx). We can find this using either (2.2) or (2.4); using the former, for the sinusoidal wave :

LoIo = kvo
(2.12)

From which :

vo/Io = Lo/k = (Lo/Co)1/2 = Zo
(2.13)

Transmission Lines in Circuits

The quantity Zo we call the characteristic impedance of the line. Note that it is independent of the length of the line; the behaviour of a signal propagating in one direction is determined only by the local properties of the line. In this analysis we have assumed that the line has no resistance losses, which is often a quite acceptable assumption. The behaviour of a signal launched on a particular line will in general depend on its length and what is connected at the far end, but only because the signal may be reflected back towards the source, and we have not yet considered these reflections.
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Figure 2.2  An infinite transmission line connected to a sinusoidal source.

When a transmission line is connected to a circuit, and it is either of infinite length or terminated in such a way as to eliminate reflections (see part 3), it simply appears as a load of impedance Zo. In all cases this is how it appears with respect to any instantaneous changes in the circuit, but the equilibrium condition will be different if reflections occur. If we consider the line of Figure 2.2 which is connected to a signal source of finite output impedance R, we thus find that the voltage launched on the line is just:

vL = 
   Zo     
vosin(t)
(2.14)


R + Zo
and the current launched on the line is :

IL = 
   vo     
sin(t)
(2.15)


R + Zo
In general, the power flowing in a propagating signal is given by:

PL(t) = ILvL cos()
(2.16)

where  in this case gives the phase difference between voltage and current. Because the effective impedance of a transmission line is (normally) real, the voltage and current are in phase, and thus the instantaneous power propagating into the line is :

PL(t) = ILvL =
     Zo        vo2sin2(t)
(2.17)


(R + Zo)2
As far as the rest of the circuit is concerned, the line acts just like a resistor of value Zo; however, the transmission line does not absorb the power, it simply carries it away, and eventually it must arrive somewhere!

3.
REFLECTIONS IN TRANSMISSION LINES

We have seen that the voltage and current distributions of a propagating wave in a transmission line of impedance Zo are simply related by v(t,x) = I(t,x)Zo. However, when the wave reaches the end of the line, the relationship between the voltage at the termination and the current flowing out into whatever load is connected at the end is determined by the impedance of the load, ZL. Unless ZL = Zo, the forward travelling wave cannot satisfy this relationship. This contradiction is resolved by introducing a reflected wave travelling back toward the source. The voltage at the termination is thus the superposition of the voltages of these two waves. The current flowing into the load will in effect also be the superposition of the currents of these two waves, but in this case we must be very careful about polarity.

Each of the propagating waves consists of a spatial distribution of voltage, and an equivalent one of current, typically including positive and negative values; for sine waves, positive and negative values occur in alternate half-cycles. The direction of propagation is the direction in which this distribution moves in time. Since all of the wave moves together, and it includes both plus and minus values of current, there will be places where the direction of propagation and the direction of current are equal and places where they are opposite. It is important to be clear that current direction and wave direction are two distinct quantities.

More specifically, since Zo is positive, for a forward travelling wave the current is plus when the voltage is plus. For a wave travelling in the reverse (-x) direction, if we use the convention that a positive current always means a current in the +x direction, the wave will follow the same physical relationship : where v>0, the current is in the direction of propagation. This means that for the reverse wave, v(x,t) =  I(xt)Zo. We also know that the equation for a sinusoidal wave travelling in the -x direction has the same sign on k and . Taking the case of a sinusoidal wave reflected at a line termination, and indicating forward and reflected waves by subscripts + and , we have :

v(x,t) = V+expj(t - kx) + V-expj(t + kx)
(3.1)

I(x,t) = I+expj(t - kx) + I-expj(t + kx)
(3.2)

I+ = V+/Zo

(3.3)
I- = -V-/Zo

(3.4)

Equations 3.3 and 3.4 reduce the number of unknown constants to two, V+ and V-. However, we must know both the amplitudes and the relative phases of the forward and reverse waves. For this reason it is convenient to write the waves in complex exponential rather than sinusoidal form; then the phases can be included simply by allowing V+ and V- to have complex values. Determining the values of these is done by considering the boundary conditions of the line.

The boundary condition at the load ZL  is simply that vL = ILZL. But the voltage and current must be continuous at the junction, so taking the point of termination to be x = 0 we have vL = v(0,t) and IL = I(0,t). Henceforth we will leave out the time dependence for simplicity, since it is common to all terms.Then taking 3.1 and 3.2 at x = 0 we can write :

(V+ + V-) / (V+/Zo  V-/Zo) = ZL
(3.5)

This can be manipulated to give a relationship between V+ and V-, which we will use to define the voltage reflection coefficient KV :

 KV = V- / V+= (ZL Zo) / (ZL+ Zo)
(3.6)

Similarly we can obtain a current reflection coefficient :

KI = I- / I+ = (Zo  ZL) / (ZL+ Zo) =  KV
(3.7)

The reflection coefficient is simply the difference over the sum of the two impedances, and equivalent relationships are found in a number of other systems, for example in the reflection of light or sound waves at planar boundaries. We can also identify some important special cases. If ZL = Zo, then KV = KI = 0, i.e. there is no reflection. This is called a matched termination.. If the line is terminated by an open circuit, ZL is infinite, giving KV = 1 and KI = 1. If the line is terminated by a short circuit, ZL is zero, giving KV = 1 and KI = 1. 

The load may take any form : a resistor or reactive component, another transmission line or lines, or some combination of these. In each case we determine ZL by taking the parallel and series combination of any elements in the usual way. Any lines present are replaced by their characteristic impedance for these purposes; what is connected at the other end of these lines only needs to be considered in terms of later reflections from these junctions that may arrive later at the junction being studied.

If ZL includes reactive components, it will have a complex (or imaginary) value, and so the reflection coefficients will also be complex. The physical interpretation is that there is a phase change on reflection. We would also like to know the fraction of incident power that is reflected, and for this we need the relative phase of the reflected current and voltage. However, this relative phase is unaffected by the reflection coefficient, which changes the current and voltage phase equally, since KI =  KV in every case. The phase between I- and V- depends only on Zo, and since Zo is real, I- and V-  are in anti-phase (phase difference of (). This gives a negative power, which simply implies that the reflected power is propagating in the negative direction. Thus if we call the power reflection coefficient KP, we have :

KP = W-/W+=KV2

(3.8)

From 3.6 we can see that if ZL is imaginary (load has no real component), KV= 1. This is because a reactive load cannot consume power, and so all power must be reflected back.

The voltage and current transmitted into the load are simply equal to the sum of the incident and reflected values, so if we assign transmission coefficients TV and TI we obtain :

TV = VL/V+=1 + KV

(3.9)

TI = 1 + KI

(3.10)

The power transmitted will be that fraction of incident power not reflected, so :

TP = 1  KV2

(3.11)

Note that where the load includes more than one line or component, the transmitted voltage will be distributed among series elements and the transmitted current will be distributed among parallel elements.

Equations (3.9) and (3.10) have an implication that may seem strange; if KV is positive (always true if ZL>Zo) then the transmitted voltage is greater than the incident voltage, and if KV is negative (ZL<Zo) then the transmitted current is greater than the incident current. In fact, both conditions are quite acceptable; what matters is that the incident power is equal to the sum of reflected and transmitted power. Only power is conserved, not amplitude.

We have seen that when a signal is applied to a discrete circuit which includes connection to one or more transmission lines, in the absence of reflections the circuit will behave as if the lines were replaced by resistors of value given by the characteristic impedances. This does not mean that the lines are absorbing power, but that they are carrying it away. However, unless the lines end in matched terminations, reflections are inevitable. Our purpose here is to see what effect this has on the circuit as a whole. This we will do by determining an effective impedance of the line plus its load; the circuit behaviour can then be analysed by replacing the terminated line by an impedance of this value. We shall see that in general this impedance, which we will call Zin, will be complex. We will also have to make the simplification that we are dealing with an equilibrium or steady-state condition, i.e. one in which there have been no changes to the applied signals in the circuit for a long time.
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Figure 3.1
A terminated line in a circuit driven at AC.

Consider the circuit of Figure 3.1. If the switch is suddenly closed, the line will act as an impedance Zo, and a corresponding voltage (see Eq. 2.14) of Voexp(jt)Zo/(Zo+R) will propagate towards the termination. A reflection will then return towards the source, where a second reflection will be generated (unless R = Zo). This will continue, with the signals along the line being a cumulative sum of forward and reverse propagating reflections of ever-decreasing amplitude, until eventually these amplitudes are negligible and steady-state is reached. We can simplify our analysis now by recognising that since only one frequency of signal is present, all the forward travelling waves add to give a single equivalent wave, as do the reverse travelling signals. Just as in the case of a single reflection, then, we can describe the voltage and current along the line by equations 3.1 to 3.4. In addition, since for every contribution to the net forward signal there is a corresponding one in the reverse signal, the reflection conditions 3.6 and 3.7 are also still valid (again making the assumption that we take x = 0 at the load end, not the source end).

What we are interested in is the effective impedance, which is just the relationship between v and I at the connection to the circuit, i.e. at x = L, so that :

Zin = v(-L) / I(-L)
(3.12)

Taking the ratio between 3.1 and 3.2 at x = L, and using 3.6 and 3.7, the time components and V+ coefficients cancel, leaving :

Zin = Zo[(exp(jkL)+KV exp(-jkL))/ (exp(jkL)-KV exp(-jkL)))]  
(3.13)

This can be expanded using KV = (ZL Zo)/(ZL + Zo), exp(jkL) = cos(kL) + j sin(kL), and some algebraic manipulation, giving :

Zin  =  Zo[(ZL cos(kL) + jZ0 sin(kL))/ (Z0 cos(kL)+j ZL sin(kL)] 
(3.14)

This gives us a universal equation for steady-state impedance of a terminated line, showing the dependence on the load impedance, the characteristic impedance, and the length, or specifically on the relationship between the length and the wavelength, since kL = 2(L/. We can now use 3.14 to examine some special cases.

i)
for ZL = Zo , Zin  =  Zo.

This is just the case of a matched termination, where reflections do not occur.

ii)
for k = 0, Zin  =  ZL.

This is the DC case (or very low frequency), where the length of the line is insignificant and only the load is seen.

iii)
for ZL = 0 (short circuit termination), Zin  =  j Zo tan(kL).


Here we have a much simpler indication of the effect of line length than in the general case. If tan(kL) = 0, ie L = /2, , 3/2 etc., then Zin  = 0, ie the line plus load also appears as a short circuit, but for L = /4, 3/4 etc., Zin  = ± (, ie the line looks like an open circuit!

iv)
for ZL = ( (open circuit termination), Zin  =  Zo / jtan(kL).


In this case Zin  = 0 for L = /4, 3/4 etc., but Zin  = ± ( for  L = /2, , 3/2 etc., so again the line can appear as an open or short circuit depending on length.

For both iii) and iv), Zin is always imaginary, so that where it is finite and non-zero, it is equivalent to a reactive component. This component can be capacitative or inductive in either case, since ZL can be positive or negative depending on L. But it cannot have a real component. This is because a real component of impedance implies power consumption, and a line plus load in the steady state cannot consume power unless the load absorbs power. The line itself simply transports power, and if that power is completely reflected back, as it is for a short or open circuit, the impedance must be reactive. The same is found if ZL is itself imaginary, such as for a line terminated by a capacitor. The line can make a capacitor appear as an inductor or vice-versa, but since neither consumes power, they cannot appear as resistors.

The effective impedance Zin allows us to determine the voltage across the line terminals at the source end simply by using Kirchoff's equations. For example, in Figure 3.1, at steady-state the voltage across the line will be v(L) = Voexp(jt) Zin/(R + Zin). From this we can determine V+, and thus the voltage distribution throughout the line. Let us consider the short-circuited line. Then KV = 1, and :

v(x,t) = V+exp(jt) [ exp(-jkx)  exp(jkx) ]
(3.15)

but we can simplify the bracketed factor using sinx = (expjx  exp-jx)/2j, giving :

v(x,t) = 2jV+exp(jt) sin(kx)
(3.16)

The space and time dependence are now separated, since if we take the real part of v(x,t) we get the same space dependence for any t. This is called a standing wave, and is the effect of superimposing counter-propagating waves of equal magnitude. The same effect is realised for any termination giving complete reflection, with the different phase changes simply resulting in the standing wave being positioned differently in space. In all these cases we get nulls - positions where the wave amplitude is always zero - and maxima. Resonant vibrations in, for example, stringed instruments are of this form.

An important implication of the standing wave is that the peak amplitude can be much greater than the source amplitude. If our external circuit produces an amplitude at x = -L of 1.0 V, and L= 0.49, for example, then equation 3.16 indicates that 1.0 = 2V+sin(0.98(), giving a peak amplitude at x = -/4 of about 16V. If the line is exactly /2 in length, theoretically the ratio between the peak voltage and the driving voltage is infinity. 

If the modulus of the reflection coefficient is not one, we have effectively a mix of a standing and a propagating wave. This resulting pattern will also have maxima and minima of amplitude (although not nulls) in fixed spatial positions, given respectively by the in-phase superposition of the forward and reflected waves (1 + A)V+, and the travelling wave amplitude at the nulls of the standing wave part (1A)V+, where A is the modulus of the reflection coefficient. We can define a voltage standing wave ratio, VSWR :

VSWR = 


(3.17)

Considering the behaviour of the circuit in Figure 3.1, we have seen that at the moment of closing of the switch the line behaves as an impedance of Zo, whereas once steady state is reached it has an impedance given by 3.14, which in general will be different and may be dramatically so. The transient response describes how the line gets from one state to the other. It can be found simply by considering the reflections that result from the initial signal launched on the line, and adding them as they are generated and propagate up and down the line. While this is the correct approach for both AC and DC excitation, for AC the phase relationship between all the signals must be considered.

ACKNOLEDGEMENT 

This manuscript is based on lecture notes by Prof. E. Yeatman.











_946278152.unknown

