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Lecture five



Lecture Aims

e To introduce Fourier integral, Fourier transformation
e To present transforms of some useful functions

e To discuss some properties of the Fourier transform



Introduction

e We electrical engineers think of signals in terms of their spectral content.
e \We have studied the spectral representation of periodic signals.

e We now extend this spectral representation to the case of aperiodic signals.



Aperiodic signal representation

We have an aperiodic signal g(t) and we consider a periodic version gr,(t) of
such signal obtained by repeating ¢g(t) every T} seconds.
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The periodic signal g7, (?)

The periodic signal g7;,() can be expressed in terms of g(¢) as follows:

gr,(t) = Z g(t — nTy).

n=——oo

Notice that, if we let T — oo, we have that

lim g7, (t) = g(2).
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The Fourier representation of g7, (¢)

The signal g7, (%) is periodic, so it can be represented in terms of its Fourier series.
The basic intuition here is that the Fourier series of g1, (¢) will also represent g()
in the limit for 1T — oo.

The exponential Fourier series of gr,(t) is

gTO(t): Z Dnejnwot’

n=——=oo

where
1 [To/2 |
D, = —/ gr, (t)e "0kt
10 J 1,2
and
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The Fourier representation of g7, (¢)

Integrating gr,(t) over (—T1p/2,1p/2) is the same as integrating g(¢) over
(—00,00). So we can write

1 [~ :
D, = —/ g(t)e Imwolqe,

If we define a function N,
G(w) :/ g(t)e 7«tdt

then we can write the Fourier coefficients D,, as follows:

1
D, = TOG(nwO).



Computing the limp, . g7,(t)

Thus g7, (t) can be expressed as:

oo

= I nw G(’I’Lu)()) o,
g1, (t) = Z D, /"ot — Z o oJmwot

n=—oo n=—oo

inog L — Aw
Assuming 5 = 20 We get

= G(nAw)Aw AL

n—=——oo

In the limit for Ty — oo, Aw — 0 and gr,(t) — g(t).
We thus get:

1 i nAw)Aw 4
g(t) = limgy oo gry(t) = limag o Y00 Gde)le jnaw)

= L [7 Gw)e“'dw.



Fourier Transform and Inverse Fourier Transform

What we have just learned is that, from the spectral representation G(w) of g(t), that is, from

G(w) = /_°° g(t)e 7 dt,

oo

we can obtain g(t) back by computing

1 oC :
g(t) = —/ G(w)e’ " dw.
2T J _ o

Fourier transform of g(t):

o0
G(w) = / g(t)e " dt.
—00

Inverse Fourier transform:

1 o° :
g(t) = —/ G(w)e’ dw.
27 ) _ o

Fourier transform relationship:
g(t) <—= G(w).



Example

Find the Fourier transform of g(t) = e~ “u(t).

9t

e ()
0 t
> : o0 . 1 ' 00
G = [ etume = [T e = Lo
. —0 0 ' a—+ Jw 0
Since [e™/“!| = 1, we have that lim; .o e **e™7** = 0. Therefore:

G(w) =y 16(0)] = o, By(w) = —tan™! (£).

a—+ jw a? + w a




Some useful functions

The Unit Gate Function:

=

rect(x)

-1/2 0 1/2 X

The unit gate function rect(x) is defined as:

(

0 x| > 1/2

rect(xz) =< 1/2 |z|=1/2

1 x| < 1/2



Some useful functions

The function sin(x) /x 'sine over argument’ function is denoted by sinc(x):

o]
! |

sinc(x)

// -1/x

sinc(x) is an even function of x.
sinc(z) = 0 when sin(z) = 0 and = # 0.
Using L'Hopital’s rule, we find that sinc(0) = 1

sinc(x) is the product of an oscillating signal sin(z) and a monotonically decreasing function
1/x.
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Example

Find the Fourier transform of g(t) = rect(t/7).

Glw) = [ rect(L)e Itdt = fT/Q

Jw

— 78125‘:;2/)2) = 7sinc(wT/2).

Therefore
rect(t/7) <= 7sinc(w7/2)

T/2

e Iwtdt

_ 1 (e—ij/Q _ eij/Q) — 2sin(wT/2)

w
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Example

Find the Fourier transform of the unit impulse §(¢):

— o0

Therefore
i(t) <=1

Find the inverse Fourier transform of §(w):
1 [ 1

— S(w)e?“tdw = —.

21 J_ oo 2m

Therefore
1 <= 2716(w)

/ S(t)e Ivtdt = e_j“’t’tzo = 1.
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Example

Find the inverse Fourier transform of §(w — wy):

1 [ 1

27 27

— 00

Therefore |
&0 = 275 (w — wy)

and |
e 90 = 276 (w + wo)

— §(w — wp)e?tdw = —el¥0t,
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Example

Find the Fourier transform of the everlasting sinusoid cos(wqt).

Since

1 . .
cos(wot) = 5(6‘7th 4 e Iwot)

and using the fact that €/“0! <= 27§(w — wp) and e 7“0 «= 21 (w + wp),
we discover that

cos(wpt) <= 7[d(w + wp) + §(w — wp)].
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Summary

Fourier transform of g(t):

G(w) = /OO g(t)e 7t dt.

0
Inverse Fourier transform:

1 o° :
g(t) = —/ G(w)e’ dw.
27 ) _ oo

Fourier transform relationship:
g(t) <= G(w).

Important Fourier transforms:
rect(t/T) <= Tsinc(wT/2)

(t) <=1
cos(wot) <= 7[d(w + wo) + §(w — wp)]-
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